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This textbook, Mathemarics for Secondary Schools Form two, is wrilten specifically
for Form Two students in the United Republic of Tanzania. The book is prepared in
accordance with the 2023 Mathematics Syllabus for Ordinary Secondary Education,
Form [-1V, issued by the Ministry of Education Science and Technology. It is a revised
edition of Basic Mathematics for Secondary Schools Student’s Book Form Two that was
published in 2021 in accordance with the 2005 syllabus issued by the then, Ministry of
Education and Vocational Training (MoEVT).

The textbook consists of eight chapters, namely: Rates and variations, Congruence,
Similarity, Algebra, Exponents and radicals, Logarithms, Sets, and Trigonomeltry. In
addition to the contents, each chapter contains activities, illustrations, projects, and
exercises. You are encouraged to do all the activities, projects, and questions in the
exercises. This will enhance your understanding and development of the intended
competencies for this level.

Additional leaming resources are available at TTE e-library htips:ol.tie.go.1z

Tanzania Institute of Education

o Student’s Book Form Fwe
| ! |
L




E“- CRARN B TP DT

MWathematies ,I;ﬁ-rh_"n'.l'. m|.n||'.-.':

affects the others, Many real-li ﬁemumiauﬁnmfws ch relationships. In t
you will describe the concepls of rates and variatio

ﬁ solve real-life cfmﬂenge.r such as find

or predicting data trends in fields. a'ﬂce ec
q:p!fmfﬂam. £

Think

Comparing quantities and establishing relationships without the
concept of rates an variations.

\—/

Rates

Rates show how one quantity is related
to another quantity cither increasing or
decreasing its quantity. For example, speed
of moving object is the ratio between the

distance covered and time taken. W

Engage in Activity 1.1 to explore the

coneept of rates in real life. If a car travels 150 kilometres in 3 hours,

. Whatis its speed?
Jr
Solution
Given distance =150km and time
3 hrs.

But, speed is the rate of change of distance
with respect to time. That is,
I 111

LT m FHELEEEETE

o (PR E LR R R LR LR I 1

ANNNARNAN] LR RN RaaY ;
H Drag from top and touch the back button to exit full screen.

< 7 ¢ Capture more

distance
ced =

time
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Thus, speed = ‘51'1':"

=50 km per hour

Therefore, the rate of travel of the car is

50 km in every hour.

! EmmEe

If a water tank fills up with 200 litres of
water in 5 minutes, what is the rate of
flow of water?

Solution
Given the volume of water is 200 L and
the time the tank takes to be filled is
Sminutes.

|
Rate of flow = Volume

Time
_200L
" Smin
=40L/min )
Therefore, water enters _lhe.- tank at the
rate of 40 litres per minute.

Fampic 13

A student had two plant seedlings. She
measured the rate at which the seedlings
were growing. Scedling A grew 5 cm in
10 days and seedling B grew 8 cm in 12
- days. Which scedling was growing more
-quickly?

Solution
The rates of growth of the two seedlings

is computed as follows:
Rate of growth of seedling A

__Secm_ _ d
= {idays = o cmperoy

Rate of growth of seedling B

- _8cm_ _
“T2days 0.67 cm per day

The growth rate of seedling B is higher
than that of seedling A.

Therefore, seedling B was growing
more quickly than seedling A.

Exaric (N

Two pipes, A and B are used to fill a
water tank. Pipe A can fill the tank in
6 hours, while pipe B can fill the same
tank in'4 hours. If both pipes are opened
at the same time, how long will it take 10
fill the tank?

:Snlulinn
Pipe A fills the tank in 6 hours, so it fills

% of the tank in 1 hour.

Pipe B fills the tank in 4 hours, so it fills

% of the tank in 1 hour.

Combined rate = Rate of A+ Rateof B

i - —t—
Combined rate T

2+3 5
h. d te: — T ——
Combined ra = >

Thercfore, both pipes together fill .§.
of the tank in 1 hour. 12

5

If == of the tank is filled in 1 hour, then
12

|
the time taken to whole tank — will be;
Whole tank

Combined rate

Time =
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. What rate in metres per second 1s

equivalent to a speed of 45 kilometres
per hour?

. A car covers a distance of 200

kilometres in 60 minutes. What is the
speed of the car in metres per second?

. A water tap takes 10 minutes to fill a

500 litres tank. Find the rate of flow of
water in litres per second.

. If premium petrol costs Tsh 2,500 per

litre, how many litres can be purchased
for Tshs 10,0007

.5. Find the rate in kilometres per hour if a

racing car travels | IS% kilometres in
35 minultes.

. Mwajuma walks 6 kilometres in | hour

and John walks the same distance in 2
hours. What are their walking speeds?
Who walks faster, and by how much?

7.

10.

11.

12

13.

14.

15.

A garden hose fills a 20 litre bucket in
4 minutes. What is the ratc of flow in
litres per minute?

A car travels 400 km using 25 litres of
fuel. What is the car’s fuel efficiency
in kilometres per litre?

Mr. Magoda's salary increased from
Tsh 800,000 to Tsh 1,000,000 in a
year. Whalt is the rate ol change of his
salary?

The temperature in Mrs, Kidunula’s
room increased from 15°C at 8 am to
25°C at 2 pm. What was the average
rate of temperature change per hour?

A caraccelerates from 0 to 60 kmvh in
10 seconds. What is the rate of change
of its speed in kimvh per second?

Mr. Kilenzi's heartbeat increased
from 60 beats per minute to 120 beats
per minute during exercise over 3
minutes. What was the average rate
of change in his heartbeats?

A family uses 80 GB of internet data
in 30 days. What is the average daily
rate of data usage in GB per day?

Pipe X can fill a tank in 8 hours, while
Pipe Y can fill it in 5 hours. How long
will it take to fill the tank if both pipes
are opened simultaneously?

Pump A can fill a poal in 5 hours,
Pump B in 4 hours, and Pump C in 10
hours. How long will it take to fill the
pool if all three pumps are operated at

the same time?

Mathemanes for Sece
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16. Slur.iy the following figure which shows different altitudes (in thousands feet)
attained by a plane and then answer the questions that follow.

Feet

=
o
2
3
=

-
-
=
I
=
-
E
-

0 11 12 13 1

Minutes

(a)  During the first S minutes of flight, the plan-c took off to the altitude shown
by point A. Estimate the ratc of change in altitude.

(b) Between points E and F, the plane is descending. Estimate the rate of
change of altitude during this time.

(c) Is the rate of change in (b) positive or negative? Give reasons for your >
Answcr. ; '

(d) Find I]n:_raﬁ of change in altitude between points C and D. 18 this rate
greater or less than the rate between points D and E? How does the graph
visually show that the two rates are different?

(e) - Can the rate of change between any two points be 0? Bricfly explain and
give an example from the figure.

17.. Ana and Lina can weed a garden in 2 hours. Working alone, Ana can do the same
:Lirﬁrk in 3 hours. How long would Lina weed the garden alone?

bk

Exchange rates

Inany country, peopleexpect to do transactions in in the currency of of their own country.
When money from country A is to be used in country , it is necessary to exchange the
currency of country A to the currency of country B. Various currencies in the world are
linked together by exchange rates. This enable smooth transfer of money and payments
to take place between countries.

Engage in Activity 1.2 to explore more about the concept of currency exchange in real-
T HLLELEE

life situations. -
. 'I.I III m
LT ST
g

LELLEERRL R

Drag from top and uch the back button to exit full screen.
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Activity 1.2: Performing currency
exchange rates

1. Choosea suitable computer Currency
Conversion Application.

2. Analyse current exchange rates

between the Tanzanian currency and

other currencies of your choice using

the computer application.

3. Compare the app’s rates with market
ratcs and evaluate its accuracy for
financial decisions, especially for

k travel.

Use any computer Currency conversion

application to answer questions 1 --10." *

1. How much is Tsh 20,600 worth in
Indian Rupees? Ry
Convert | New Zealand Dollar into

Saudi Arubia Riyal.
3. How much is Tsh SDDI.{H] worth in
Euros?

!\J

4. How many Yen are equivalent to
Tsh1?
/5., How many Tanzanian shillings
\ _can a visitor from Kenya gel for
g exchanging 930 Kenyan shillings?
~ 6. Find the amount in Tanzanian
shillings of each of the following:

{(a) 30,000 Euros

(b) 4,200 Pula
(c) 640 Rands
(d) 12,000 Riyal

< Capture more

= { - Drag from top and touch the back button to extt full screen.
- 4

HKates and variations )

7. Exchange Tsh 300,000 into the
following currencies:

{(n) Mozambican meticals
(b)
(¢) Swiss francs
(d) _

8. How much is Tsh 6,000,000 worth
in Pounds Sterling? :

9. Mwanaisha bought story books for
200 AUD (Australian Dollars). How
much did“she spend in Tanzanian
shillings?..-

10. Mr. Utaligolo wants to exchange

1,000 USD for EUR. If the exchange
fee is 2%, how much will he receive

Malawian kwachas

Indian rupees |

: * after charging the fee?

11. Mrs. Uwemba is shopping in a
country where | USD = 205 Local
Currency (LC). If she spent 205,000
LC, how much did she spend in
usD?

12. Ayola Stationery wants to buy items
from an online store, which cost
25000 NOK (Norwegian Kroner).
If the exchange rate is 1| NOK =9
Local Currency, how much does the
stationery pay in Local Currency?

Variations

Variation is a relationship where a change
in one quantity lcads to a proportional
change in the other. Tt allows for the
exploration of connections between two
or more quantities. The four basic types
of variations are direct, inverse, joint, and
combined.




Direct variations

Direct variation is a relationship between
two variables where one variable is a
constant multiple of the other. In other
words, if one variable increases or decreases,
the other variable changes proportionally
in Lhe same direction.

This type of variation is useful for
understanding how changes in one variable
affect another in a directly proportional
manner.

Engage in Activity 1.3 to explore the
application of direct variation in real life.

Activity 1.3: Exploring direct
variation in real life

. Learn about direct variation from
books or from the internet.”

Find real-life  examples
illustrate direct variations.

that

2

3. Demonstrate. mathematically how
variables in the real-life scenarios
relate_and use the relationship to
solve reluted problems.

L.

1f y is directly proportional to x, it can be
"wrilten as y o x, where o is a symbol
of proportionality. The corresponding
mathematical equation connecting x and y
is formed by introducing a proportionality
constant k, and replaces o< with an equal
sign 1o get, y = kx.

For instance, if y varies directly as
the square of x, then y o x* and the

corresponding equation is y= kx?, where
k is the constant of proportionality.

For any two pairs of quantities x and y,
say (x,,») and (x,, y,), two equations
¥, = kx! and y, = kx] are obtained. This
implics that k = ;—I' - i_l So, it is said
that x and y vary directly . if the ratios
of the values of y to the-values of x are

proportional.

If x and y are any two quantities that are in
direct variation, then y = kx, The nature of
the c{iuaﬁnﬂ}'=his a straight line passing
through the origin, where k represents the
gradient (slope) of the line. Figure 1.1
shows the relation yexx for k= 1.

y“

0 x

P

Figure 1.1: Graph of the relation y o x

From Figure 1.1, it can be observed that
an increase (or decrease) in the quantity
x results in a proportional increase (or
decrease) in the quantity y, and vice versa.

Srudeme’s Book Form Tun




If y varies directly asxandx = 15 when
v = 4, find the value of y when x = 12.

Solution
Given that y « x. This implies that
v = kx, where &k is the constant of
proportionality.
Making & the subject of the equation
gives
e 2
k=%
But, fnr any two pairs of quantities,
k= x Land &k = ;’;

-"l .. o
Thus, _1-—;

Given x, = 15, x, = 12, and y, = 4,
the value of y, is obtained as follows:

N5
N = X
Substituting the given values gives
C_4x12_16
Y. = =TE
15 5 16
Therefore, the value of yiis 5 when

x = 12.

If x varies directly as the square of y and
x=4 whm; = 2, find the value of x

wh-cuv = §.

Solution
Letx, =4, y, =2 and y, = 8. The
“variation equation is given by:
oy

X }-12

Substituting the values of x,, y,, and y,
gives

4 _22
A, B2
4 _ 4
X 64

Example 17N

~ The equation for the variation becomes

T

Cross multiplication gives

4xx,= 4x64
x, = 4:::164
= 64

Therefore, the value of x is t')c} when
yis 8.

A car travels 60 kilometres using 5 litres
of diesel. How many litres of diesel are
needed to travel 150 kilometres?

Solution

Letx dcnqte the number of litres of diesel
and y denote the number of Kilometres,

.TI - }'I
Given x,=5 litres, y, = 60 km, and
y ,= 150 km, the value of x , is given by:
.'l.'I _}‘1
¥y
— 3 litres X 150 km
60 km

= 12.5 litres

Therefore, 12.5 litres of diesel are
needed to travel 150 kilometres.

X =

1. If x varies dircctly as y and x = 16
wheny = 10, find the value of y when
x = 20

2. The surface arca of a circular object

varics dircctly as the square of its
radius, If its surface area is 78.5
em?, when the radius is 5 cm, find
the surface area of the circular object

when the radius is 7 cm,
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. I x varies directly as y and x = 30

when y = 40, find the value of x
wheny = 16.

. A mason can build 100 metres of

fence in 20 hours. How long will it
take 5 masons with the same ability
to build 875 metres of fence?

. If x varies directly as 2y +7 and

x = 5, when y = 4, find the value
of y whenx = 6.

. If 8 men can assemble 16 machines

in 12 days, how long will it take 15
men of the same ability to assemble
100 machines?

. Il y varies directly as the square root

ofx, undy = 12 when x = 4, find
the value of y when x = 9,

. Il y varies directly as x and y =8~

when x = 3, find the value of yv
whenx = |8,

. Two variables x and "y that vary

dircctly have corresponding values
as shown in the following table,

x| 3 5 6 | B
y| 17 34 58

(a) Find the rule connecting x and y.

< (b) Fill in the missing values.

(c) Draw a graph which shows that
yoxfork=1.

10. Study the following table and answer

the questions that follow,

Hours

worked = 3 4 3

Earning
(Tsh) 1,150 1,725 2,300 2,875

(a) Do earnings vary directly as the
number of hours worked?

J3.

14,

15.

. When observing

(b) If yes, calculate the constant
of proportionality and find the
equation that describes the
relationship.

The volume of a sphere varies as the
cube of its radivs. Three solid spheres
of diameters 5 m, 2 m, and 5 m are
melted and combined to form a new
solid sphere. Find the diameter of the
new sphere.

Iwo  buildings

simultaneously, the length of each

building’s - shadow varies directly
with its height. 11 a 5 floor building
has a_shadow of length 20 m, how
many floors of a building would form
a'shadow of length 32 m?

The resistance of a wire varies as
the square of the diameter of ils
cross-section, Find the percentage
change in the resistance when the
diameter is (a) doubled (b) reduced
by 20%.

Two variables A und x are related by
the formula A = ax" . The following
set of data was generated based on
this formula.

X 1 3 4
Al 05 4.5 8
(a) Find the values of a and n.
(b) Find the value of A whenx = 5.
A precious stone worth

Tshs 15,600,000 is accidentally
dropped and broken into three
pieces. The weights of the pieces
are in the proportions of 2:3:5,
respectively. If the value of the
precious stone varies directly as
the cube of its weight, calculate

the value of the remaining stone in
percentage,

td |2
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Inverse variations

A relationship between two or more
variables is said to be an inverse variation
if the value of one variable increases
while the other value decreases, or vice
versa. Engage in Activity 1.4 1o explore
further inverse variations.

Activity 1.4: Identifying inverse )

variations in daily life
1. Identify three real-life activities
where increasing one wvariable
decreases the other variable.

2. Perform one of the activities to
experience how changes of the
variables are related in the activity.

3. Find out through reading books
and browsing the intemet how Lo
express these inverse relationships

mathematically. 1

4. Use the mathematical expression-to
explain how changes in one variable
affect the other, and present your

\_ findings. :

Quantitics with .an inverse variation
relationship are. said” 10 be inversely
proportional_to_cach other. In this case,
the quantities vary inversely or in
inverse proportion. Inverse proportion

is sometimes referred to as indirect
proportion.
For' example, the number of men

employed to cultivate a farm and time
taken to complete the work are inversely
related. Likewise, the time to travel to a
certain place and the speed are inversely
related.

Generally,if y hasan inverse relationship
with x, then y is proportional to the
reciprocal of x. This relationship is
denoted by,

Studenr's Book Form Twa

. both axes but does not touch them. This

n y

L]
r Rarey and yarialiions

yo—

The equation relating y and x is
formed by introducing a constant of
proportionality, & and replacing the
symbeol of proportionality with an equal
sign (=). That is, the inverse.variation
between y and x becomes;
1
y=k-
o X -
If y varies inversely as the square of x, the
equalion connecling x and y is y = % or

k = yx?,

A sketch of a relation y x ﬁ for k =
I'is shown in Figure 1.3. Note that, the

curve representing y = % approaches

1% because at x = 0 the curve is undefined.

Vi Tt

N

] X

Y

; . |
Figure 1.2: Graph of the relation y = — for
k=1andx>0 %

From Figure 1.2, it can be observed that as x
increases, it results in a proportional decrease
In y or vice versa,
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The equation y = E*:.rm be re-arranged to
X

get xy=k.1fx, and y, are the first set of
inversely related vaniables, then the second
set of values x, and y, can be computed
using the relationship,

N =X,

= ol
Thus, x,y, = Xy, 00 ¥ = g

If x varies inversely as yand x = 2 when
= 3, find the value of y when x = 18,

Solution
The statement x o J, implies thatx = }‘{;,
where £ is the constant of proportionality.
Making & the subject of the equation
gives,
xy = k, which implies thatx, y, = x.y,.
When x, = 2,y =3, and x, = 18, the
value of y, is
= 5121 L 2503%

IR S |
Therefore, the value of y is -:lj’- when the
value of x is 18.

If it takes 12 days for 10 men to assemble
a machine, how long does it take 15 men
with the same ability to assemble the
same machine?

Solution

Let m be the number of men and 4 be
the number of days. It is obvious that 15
men will take less time to assemble the
machine than 10 men.

LU

Thus, m and d vary inversely, that is,

| SRS o I
m n:a.whlch implies that m =7

Thus, k=md.

For the two pairs of quantities (m,, d|)
and (m,, d,), it follows that,

md, = m,d,.
m,d
Thus.d = ‘m—

Given dl = 12 days, m, = 10 men and
m, = 15 men, the value of d, is:

10 men * 12 days
dy =

: 15 men
= 8 days

Therefore, it takes 8 days for 15 men to
assemble the same machine.

The intensity of light is inversely
proportional to the square of the distance
D from the light source. Calculate the
percentage change in intensity under the
following conditions:

(a) The distance is halved.

(b) The distance is increased by 30%.
Solution

] == (i)
(a) If the distance D is halved, the new

_. ]’

distance is D, =E.

The new intensity /, =

"

e A,
Ll ST

Il
|

(ii)

=

. :



10. The time r in seconds that Mary
takes to return home [rom school
varies inversely with her average
speed v in metres per second, If
Mary gets back home in half an
hour at an average speed of 10 m/s;

(a) write and sketch the graph of
the equation,

(b) if Mary wants to get back home

in 15 minutes, what must be

her average speed?

(¢) why the graph in (a) does not
cross either axes”?

(d) what happens to ¢ as v
increases? As v decreases?

How does rand v vary?

b2

Find and describe real-life examples
of such varations using daily
practices such as formulas.

3. Share your final observations and
\ discuss the examples you discovered.

Joint variation

Consider a formula for finding the

area of a triangle. [t is given by
1 : , :

Arca = Exbascx height, Inthisequation,

the area of a triangle varies directly as the
product of i1s base und height. Variable
relationships of this nature are known as
joint varations. This specific variation
can be generally expressed as

v Arcaoc b heieht.
11. The intensity of light varies inversely, ' a o base x heigh

as the square of the distance from the” , A joinl variation occurs when a variable

light source, If the intensity from.a "
light source 90 cm away is12 lumen,
how far should the light souree be $o
that the intensity is 4 lumen?

- L

Joint and combined variations

In some aclivities, one variable can
depend on several other varables to
opcrate cffectively. Such relationships
are described by joinl and combined
variations. Engage in Activity 4.5 to
explore more about joint and combined
variations in real-life activities.

Activity 1.5: Discovering joint and
combined variations in daily life
1. Explore the concepts of joint and
combined vanations using books
and online resources,

is directly or inversely proportional to
the product of two or more variables.
Mathematically, if a variable z varies
jointly as x and y, the general formula for
joint variation can be written as:

zxxy=>z=kuwy

Suppose y varies directly as x and z.

Givenx = 4, z = 2,and y = 24, find:

(a) The variation equation connecting
x, vy, and z,

(b) The value of y when x = 5 and
z =06

Solution

(a) Since y e xand y e g, it follows that
y & xz,
y = kxz.

Stuclens'y Book Form Two




The variation equation is k = %:_.,
where & is a constant of
proportionality.

Givenx=4,z = 2Z,andy=24 1l
follows that

Therefore, the variation equation is
¥y = 3az.
(b) Withy = 3xz, ifx=5and z = 6,
then
y=3x3x6
=90
Therefore, the value of y is 90,

\

A bakery has a project to bake 240 cakes,

With 4 bakers working for 5 days, they- ,

can complete the task. If the number of
cakes is increased to 300 and the bakery
decides to use 6 bakers, how many days
will it take to bake all 300 cakes?
Solution

Let ¢ be the number of cakes, b be the
number of bakers, and'd be the number
of days.

More cakes can be produced if there are
more bakers-and more working days,
assuming other factors remain constant,
Itimplies that these variables vary jointly
and are directly related.

* Thus, ¢« bd.
I ¢ =kbd.
Given ¢ =240,
implies that
240 =4x5xk
20k =240

k=12

b=4, and d=35, it

L Rates and yariations

From c¢=kbd.
c=12bd

Given, ¢=300, b=6,
300=12x6xd.
72d =300
d=42
Therefore, 4.2 days will.be needed to

bake 300 cakes or it requires 4 days, 4
hours, and 48 minutes to bake 300 cakes.

[

Nine employees work 8 hours a day to
complete.a piece of work in 52 days.
How long will it take 13 employees to
coniplete the same work by working 6
hours a day?

Solution

Let w, h, and d represent the number
of employees, hours, and days,
respectively.

Thus, it follows that the number of
employees varies inversely as the
number of hours and days, that is,

1 |

x 4 v ¢ L
W handu r

The joint variation is given by the
relation

|
WDCE.

The variation equation is

W = h—‘t} where k is a constant of

proportionality.
Thus, i
W, =+
: hld]
P
e B h,d,

H'II hl d:

Hence, E = FJ'C‘—I'.

f.:\'i‘i h






Using + = 5and ¢ = 20, then

=20
e

S5d = 20
d=4

Therefore, it will take 4 days for 5 tailors
1o sew 20 clothes.

The cost of a certain material varies
directly with the quantity purchased and
inversely with the number of suppliers.
IT the cost is Tshs 120,000 when the
quantity is 100 units and there arc 4
suppliers, find the constant of variation
and the cost when the quantity becomes
150 units and there are only 3 suppliers.

Solution

Let C be the cost of materials g be the
quantity purchased, and S be the number
of suppliers.

Thus, Ccg and C ucé—. The combined

variation is:

Cadso=14
S S

Giyen C =Tshs 120,000, ¢ =100,
S =4, then

_CS _120000x4
q 100

Now, if § =13 and ¢ =150, it follows
that

k =4,800

C= = 240,000

4800x150
3

Therefore, the cost of materials will be
Tshs 240,000.

A

The monthly rent for an apartment varies
directly with its area and inversely with
the number of roommates. If "Tsh 400,000
is the rent for an apartment of 900 square
units with 3 roommatcs, find the rent for
an apartment of 1,200 square units with
4 roommates.

Solution

Mﬁusm

Given R o g and H’-"‘:l.lhcn
n

Re 2L gril
n n

k:Rx"

a

When R =Tshs 400,000 n=3, and
- a=900, it follows that

4000003
900
=1333.33

Now, for a=1200 and n = 4,
40001200

Ix4

k

R= = 400,000

Therefore, the rent for the apartment
will be Tshs 400,000,

1. If yvaries directly as the square
of x and inversely as z, find the
percentage change in y when x is
increased by 10% and z is decreased
by 20%.

2. Suppose P varies directly as V and
inversely as the square root of R. If
P =180 when R =25 and V = 9,
find the valuc of 2 when V=06 and
R = 36.




0.

The height /i of a cone varies directly
as its volume V and inversely as the
square of its radius r. Write a formula
for the height of the cone.

If ¥* varies directly as x—1 and
inversely asx+dandx = 2, d = 4
wheny = 1, find the value of x when
y=2andd = l.

If two typists in a typing pool can
type 210 pages in 3 days, how many
typists working at the same speed
will be needed to type 700 pages in
2 days?

Suppose x varies directly as v? and
inversely as p. If x = 2, wheny = 3
and p = 1, find the value of y when
x=4dandp = 5.

If V varies directly as the square of
x and inversely as y, and if V = 18
when x =3 and vy =
villucof Vwhenx = Sandy =-2.

Use a mathematical software to draw
the following curves. Assume that
the constant of proportionality is 1.

(a) ¥y x %

b) y x %
o ks
©) ¥ 2 v

The following table shows the values
of y for some selected values of x.
The variables x and y are connected

¢ by the relation, ‘y varies inversely as

10.

x". Calculate the missing values of y.
x 5

100 15 ‘ 20
¥ a

3 b 1.5

Express each of the following
relations as an cquation using & as a
constant of proportionality.

(a)

inversely as s.
(b) d varies jointly as r and r-.

4, find the,

¢ varies directly as p and g, and

e

11.

12.

(c) d varies directly as y and the

square root of z.
The heating cost H for a house
varics directly with its size S in
square metres and inversely with
the efficiency rating F. of the heating
system. If H = 50,000 shillings for
a house of 200 square metres with
an efficiency rating of 4, find & and
the heating cost for ‘a_housc of 250
square metres with~an efficiency
rating of 5. :
The shipping cost C varies directly
with the mass W of the package
and ‘inversely with the number
of packages n. If the cost is TShs
7,000,000 for a package weighing
20 kg, and 6 packages, find & and

_ the cost of a package weighing 30

kg with 5 packages.

Chapter summary

# 1

3

'\‘

A rate gives the change of one quantity
with respect to another quantity.
Exchange rate is the conversion rate
between different currencies,
Variation is the relationship in which
the change in one ¢uantity results in
a proportional change in the other.

Il y = kx, then y varies directly with
x, or y is directly proportional to x.
The constant & is called a constant of
proportionality

If y varies as = then y is inversely

proportional to x.

If a quantity varies as the product of
two or more quantities, then it varics
jointly with other quantities.

If both direct variation and inverse
variation occur at the same time, then
it is called a combined variation.
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. Ify=kvand y = 8 when x =7, find
the value of k and the value of y when
x = 40.

. If y is directly proportional to x and
y= 10 when x=4, find the value of y
when x = 15 and the value of x when
y = 8.4,

. Ify o« xand y=16.5 whenx=3.35,
find the cquation connecting x and
y. Hence, find the value of x when
¥y =21

. If y is proportional to x* and if
x= 15 when y =200, find the equation
connecting x and y. Find the value of
ywhenx=8.5.

express y in terms of x. What 1s _thé
value of y when x= 257

. If yex ‘—:_- find the valuesof a, b, and
c in the following table.

N 1.2

8 ¢

X cl
y 6 0.8

b 1.5

. Given that y varies directly as x
and inversely as z. If y = 10 when
‘x = 8 and z = 5, find the equation
connecling x, y and z. Find the value
ofywhenx = 6andz = 2.5.

. If y varies jointly as x and 22, and if

y = 133lwhen.r =2.5andz = %
find the equation connecting the three
variables. Find the value of x when
> 54.

-
e

2

L= =

andy

Srudent's Book Form Fan

10.

. 1f yxy/iw and y = 3.5 when y= 4,

I
L

(a) - ¥
7 10
9 12
12 15

. H
A0 5 y
12 4

6 2

21 7

3

(c) X y
-15 -8
R -15
B 10

Suppose y varies directly as x* and
inversely as vZ . If x =8, y = 16,
and z = 25, find the value of y when
x=5and z=9.

Delermine whether the data in the
following tables have an inversc
variation relationship. If yes, find
the missing values.

11.A dairy farm dispenses milk into

a container at a rate of 45 litres per

minule.

(a) How much milk is dispensed in
2 hours?

(b) How long will it take Lo empty a
2000 litre tank?

12. A water pump operates at a flow ratc

of 300 litres per minute.
(a) Calculate the total volume of
water pumped in 2 hours.

(b) Calculate the time required to
fill a 30,000-litre tank.




13.

14.

15,

106.

17.

8.

§i &#ﬂi i-'b.;'rr .".

A truck travels 800 km and uses 90

litres of diesel.

(a) Calculate the fuel consumption
rate in litres per 100 km,

(b) How much diesel will the truck
use to travel 600 km at the
same rate?

(¢) If the truck travels 1,300
km, how much diesel will it
consume?

State whether distance and speed
vary directly or inverscly, Give
reason,

Il x and y vary invensely, use the
given pair of values to find an
equation which in each case relate
the variables:

(a) x=6,y=4
b x=8y=12
) =x I

|D._‘r’ = q
A group of 10 volunteers can pack
400 boxes of food in 5 hours. If the
organization decides to pack 600
boxes and incrcases the number of
volunteers to 12, how many hours
will it take to pack all 600 boxes?

Il

A publishing company needs to
print 2,000 copies of a book, With
4 printers, the task is completed in
10 days. If the company decides
to print 3,000 copies and uses 6
printers, how many days will it take
to complete the printing?

A logistics team of 8 members
can package and ship 400 orders

in 5 days. If the number of team
members is increased to 12 and the

TR

19.

20.

21.

number of orders to be shipped is
raised 10 600, calculate the number
of days needed to complete the
work.

The intensity I of light, in lux,
on a surface varies directly with
the power P in watts of light and
inversely with the sgquare of the
distance d from the light source. A
photographer is setting up lighting
fora photoshoot. If the light intensity
is 400 lwe-when a light source of 66
watts is placed 2 m away, what will
be the intensity when a light source
of 100 waus is placed 3 m away?

Machine A can produce 800 parts
per hour, while Machine B can
produce 1,000 parts per hour, There
is un order of 24,000 parts.

(1) How long will the machines
take working together 1o
process the order?

(b) Machine B was on preventive
maintenance, so Machine A
had to work alone for the first 5
hours before Machine B joins
in. How many more hours will
they have to work together to
finish the job?

Pipe A can fill a pond in 8 hours,
while Pipe B can fill it in 3 hours,
However, Pipe B has a defect that
causes it to lose water at the rate
of 1 litre every 20 minutes while
filling. If the pond has a capacity of
200 litres and both pipes are opened
simultaneously, how long will it
take to fill the pond?

Srudent's Bock Form Twe
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Chapter Two
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Congruence

Introduction

In fields like architecture, engineering and design, precise mmturemenrr and patierns
are crucial, Maintaining such patterns and measurements across ab;ecls and designs
requires an understanding of the relationship between shapes and their properties. In
this chapter, you will learn about posiulates, proofs and théorems on congruence as
well as the congruence of triangles. The competeiicies developed will enable you to
solve problems such as determining the drmm.!‘!ﬂn.;' af sides of figures without taking
actual measurements, designing and making abjecﬂ of the same shapes and sizes such
e

as worn-out PH”& 7/ .1"' "
k i__ -

prodice n!uer.‘u af the same shape and size.

Without know fedge of congruence industries would take longer time m)

The conceplt of r:nngrl.tl.:n-:l: 3. Use real objects (e.g., coins or
The term congruence is derived from the books) to repeat task 1 (or 2 where
Latin word eongruentia which means necessary) and  compare  your
agree or fit tu_gether exactly. Engage in observations.

Activity 2.1.to explore the characteristics Er :
of uhjﬂcl'\ from real life situations which In Activily 2.1, one may have noticed that
ﬁt mgelher same objects matched exactly on top of

J each other. This means that the objects
have the same shape and size. Two or
more objects with such characteristics are
called congruent figures.

~ | Activity 2.1: Exploring t:lr:-ngruenr:it:_-~1ﬁ
; of objects
1. Create a shape of your choice in . [se , i
Ms-Word, copy and paste it, then ostulates, theorems and proofs
drag it on top of the original and Understanding postulates, theorems, and
observe. proofs is important for developing a solid
2, E'n],ﬂ'g:: the ﬂl'lgl].']dl hhdpl..., DVLI']:IP foundation in mathematics. These concepts

it with the copied shape, and note | form the basis for logical reasoning and they
any changes.

are used (o validate mathematical ideas,
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/ mathematical argument.

Postulate

A postulate is a statement that is accepled
as true without any proof. These statements
are universally accepted, self-cvident and
can form the basis for further reasoning
and making arguments. The following are
examples of postulates.

(i) Acircle can be drawn with any
centre and radius.

(ii) A straight line can be drawn from
any point to any other point.

(iii) All right angles are equal to each
other.

Theorem

A theorem is an argument that has been
proved to be truc based on past established
results, definitions or postulates. The
following are examples of theorems.

(i) The sum of interior angles of ._a

triangle is 180 degrees.

(ii) In a right-angled triangle, the square
of the length of the hypul:.nunu is
equal to the sum of the squ:m::s of the
lengths of the other two sides.

(iii) The sum of interior angles of a
quadriluteral is 360 degrees.

Proof

A pruul' is a series of logical stalements
that are based on definitions, previously
ethlir.hed facts, and postulates that

may, be used to conclude the truth of a
The following

" are common procedures when undertaking

"a proof.

|. Draw a clearly labelled diagram to
represent a problem. Indicate all the
information such as equal angles,
parallel lines, and congruent segments.

2. Write down the given information
bascd on the labels of the supporting
figures.

4 v

Capture more

3. State the argument which needs to be
proved.

4. Where necessary, make additional
constructions with dotted lines to
make the proof clear.

5. In writing the proof;
(i) Refer the figures you have
planned to use in the proof.

(ii) Provide arguments, with reasons
based on the given information or
established facts.

(iii) Start w|lh shlcmcnts whose
validily are given or are obvious.

(iv) The' final statement is the
Lum.luamn about what was
supposed to be proved,

Engage in Activity 2.2 to explore more
-about postulates, proofs, and theorems.

Activity 2.2: Exploring postulates, ™

d proofs, and theorems

Tdentify a list of postulates, proofs, and
theorems from reliazble sources and
briefly explain why cach is accepted as
2 postulate, proof or theorem.

Prove that the sum of interior angles of
a triangle is 180°.

Solution
Consider the triangle ABC as shown in
the following figure.

Required to prove that,
CAB + BCA + ABC = 180°.

Swudent's Book Form Two




Proof L
Construction: Draw line XY through C

parallel to AB. Thus,

ACX = CAB (i)
(alternate interior angles as XY //AB)
YCB = ABC (ii)

(allernate interior angles as XY//AB)

But ACX +BCA + YCB =180°
(degree measure of a straight angle)
Substitute (i) and (ii) into (ii1) to get
CAB+BCA + ARC =180°.
Therefore, the sum of interior angles of a
triangle is 180°,

Prove that the sum of two interior angles

]
\

of a triangle is equal to the exterior ungle

of the third interior angle.

Solution
Consider AABC with AB_extended to
D as shown in the following figure,

’ .

A B l:]
Required lo prove that,

CAB+BCA = CBD.
Proof
From the figure, it implies that
CAB+BCA + ABC =180°
(sum of interior angles of a triangle), and
ABC + CBD =180°
(degree measure of a straight angle),
It follows that,

CAB+BCA + ABC = ABC+CBD

i B

But ABC is common to both sides of the
equation.
Thus, CAB+BCA = CBD.

Therefore, the sum of two interior angles
of a triangle is equal to the exterior angle

of the third interior angle.

P ol 23

Prove that the biscclors of the angles
formed by two intersecting straight
lines are at right angles to each other.

Solution .
Considerthe two straight lines AB and
CD intersecting at O as shown in the

following figure,

u
Required to prove that, a + b = 90°.

Construction: Draw the bisectors of the
angles formed by intersecting lines,
Proofl

From the figure, it implies that

a+ b+b + a= 180°

(degree meuasure of a straight angle)
2a+2b=180° or

2(a + b) = 180°

(distributive property)

a+b=90°

Therefore, the hisectors are at right
angles to each other.

Thus,

— N
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Excreise 2.1 5

- E
1. Use the following figure to prove \
that ABD = ACE.
A x - / C

B - A

6. 1n the following figure, if AC
A . bisects BAQ, prove that x= =.

D B C E p A Q

oL

2

If e=d. use the following figure to

prove that a=b.

i
zX N F NG
7. In the following figure, if x = 2a,
AL ANV . l. prove thata= b
Y \Yj

3. If a=c, use the following figureto

prove that x=J.

d
xX X b
P Q R
8. Prove that the sum of interior angles
h AY_ of a quadrilateral is equal to four
i/ \'f

i right angles.

9. Use the following figure to answer

4. Use the following figure to prove :
the questions that follow.

that a=c, if d+y=180°

5. Use the following figurc to prove D A B

that BCD = EDC + CBA. (a) Prove thatif x=y, then a=b.



(b) If CAB = BEP, prove that
BDE = ACB.

Congruence of triangles

Two triungles ABC and PQR are said to be
congruent if pairs of corresponding sides
are equal and pairs of corresponding angles
are equal. This fact is mathematically
represented as AABC = APQR. The
symbol = means "congruent to”.

Consider the triangle in Figure 2.1,

Figure 2.1: Conguerence of triangles

From Figure 2.1, if AABC = APQR,
the pairs of corresponding sides are AB
and PQ, BC and QR, and AC and PR.
Therefore, AB=PQ, BC= QR, and
AC = PR.

Pairs of comesponding angles are ABC
and PQR, BCAand QRP,and BAC

Student's Book Form Twa

and QPR. Therefore, ABC=PQR,
BCA =QRP, and BAC = QPR.

Postulates for congruence of triangles

Three conditions for congruence are
sufficient 1o prove that two triangles
arc congruent. The postulates that are
commonly used include. the Side-Side-
Side (SSS), Side-Angle-Side (SAS).
Angle-Angle-Side | (AAS), and Right
angle-Hypntenu{se-Sida (RHS).

Side-Side-Side (SSS) postulate

The- SS§S  postulate states that two
triangles are congruent if the pairs of
lheir corresponding sides are equal. The

- postulate is illustrated in Figure 2.2.

P
R
A
| &
C

Figure 2.2: Pair of congruent triangles
satifving 588 postulate,

e ——



From Figure 2.2, it follows that
AB = PQ (given)

BC = QR (given)
E = ﬁ {gi\recl}
Since the pairs of the corresponding sides

of triangles ABC and PQR are equal, then
the two triangles are exactly the same.

Therefore, it follows that,
AABC = APQR (by S55).

Since the two triangles are congruent, il
implies that, their corresponding angles
are also equal, that is,

CAB = RPQ, ABC = PQR and BCA = QRP.

Examplc 240 %,

Use the following figure to prove that..._
AABC = ACDA, hence deduce that

DCA =BAC.
D oy C
|
A ! B
Solution
Given, a rectangle ABCD in which

AB = DC, and AD = BC.

Construct a line joining A and C.

Proof: From AABCand ACDA
AB = ﬁ (given)

BC = AD (given)
AC is a common side to both triangles.

Therefore, AABC = ACDA (By SSS).

Hence BAC = DCA
(definition of congruent triangles).

N/
cxanpie 2SS

Triangle ABC is an isosceles triangle
in which AB anfdi?f are equal. If

D is the midpoint of BC, prove that
AABD=AACD,

Solution
Consider the AABC such that AB=AC
and D is a mid-point of BC as shown in

¥

the following figure.

>

Required to prove that AABD = AACD.
Construction: Use a dotted line to join
the points A andD.

Proof: In AABD and A ACD

AB = AC (given)

BD = DC (given)

AD is a common side to both triangles.

Therefore,
AABD = A ACD (by S55).




I. Use the following figure to prove
that ABC=ADC.

2. Inthe following figure, AD and BC
bisect each other at Q. Prove that
AB is parallel to CD,

C : D

A ! B

3. In the following figure, AB'=CD and
ABCD is a straight line. Prove that
BAF=CDE.

4. If OAB is a triangle in which
OA=0B, and N is the mid-point
of AB. Prove that ONA =ONB.

5. If ABandCD are two equal
parallel chords of a circle with
centre O, prove that AOB = COD.

6. Use the fi ulluwmg figure to prove
that if AC = BD, then ACB =BDA.

D
A

B
C
7. Two circles with centres at A and
B, respectively intersect at points P
and Q. Provethat AR bisects PAQ

(Hint: use triangles APB and AQB).

8. Inthe [ollowing figure. AD=AB
:und CD=CB, prove that AC
bisccts DAB and DCB.

9. Inthe following figure, AD =BC
and AC= BD. Prove that
AABD = ABAC.

D C

A B

10. In the following figure AD = BC
and AB=CD, prove that BAD = DCB.
(Hint: Join B and D)

B D




e

£



A 5 C

Solution
Given AABC suchthat BA = BC and

ABD =DBC.

Required to prove that AD = DC.
Proof: In AABD and ACBD | it implies
that

BA = BC (given)
ABD = CBD (given)
BD is o common side.

Thus, AABD =ACBD (by SAS)
Since the (wo triangles are congruent,
it follows that all sides and angles are

equal.

Therefore, AD.="CD.

Note that, two triangles may have two
equal sides and angles but not qualify to
be congruent. This is described in AAB,C

and . AAB,C in Figure 2.4.

Figure 2.4: Demonstrating non-congruence of
rriangles

Seudents Book Fann Fao

In Figure 2.4 AAB,C and AAB,C, have
two pairs of equal sides {C_B...und C_Bz) and
onc pair of equal angles (CAB, ). However,
SAS postulate cannot be used because
angle CAB, is nol included between the
two equal sides CB,, and CB,.

Exercise 2.3 . ’

i

I. Inthe following figure,. AO= 0D
and OB= OC, ) _. :
(a) Prq:.fﬂ.l_pnl AB=CD.
(b) Wﬁlgi]]& angle which is equal
o OAB.

7~ N C

B I

2. In the following figure, if AB = DC
and ABC = DCB, prove that
AC= DB.

A D

B C
3. In the following figure, if AX= DX
and BX = CX, prove that

BAC = CDB.
A D

B C




4.

Use the following figure to prove
that ADB = BCA, given AC = BD

and BAC = ABD.
A B

D C
Consider a quadrilateral ABCD
such that AB = DC and AC bisects

DAB. Prove that AD = BC.

Use the following figure to prove

that XZ = AY.

Considera quadrilateral ABCD

with two line segments DC

_and AB drawn apart such that
';{’n—H:Eand ABD = BDC. Prove
/ that DAB = BCD.

A triangle ABC s such that
AC = BC and DC is the bisector
of BCA. Prove that ADC = BDC.

If O is the centre of a circle ACB
and AOC = COB, prove Lhat

AC=CB.

10. A circle ABCD is centered at O.
If ACand BD are diameters

of the circle and line segments
AD, AB, and CB are drawn, prove
that AD =BC.

11. Find the measure of thC in the
following figure.
D i S\ C

L

11‘ - 2. B

Anglc-Angle-Side (AAS) postulate

Two triangles are congrucnt il the angles

in any two pairs of corresponding angles

are equal and the lengths of a pair of

corresponding sides are equal.

Figure 2.5 illustrates the postulate. >
A

-
Q R

Figure 2.5: Two congruent figures by AAS

postulate

Student’s Book Form Two



Figure 2.5 shows that,
BA = QP (given)
ABC = PQR (given)
BCA = QRP (given)
Thus, the two triangles satisfy the AAS
postulate.
Therefore, AABC = APQR (by AAS).

Since the two triangles are congruent, it
follows that, all corresponding sides and
angles are equal. That is,

BA=QP, AC=PR, and BAC = QPR.

Similarly, if two angles and one included
side of the first triangle are equal to two

angles and an included side of the second |- '

triangle, then the triangles are congruent |

by Angle-Side-Angle (ASA) postulate as_/

described in Figure 2.6.

X 1 Y

Figure 2.6: Triangles satsfving ASA postulare

dent’s Book Form Two
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Consider triangles ABCand XZY in
Figure 2.6,

BAC = ZXY (given)

AC=XY (given)

ACB = XYZ (given) ‘

Therefore AABC = AXYZ [hy ASh
postulate).

Example 2.8 @
xample A"

In the following figure, prove that
MHC M:D&

b

Solution

Given a parallelogram ABCD where
AC, isits dingonal.

Required to prove that,

AABC = ACDA.

Proof: In AABC and ACDA it follows
that,

CAB = ACD. .
(alternate interior angles as AB//DC).

Similarly,

ACB = CAD T
(alternate interior angles as AD//BC).

AC 15 a common side.

Therefore, AABC = ACDA (by AAS).




m 2. Given that X and Y are the feet of the

In the following figure, prove that perpendiculars from B and C to AD
ARVS = ATVU, as shown in_m_e following figure.
Prove thut BX =CY.

3. Line segments CB and AD intersect
at O such.that AO =Q0D. Il AB is

Solution parallel to ﬁ prove that AB = C_D
Given that RS/ UT and RS =UT. 4. Consider the following figure,
Required to prove that ARVS = ATVU, _ A : B

Proof: In ARVS and ATVU, it implies | e
that )

SRV=UTV (alternate angles, RS/ UT).
RS = UT (given)

C
Prove that,

RSV=TOV (altenatc angles, RS/ UT) e .
(a) AO=0D (b) CO=0B

‘Ienifl}re. S I ﬂPO'R X is th idpoint f Q
I ., In . 15 Inc Mudpomnt o | N
ARVS =A U{ }' Wilsa c} Y and Z are the mldpﬂintﬁ of PR

m and Q_R respeclively, IFXYRZ is a
1. “1n the following figure, AC parallelogram, prove that XY = QZ
bij:cts_ﬂ.&[} and BCD, prove that 6. In the following figure, AB = AC.
AB=AD,. Prove that BF = CE.
D




7. In the following figure, AC is the
bisector of BAD and B and D are
the feet of the pcrpcndjculars from

C. Prove that AB = AD,
D

B

8. Inthe following figure, ABC = ACB,
BX bisects ABC and CY bisects

ACB. Prove that BX = CY.

C

B3

9. Use the following figure to prove

that BC = AD, if ABC =BAD and
BCA = ADB:
C
-
B
D

10. Consider a quadrilateral ABCD
such that AD is parallel to BC and
O is the point of intersection of the
diagonals. If AD = BC, prove that
AAOD = ACOB.

Ntuddenr's Book §Fovm Two

11. Find the value of YZCin the
following figure.
A
!"l.'l"

/A/

Right angle-Hypotenuse-Side (RHS)
postulate

Two right-angled triangles are congruent
if their hypotenuscs have equal length
| and a pair of the corresponding sides have
equal length. Figure 2.7 illustrates the
.| postulate.

A

R

| i
P | Q

Figure 2.7: Two congruent right-angled

triangles with RHS postidate

Bl -




;

Figure 2.7 shows that,

AB = PQ (given)

AC = PR (given)

ABC = PQR = 90° (given).

If two triangles satisfy the conditions in
the RHS postulate, then the triangles must
fit exactly. Thus, Figure 2.7 shows that

AABC = APQR (by RHS).

Since the two trangles in Figure 2.7 are
congruent, then, all the corresponding
sides and angles are equal. That is,

BC=0QR
BAC = QPR
BCA = QRP,

Use the following figure to prove that

AADB = AADC and DB = DC,
B

/‘ ; ]
Ny, Sy

Solution .
Given AABC such that AD is
perpendicular o BC -
Required to prove that

(a) AADB = AADC

(b) DB=BC

Proof: From AADB and AADC, it
implies that

AB = AC (given)

ADB = ADC = 90° (given)

AD is a common side.

Therefore AADB = AADC. (by RHS),
hence DB=DC '[{.ieﬁniliun of
congruence of triangles),

In the following figure, point R is
equidistant from two lines /, and

I,, which intersect at T. Prove that
- RTV =RTS.

&

Solution:
Required to prove that RTV =RTS.
Proof: From ARVTand ASRT, it
follows that

RV =RS (given)

RVT =RST (given)

RT is a common side.

Thus, ARVT = ASRT (by RHS).

Since ARVT = ASRT.itfollows that all
corresponding angles and sides are equal.

Therefore, RTV=RTS.




. In the following figure, AC = BD,
prove that AABD = ABAC.
D - L

P

6. Use the ['ullnwmg figure 10 prove

that BE = CD.
A [ | B E

I

Use the following figure to prove
that AB is parallel to DC.

D C
- i - D
7. ICN is the foot of the perpendicular

A g | ». fromthe centre O of a circle to a

— —_ 4+ + chord AB, prove that AN = NB.
3. Inthe following figure BF = CE. '
prove that CF = BE. _ 8. Use the f'ulluwm;:, figure to ) prove
F that ACB = BDA if AC = BD

A D
B C
4. Inthe followi ing figure, prove that i c
AC bisects BAD and BCD,
IL 9. In the following figure AC=BC and
DE = FE, prove that CD = EB,
C
A C
D
D . E
5. Use the following figure to prove
that PA = PB.
A F i




10. In the following figure, D s
the midpoint of BC, X and
Y are points on AB and AC,
respectively. If DX=DY and
DXB = DYC = 90°. Prove that
ABD = ACD.

A

B D C

Chapter summary )

1. Two figurcs are said to be congruent
if they have exactly the same size and
shape. _

2. A postulate a statement that is
accepted without any proof,

3. A theorem is an urgmncnt that has
been proven to be'true based on past
established results or definitions or
postulates.

4. A proof is_a series of logical
siatements. that are based on
definitions, previously established
facts, and postulates that may be used
to conelude the truth of mathematical

arguments.
5. Two triangles are congruent if:

(a) The sides of one triangle have
equal lengths lothe corresponding
sides of the other triangle (S53).

(b) The lengths of two sides and the
included angle of one triangle are
respectively equal to the lengths

of two corresponding sides
and the included angle of other
triangle (SAS).

(¢) (1) Two angles and the included
side of one triangle are
respectively equal lo the
corresponding two ' angles
and the included side of the
other triangle (ASA).

(ii) Twoangles and non-included
side of one triangle are
respectively equal to the
corresponding two angles
and a non-included side of
the other triangle (AAS).

6. Two right-angled triangles are
congruent if their hypotenuses and a
pair of sides have equal length.

| Revision excreise 2 4 -

1. Inthe following figure, BA = B
and KA = KC. Prove that

BAK = BCK.
K
[}
A C
2. A quadrilateral MNOP has
the property that MN = OP
and MP = NO. Prove that
PMN = NOP.

3. Use the following figure to prove
that ML = PL.

§rdent's Book Farm Twi
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8. In_l_hu: fn_l_lf.vlng figure, prove that
BD = DC.
A
M ) p
4. In the following figure, prove that
ACD = BDC. N ) v

“ 9. Provethat the bisector of the vertical
angle of an isosceles triangle is
perpendicular 10 the base at its mid-
point.

10. In the following figure AB = HB

3. Usc the following figure to prove and RB = BF. Prove that;
that BMA = CMA =907, given that (1) RAB=FOB  (b) AM = M

AH:EE.
A A

11. Use the following figure to prove
that AP bisects LAM, given that

6. If ABCD'is a square and AR = BR, AALP = AAMP.
prove that R is the midpoint of DC.
D R
A 3 12. Prove that the perpendicular from
7. Prove that the line segment from tha-vertex to the base of an isosceles

the vertical angle of an isosceles
triangle to the mid-point of its base
is perpendicular to the base.

triangle bisects the base and the
vertical angle.

-



13. Use the following figure (0 prove 17. I APQR is an equilateral tangle

that BAD = BCD. such that ﬁ is extended to S so that
ﬁ=ﬁﬁ_ Calculate the measure of
QRS.
18. Use the following figure to find the
i " values of @, b, ¢, and d.
14. If PA bisccts the angle BAC and
Q is the point on AB such that a :
QP//AC. Prove that AQ=0QP. D
4nj_
A L b "
" . 19, If AB//CD, prove that
15. Given the trapezium ABCD such that | PQB =CRS.
DAX = CBX and CX is dmwn
parallel to AD as shown in. the ’
following figure. Prove that-ABXC g Q il
is an isosceles triangle.
g N = ——
C R D
S
——i AN
' 20. Prove that a quadrilateral in which
16. If ~“AB=AC, usec appropriatc its diagonals bisect each other is a

parallelogram.

21. Prove that a quadrilateral in which
both pairs of opposite angles are
equal is a parallelogram.

22, Prove that the basc angles of an
isosceles triangle are congrucnt.

congruence postulate to find the value
of AXB in the following figure.
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| Similarity

rrdid

fnr someone with b:owfadge nf similar ﬁgures In thi -
concept of similar figures, recognise the pmyerﬂ of similc
postulates, proofs, and theorems of congruent triangl

will be applied in constructions and in ﬂmhf %
._"_.ﬁuﬂdfn;gr, bridges and trees, where tap e
any ﬂfﬁl‘r applications.

Wathemurios for Seca

Similar figures

The previous chapter discussed congruent figures which are figures with identical
shape and size. This chapter introduces the concept of similar figures which advances
the concept of congruent figures. Engage in Activity 3.1 to explore the concept of
similar figures.

1: Recognizing similarities between figures R

t a rectangle from the edge of a plain paper or a manila sheet as shown in the
[ following figure, then compare the rectangle with the original paper in terms of

shape and size.
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2. Measure the lengths of sides and angles of both shapes, then find the ratio of the )
corresponding side lengths.

3. Use your observations to make a general conclusion about the shapes, and explore
additional sources such as the internet and books to enrich your competence.

4. Reflect on real objects around you with similar features and characteristics and
3 S share your insights.

Similar figures are geometric shapes that have the same shape but differ.in size. They
maintain the sume ratio of corresponding sides and angles. Study Figure 3.1 which
illustrates the concept of similar objects.

| like
Maths

Figure 3.1: Pictives of similar blackboards

In Figure 3.1, the objects are similar because they have the same shape but differ in size.
Based on (his experience, a simple method of obtaining similar figures is by uniformly
scaling (enlarging or shrinking) the original figure. Engage in Activity 3.2 to explore

more about similarity of figures.

Activity 3.2; Using computer applications to demonstrate similarity of figures

1. Use a software of your choice (MS Word, Desmos, GeoGebra) to create various
shapes.

I

Copy and paste the shapes into a new workspace, then resize by enlarging or
reducing the figures.

3. Observe the changes in size in terms of sides and angles and discuss your
\_ findings based on the similarity of figures.

Similar triangles
Triangles are similar when their corresponding angles are equal and their corresponding
sides are proportional. Consider the pair of triangles shown in Figure 3.2.

Studeny's Book Form Twao
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A 6 cm B
Figure 3.2: Similar triangles

From Figure 3.2, CAB of AABC corresponds to RPQ of APQR-and cach measures
50°, ABC corresponds to PQR and each measures 60°, and BCA corresponds (o
QRP and each measures 70°.

Since the corresponding angles are equal, then the two triangles are similar. Also, AB
corresponds 10 ﬁ. BC corresponds to QR, and CA corresponds to RP. The ratios of

the corresponding sides are given by:
AB 6ecm 4 BC _dcm 4 x Eﬁ 5cm

P‘Q “45cm 3’ Q_R 3cem .] "RP 3.75cm

.
>

Since the cormesponding sides are proportional, the two triangles are similar, Therefore,
AABC is similar to APQR and is denoted by AABC ~ APQR. The symbol ~ mcans
“similar to.”

Similar triang[cs_{pa‘.lfgnns} are named according to the order of their vertices,
For instance, in AABC und APQR in Figure 3.2, it can be deduced from the order
of the vertices that AB of the first triangle corresponds to PQ of the sccond trianglc.

Consequently, BC corresponds to QR, and AC corresponds to PR.

m to NER, KSL comesponds to RNF,

Given that ASLK~ANFR, identify
all the corresponding angles and the
corresponding sides.

and LR’Scurmspnnds to FRN, Also,
LS of ASLK corresponds to FN of

. ANFR, SK of ASLK corresponds to
Solution
Using the order of vertices of the two NR of ANFR, and KL of ASLK

similar triangles, SLK comesponds  ooocoods 1o RF of ANFR.

Srudent's Book Form Twa o W— w
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Given that AABC ~ APQR, find the value of ABCif:
(a) BAC =120° and PRQ = 25°

(b) QPR + BCA = 145°

Solution

Consider the following figures of AABC and APQR.
C

A B

(a) Since QRP corresponds to BCA fﬂ.“mt QRP = BCA = 25°.

In AABC, ABC + BCA + BﬁC = 180° (sum of interior angles in a triangle)
ABC + 25° +120° = 180°

Thus, ABC = 180° ~ 1450 = 35°.

Therefore, ABC =35°.

(b) Since QPR:corresponds to BAC, then QPR =BAC.
Thus, QPR + BCA = BAC +BCA =120°+25°=145°.
But ABC + BAC + ACB = 180° (sum of interior angles in a triangle). It
. follows that
. 145° + ABC = 180°
ABC =180° — 145° = 35°
Therefore, ABC =35°.
In the following figure, name the triangles which are similar and determine the

constant of proportionality needed to show their similarity.




Solution

Consider APMN and ALPN
MNP = LNP (common)
NMP = LPN = 90°(given).

MPN = PLN (third angles of the
triangles)
Therefore, APMN ~ ALPN (1

Consider ALMP and ALPN

MLP = PLN (common)

LMP = NPL =90° (given)

LPM = LNP (third angles of the
triangles) - '

ALMP~ALNP (2)

Relating (1) and (2), it can be observed

that

ALPN~APMN-ALMP

Since ALPN ~ APMN, then the constant
of proportionality is given by

+LP _PN _NL

'PM "MN NP

Thuﬁ-T.Scm 10 em IEScm_E.
6cm 8em  10cm 4

Therefore, the constant of proportionality
Iljccdcd to show their similarity is 5:4 or

g

In the following figure, find the
constant of proportionality needed
to obtain a pair of similar triangles, if
CE:DE = 1.2:1. Name this pair of
similar triangles.

A

18 cmi
)

TEET

=

C

Solution

The ratio of lengths of corresponding
sides ure given by;

&:E=CE 1.2 _12cm_6
DE ] l[]cm 5

E;ﬁz‘ﬂ"Echm:E
BE 10em 35

AC:BD=oe-12cm_6
BD 15em 5

Thus, CE_AE_AC 6

f — _—'=r---—

DE BE BD 5

Therefore, AACE - ABDE
(corresponding sides arc proportional)

6.
and 3 is the constant of proportionality.

. (a) Given

identify

that APQR ~ ATSM,

the corresponding

angles and the corresponding

sides.




(b) Given thal APQR ~ALMN proportionality so that the pair of the
/ i -~ i

and APQR ~ AABC, identify
the corresponding angles and
corresponding sides between
AABC and ALMN.

2, (1) One rectangle is 10 cm long

triangles are similar. In each case,
state the pair of similar triangles.

(a) 3

and 5 cm wide, while another
measures 10 cm in length and
4 cm in width. Determine
whether the two rectangles are
similar or not, and give reasons
for your answer.

(b) A rectangle has a length of
23 em and width of 16 cm. A
second rectangle has length of
12cm and widthof 9 cm,. Are | (b)
the two rectangles similar? :

Explain your answer, Pa
3. Given that AABC and ALMN are
similar, find the value of ACB, if:

C9Y9cm

(a) ABC = 70°and
MNL = 40°,
(b) ABC + MLN = 130°

(c) LNMand BAC are
complementary and

16 cm

NLM =56
(c)
4. Given that

AB _ BT TA
==2, ==12 und 12:2:
KL LS SK
(@) name the triangles which are

similar,
(b) identify the corresponding

ﬂnglcx. A J0 em B

. In each of the following figures, 0. Use the vertices A, D, B, C, and E
determine the constant of of the [ollowing figure to identify



all similar triangles, and hence state
their corresponding angles,

s fl Ml s Sudials

16 cm

7. Is there enough information in the M
following figure to determine if
AACT and ADBT  are  similar? . 10.Which of the following geometric

Explain your answer. .+ figures are always similar?
C ! (a) Circles
\ (b) Hexagons
25 em T i (c) Rhombuses
16 em (d) Rectangles
» ' . (e) Squares
A B

(f) Congruent polygons
8. In the following figure, name

{ : ol (ol 11. IfAYZX ~ALMN, use the figures to
the triangles which are similar to

find the measures of the remaining

3ARC. angles and lengths of sides of each
C triangle.
A D R
9. In figure LMN, name the triangle

which is similar to AXYZ



are the new triangles still similar?
Justify your answer,

16. A teacher at Magoda Secondary
School has tasked Adolfina with

L M finding the height of a tall tree

-2 & in front of the office. Using the

12. It is given that AUVW and AUXY knnw]cdgeafsimilari;g, how would

are similar with UXY = WVX and you advisc Adolfina to accomplish
WY = VW. Find the value of y. this task? f"_'-::.- J

Similarity theorems

Similarly - theorems are used to solve
problems based on similar triangles.

If AABC ~ AXYZ, it means;

_ (a) Corresponding angles  are
Y, equal. That is ABC=XYZ,

CAB=ZXY, and BCA=YZX. :>
13. In the following fi E“—Té, find the (b) The ratio of corresponding sides
value of x. -, isequal. Thatis, AB_BC-AC
\ YZ XZ

Nole

The value of the constant ratio obtained
from the ratio of corresponding sides of
similar figures is called the constant of
proportionality or scale factor.

To prove similarity of two triangles,
only one of the following conditions is
sufficient.

T

14. Show that the perimeters of similar
triangles have the same ratio as
their corresponding sides.

15. I k unils are added to the length of
each side of two similar triangles,

1. Two pairs of corresponding angles are
equal. This introduces an Angle-Angle
(AA) similarity theorem.

2. Three cormresponding  sides  arc
proportional. This is described by

r- o Srdent's Book Form Twi
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a Side-Side-Side (SSS) similarity

theorem.
3. Two  corresponding  sides  are
proportional and one pair of

corresponding angles (formed by these
sides) are equal is described by the Side-
Angle-Side (SAS) similarity theorem.

Angle-Angle (AA) similarity theorem
The AA similarity thcorcem states that,
two triangles are similar if two pairs of
corresponding angles are equal. This
implies that, il two pairs of angles are
cqual, the third pair of angles will also be
equal as described in Figure 3.3,

(o

N l} <
Figure 3.3: Similar rria;:gfe; by the Angle-
Angl‘_r" theorem
In Figure 3.3, u can be observed that,
BAC.= QPR, ACB = PRQ
Thus, ‘ABC = PQR (third pairs of angles
~, oftriangles)

Therefore, AABC ~ APQR and
R _FC_Ac
PQ QR PR’

s !

e ————

For each pair of triangles in the
following figures, determine whether
they are similar or not. Indicate the
similarty theorem used to support your
argument. \

(a) N
M
+ R
:
(c) 5
J
w/
W
g
S ©w 8 em
& om
3
T
U
Solution
(a) Required to prove that:
AOUL - AMUO,



» Siduicds

Proof
LOU = OMU = 40° (given)
OUL = MUO = 90° (given)
ULO = UOM = 50°
(third angles in triangles)
Therelore, AOUL. ~ AMUO
(by AA-similarity theorem).

(b) ACBA and ARPQ are not similar

because the corresponding angles
are not equal.

(¢) Required to prove that ASVU
ASWT

Proof
The ratio of the corresponding sides

[k |
_Si_ I0cm 3

SV 13lcm 4 7
ST Gem 3

—= ==, und

su I2em 4

'I‘_W_ 6Gem 3

W_ Acm E

Thercfore, ASVU ~ ASWT
(by SSS-Similarity thcorcm).

i

Use the following figure to prove that,

AD _CD DB BA
() === b) s 2 e
AR AC DA AC
C
D
A B

Therefore, =— = — 0
AB

Solution

(a) The

numerators  contain  the
vertices A, D, and C while the
denominators contain A, B, and C.
Thus, the two triangles are ADC

and ABC,

From AADC apd AABC 1
follows that,

ADC = CAB(each measures 90°)
ACD = ACB (common)

Thus, ADCA ~AACB (by AA -
similarity theorem).

Since ADCA ~AACB, (hen the
ratio of the corresponding sides arc
equal, that is:
Ch _CA _DA
AC CB AB

AD DC " AD _CD

AC AB AC

(b) Vertices appearing in the

numerators are A, B and D, while

in the denominators are A, D and C.
Thus, the triangles ADC and BDA
are obtained.

From AADC and ABDA it follows
that

ADB = ADC (each measures 90°)
ABD = CAD = ABC (using the
proof in (a) above)

Thus, ABDA ~ AADC

(by AA-similarity theorem).

Since ABDA ~ AADC, then the ratio
of the corresponding sides are equal,
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that is Therefore, MY =34 em.
DB _BA _AD
DA AC CD (b) From $cm_Jcm
- MN 12em’
DB _BA
Thﬂmrﬂm.ﬁ“"fc'- -LE:W:BQHL

Therefore, MN =8 cm,
In the following figure, calculate: Example 3:3°8 o‘%‘

Warhemanos If.rr.r..ﬁ;'-rrr-r“.f.ur}' Sohoady

a) MY b) MN o
(a) (b) In the following figure, AABC ~ APQR,
M If AC = 48cm, AB = 4cm, and
¥ PQ = 9¢m, find the value of PR.
10 cm
fi cm |
" 9 cm Jem
4 7 N
Solution

(a) Since ZY //MN, it follows that,
XYZ = XMN (corresponding angles)
XZY = XNM (comesponding angles)
Hence, AXYZ ~ AXMN (by AA -

. g g Solution
similarity theorem)
XY Xz Yz . Gir-cn -.ﬁ_ABC- APQR, it follows that,
=S =, ns
XM XN MN - AB_AC
that, PQ PR
Wem _9em _ben That is 4cm _4.8cm
XM 12cm MN = PR
From 106™ _9€M i\ implies that e
XM [2cm 4emx PR=9 cmx 4.8 cm
— 10ecmx12cm
¥M=—m8M—=13L{cm. —
9 cm ; PR = 2CmX4.80M _10.8 cii.
4cm
But,

m:’ﬁ—ﬁ:l}% m_l{]m-_—j.}m Thf:!*ﬂrﬂrﬂ, PR =10.8 em.

et | ruﬂmummn|1|||||||||||||||lnllﬂ|||||t|u||1_
e

4
?-.

T L EELLEERRE TR LLLLELLLLLELLLLL
25 e Drag from top and touch the back button to exit full screen.
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m 4. In the [lollowing figure, if

. Determine whether the following CD/fAB v 8 pove s
triangles are similar or not, Indicate (a) AABO-~ADCO
the similarity theorem used to b AO BO
support your answer. 2 oD ocC

2. In the following figure, if

ACDE ~ ACAB, prove that ' : A

DE // AB. 5. Inthe following figure, E is a point
' 7~ on ABand G is a point on DC and

' AB // DC. Prove that -[l_q=—l'_2
y BE FB

D G__ .U

A A

lowing figurc, :
3. Inthgfollowing 5 6. In the following figure, DEFG 18 @

if DE // AB, prove that squarc and ACB is a right angle.

. Prove that:
DE ~ ACBA.
AL (a) ACFG ~ADGA

C (b) AEBF ~ ACFG

b X

D \u 1 _:




7. Name two similar triangles in the
following figure.

X

Y U

8. Usc the following figure to prove that:
C

(a) AADC ~ ABEC
(b)

9. To determine the value of x in
the figure below, Dora writes the

uation 12_x Is this equation
equi —=—_ Is th1s equi
il 8 10 “

correct? Explain. If it is incorrect,
write the correct equation and find
the value of x.

10

10.1n the following figure:
P 8 Q

5

(a) List all pairs of congrucnt
angles, giving reasons,

(b) Name pairsof similartriangles,
giving a similarity theorem 1o
justily your answer,

(¢) Find the values of x and y.

11. In the following figure,
(1) Show that AEFJ~AGFI

(b) “If HELGIF=1:3, find <JEF
E

G

12. Study the following figure and answer

the questions that follow.
0

K

A B
(a) Name the triangle which is
similar to AAOB and give
reasons
(b) If OA= |0cm, OB =38cm,
OK =6¢m, AB=T7cm,

calculate OH and HK.




3. In the following figure, AABC
is a right-angled at A and AD 1§ an
altitude.

A

B D w.

——

(u) Name with reasons, lwo
triangles which are similar to

AABD

(b) Show that y' =uv, Xt =uw,
and xz= YW

(c) II AB=40cm, AC=30cm,
BC =50 cm, calculate AD,

BD. and CD.

4. A man wishes to find the width of
a river. There is a post al’A on the
far bank directly opposite post A and
another at E so that A, C, and E align
with each other, with ED being at the
right angles with the bank. BC, DC,
und DE are measured and found 1o be
117m. 26m, and 16 m, respectively.

Find the width of the rver.

15. In the following figure, find the
proportionality ~constant between
similar triangles and the length of

side NM.

M

i 17. Find the value of a n the following

16. Study the following figure and answer

the questions that follow.

A
Scm
B C ___F
4cm
D > E

(a) Statca triangle which is
similar to triangle ABC.

(b)- Calculate the constant of
pmpnrﬁunalil}' between
triangles identificd in part (a).

figure,

18. Use the following figures 10 show

that ARPQ - AABCand hence
calculate the values of x and y.

15¢cm




r

Similarity]

Side-Side-Side (55S) similarity theorem
The SSS similarity thcorem states that, two triangles are similar if three pairs of
corresponding sides are proportional. Figure 3.4 describes the SSS theorem.

IJ
D

M N g
Figure 3.4: Similar triungles by the Side-Side-Side Hujfi;rm

In Figure 3.4, it can be observed that, if the ratio of their sides are such that

With reasons, identify a pair of t'riurllg]es" which are similar in ecach of the following
triangles. / '

rF 4

F

o

E 70 G

Snlflllnn ,
To show that the triangles are similar, PQ
7 find the ratio of the lengths of | _ il

. comresponding sides (shortest, longest =~ [he ratios of the corresponding sides

and the remaining sides). are not all equal. Therefore AXYZ and
APQR are not similar.

YZ 6 3
Ratio of ining sides: — = — =2
atio of remaining sides :

Comparing AXYZ and APQR '

. . XY 4 1 ' Comparing AXYZ and AEFG
Ratio of shortest sides: —=—=— —
PR 8 2 | Considering AXYZ and APQR:
; ; XZ 8 1
Ratio of longest sides: —=—=— ‘ Ratio of shortest sides: XY =i=g
QR 16 2 | EF 10 §




Ratio of longest sides: _}Ez__;i:_% 2. Find the value of n which makes
EG 20 5 APQR ~AXYZ
Ratio of remaining sides: Iiz-:.el:.%
FG 15 5

The ratios of the corresponding sides
are equal. Therefore, AXYZ ~ APQR.

Comparing APQR and AEFG.

Ratio of shortest sides: E:ﬁ.:i
EF 10 5
Ratio of longest sides: -%-: E: 4
EG 20 5
: b o 10
Ratio of remaining sides: ! FRL Y
FG IS5 3

The ratios of the corresponding sides . |
are not all equal. Therefore, APQRand . ' 3

Confirm if cach of the following
AEFG are not similar.

pairs are similar triangles.

. D
I Study the following pairs nfﬁ‘gu‘res Fa
determine whether they are similar
or nol. Indicate the similarity E
thcorem wused to support your 4cm
answer.
p
\
&
o
S
P
6 cm




(c)
5-mm
4 mm £ mm
2 mm
102
I mm
(d) A

(e)

4. Itis given thal ,m:'%xr,

BC = %fz, BC:%]’Z and

6. Identify similar trangles with
justifications from the following figure.

“ C ‘2.5 dm

o
E

B C Q R

16.5 cm

Side-Angle-Side (SAS) similarity thecorem

The SAS similarity theorem states that,
two triangles are similar if two pairs of
their corresponding sides are proportional
and one pair of corresponding angles

. (formed by these sides) are equal. Figure

3.5 describes the SAS theorem.
A

Figure 3.5: Similar triangles by
Side-Angle-Side theorem

In Figun. 3.5,if

% AC:EH‘ - ﬂ_ AC | and BAC = QPR, the
)® - PQ PR
"’ AABC ~ AXYZ.
5. Show that AXYZ ~ AYZX. AABC ~ APQR.
Thereflore,
ABC = PQR and
20 cm 15 cm
ey ACB = PROQ.
w l6ecm Z 19cm Y
__i—__-_-_—"_



B

Ratio of the shortest sides:

Given th T
AABC ; ?"w ing triangles, prove that —
and AXYZ are similar. AE __3cm _3_1
B % AD (3+6)cm ~9 3
3 n , Ratio of the longest sides:
7 4 a .
A AB__ 7cm =-?—=l
Y AC (7+|4)r:m 21 3
o _
Proof == (an)
Thus i:ﬂ:l ﬂ"d
Ratio of shortest sides: ili:l:l AD. AC
Xy 15 5 ZBAE=2CAD
Ratio of longest sides: BC_4 1 Therefore, AACD ~AABE.
YZ 20 5 ) '
A — XY ty »
ABC = XYZ (given) * Activity 3.3: Exploring similarity
AB BC 1 . through parpcndicu]ar
Thus, =< =<5 — 5 nd ABC =XYZ bisectors
XY YZ 5 ,
: 1. Usea geonmtncal software of your
.hoice (or any other thod
Th AABC ~ - y method) to
erefore, BC ~ AXYZ (SAS draw a triangle APQR.
theorem)
2. Constructa line pcrpcndiculur o
QR through point p . and label the
intersection as S.
Given the following figure, show that 3. Measure segments PQ, PS, PR,
AAED ~ AABE and RS. . o
4. Calculate the ralios —= and -=Rr-
pPC PS
pQ _PR
. Dra intCumil —_—=
5. Drag e PS RS
6. For which value of ZPQR arc
APQR and APRS similar?
7. Share your findings about the
(heorem (hat supports your unsu:rur
in task 6, and explain how it prll{?!*
4 to the similarity observed in this
Solution V
From AACD and AABE
___________-—-""-—
a Suident’s Root Form Jae

____‘



1. In each of the follow
figures,
are

it g pairs of
+  determine whether they
e sfnlllar or not, Indicate the
similarity theorem used 10 s

your answer. S

(a) €
Vo
iy
B
o™
A
(b) U
L
4 em 12 cm

M Zem N S b em T

E

(c) A
B e plO -
2. In the following figure, AE _AD,
AC AB
Show that AABC ~ AAED.
A

In the following figure, if

OA = 8dm, E_ﬁ = 6 dm,
OD =4 dmand OC = 3 dm.
Verify that AAOB ~ ADOC.

B

f dm C

4. In the following figure, AXYZ
is aright-angled triangle and

XwW X7 o=
—_-ZF-.PI'GVE that ZW is

XZ =5t
perpendicular 1o XY.
Z
9
X Y Y-

5. To determine the height of a tree,
Adelfina decided to stand in front of
a tree so that the tip of her shadow
coincides with the tip of the shadow
of the tree. She stood 30m from
the base of the tree. If her height is
160 cm and her shadow is 220 cm:

(a) Draw a diagram 10 show the
given information.

{b) What theorcm of similarity
of trangles could she use to
calculate the height of the trece?

What is the height of the tree
(o the nearesl metre?

()



(d) Lemalai, whois 190 cmtall, did (a) Findthescale factorof AVWX

the same procedure described to AABC,
above. His shadow is 150 em (b) Find the ratio of the area of
long. How far was he from the AVWX to area of AARC

tree’?

(¢) Explain how the results in (a)

6 Study the following figure and show are related with the results in (b)
that AACB ~ ADCE. e

\

Chapter summary

1. AA Similarity theorem
If the correspondence between
triangles is such that two pairs of
corrcsponding angles are equal,

then the tnangle arc similar.
D

7. Show with reasons that the |
following triangles are similar.

2. SAS Similarity theorem

If the correspondence between two
triangles is such that the lengths of

(a) b, two pairs of corresponding sides
W are proportional and the included
A 27 ma «LM“‘“ angles are equal, then the triangles
1
i are similar,
ﬁﬁ“ 5 I8 mm v . .
Y\f'l- 3. SSS Similarity theorem

If the correspondence between
(b) two (riangles is such that the
lengths of corresponding sides are
proportional, then the tnangles are
35 em similar,

4. Similar figures have the same shape.

50 cm 5. In similar figures, the ratios of the
lengths of corresponding sides are
8. In the following triangles, equal, That is, corresponding sides
AABC~AVWX. are proportional. The value of
v A the ratio is called the constant of

T proportionality or scale factor.

5lem 30 cm

B mombmwenW | 6. The symbol used to indicate
. Aaem’ 0¥ R similarity between figures is "~ ".

P




l!-

2.

3.

In the following figure determine
the pairs of equal angles and the

proportional sides which make
AAEB - ADEC.
D
A
- C
K n C

Name two triangles similar to
AABC in the following figure.

A
i u—l .
If ALMN ~ APQR and
APQR~AABC, mention equal

angles in AABC and ALMN, hence
mention -all_proportional sides in
APQR and- AABC. Find the ratio
of proportionality for the similarity
of APQR and AABC,

A triangle ABC is such that CA is
extended 1o X and BA is extended
to Y so that XY //BC. Prove that
AX _XY
AC (CB

A trapezium PQRS is such that
PQ//RS. If the diagonals intersect

at X, prove that — =Q—_x-.
RX SX

0. IName a tnangle which is similar to

AABC in the following figure.

18 em

7. Use similarity to find the value ol

ED in the following figures.

8. Il APQR ~ ALMN, PR =20 dm,

NL = 10dm, NM = 12 dm and

LM = 9dm, find the lengths of the
other sides of APQR,

9. Prove that any 1wo equilateral

triangles are similar.

10. In APMT and AQNS,

PMT = QSN = MTP = QNS. Prove
that PM X NS = QS x MT

11. Study the following figure, where

DE is paralle] to BC. Answer the

questions that follow.

A




() A 8cm __B

1 AD =4 dm, AB=8dm and
DE = 10 dm, find the value of

(1)

BC.

(b) If ;\_ﬁzicm, AC =15 cm,

BC = 24 cm, find the value of D
OE. 13. In each of the following pairs of
figures, which triangles are similar?

Calculate the lengths of the sides

(©) If AD=7dm, DE=11dm.
and angles which are not given.

BC =22 dm, find the value of
— (a)
BD.
d) If BD=9dm, DE = 20 dm,
Ht s 15 cm
BC = 35 dm, find the valuc of |
S— |
AD. p '
r | Y

(e) If AD = 10 cm, DE =24 cm,
BC = 84 c¢m, find the value of

AB.

(f) If AE=3cm, DE=3cm,
BC = 7 em, find the value of

CE:

12, Determine the values of x and y in
the following figures: b) % 10 ¢m Y

(a)

PR



Is

[4. In the following figure, explain why
AABC and AADE are similar?

If AB = 8dm,
ﬁ = 6dm and ﬁi—D = 12 dm,

calculatethe valuesof AE and DE-

A

D > I

15.Study the following figure and
answer Lthe questions that follow.

AC = 9dm,.

Y > Q

(a) Which triangle is similar to
AYOQ?

(b) Giventhat OP = 4 m,
OX.=7m, PX = 6m,
ﬁ = 4.5 m, calculatc the
values of a and {}_Q

16, A triangle ABC is defined such that

CD hisects ACB.

AD BD

(a) Prove that E = E

(b)If AC =36 cm and BC =28 cm,
find length of side AD if
AB =16 cm,

17. In triangle EFG, HL is drawn inside
the triangle parallel to EF, Prove

FL _ EH

al = =—=—=and hence find FL if
LG HG
H=35¢cm, HG =44 cm, and
LG=36cm.
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(b How changing the mumber of | |EIUERERINI

apples or oranges affects the total | Given that x # y=4x+06y, find the value
fruit count? of 6+ 4,

2. 1f an apple is sold at TShs 950 and an Soliition
orange is sold for Tshs 200, calculate

Given x * y =4x + 6y. It follows'that
the total cost of buying all the fruits, \
\ yingall the fuits 62d=(4x6)+(6x4) e

=24+ 24 N\

.\\
T Bl
Therefore, 6 * 4 =@

If a#b=5a-b,find the value of 6 * 9.

Solution xamolc . R

From a b= Sa—b, itimplies that, IR =P ¢ find thevalue
of7.#3.
649=5x6-9 0 Vi
-30-9 s _§3.1urinu )
e {f/ Fromp # g=p?- g*, it follows that,
e _72_q2
Therefore, 6 9 =21, " B [t it
% _ =49-9
e < p-
— Therefore, 7 * 3 = 40.
Ifa + b=a*-b, find the value of y given
that4t(2*}*)=4,x “ Example 4.5
\ vV
Solution T If a»b=3a+b, find the valuc of 5*8.

Given a t’f::}h‘: - b.

o’
Start'with the operation in the brackets.
du(2x y) = 4422 - y)

Solution
Given a b =3a+b. It follows that,

y, ( . 5+8=(3x5)+8
¢ =15+8
N = 4#-(4-)y) 3
=15 =ity Therefore, 5 * 8 = 23,
=l2+}’
y=-8 If X*y=Xx+3Y, find the value of
Therefore, y = 8. 5*%(826).

: |r.|‘.ﬂ11"\' Boak Form Twao

4 v Capture more



Solution

Given x=y=x+3y.

Start with operation in the bruckets, That
is, 5#(82+6)=5+(8+3x6)

=526
=5+3x26
=5+78
=83

Therefore, 5+(8+6) =83.

Il pAg=2p+5q, find the value of
6A3.

Solution
From pAg=2p+5gq, it implics that,
6A3=(2x6)+(5x3)
=12+15
=27
Therefore, 6A 3 =27.

[xanp e (R

m-—n

. Calculate the value

If mAn=
m<n

of 3A2.

Solution

’ m-=n
Given mAn=

. It follows that,

m+n

3-2

a2 3+2
1
5

Therefore, 3A2 = %

- wi

I. Given that # and A are two
binary operations defined as
ax*(bAc)=alb-c).

If a=2, hb=5 and ¢ =4, evaluate
the value of (a = b) A (a = c).

2. In a cerlain the

profit calculation s _déﬁncd by

business,

a*bh=5(a+2b). If a company uses
this formula to determine its revenue
based on certain factors, what would

be the result when defined by 422

3. Eyaluate each of the following by
using the defined binary operation.

(a) 2+(3*4) if x*=y=3x+6).
(b) 5#(4»3) i[p*g=3p—2q.

() 9A5 ifcAd=c*-d".
(d) (3#6) %6 ifm*n=mn—i.

4, An operation A on integers d and
k is defined as d A k=dk +5d -3k,
Suppose uses Lhis
operation to calculate a special index
based on ils data inputs. Find the
index value based on the operation

3A2.

a4 company

5. An operation A is defined by

nv = —E Find the value of 9A4.
"I




-
6. In a certain situation, a company uses
a special calculation formula defined

—

by a*b=a’+2b to determine
production efficiency. Given that

4% (2* y)= 25, find the value of y.

7. An operation on integers a and b is
defined by a*b=3a"+2b, find the
value of (3#2)#6.

8. Given that, uAv=u"—v", find the
valueof 2 A 3.

9. If (a»b)=a’+b, find the value of x
given lhat 4«(2#x) =25,

10.(a) If p*g= p+q+ pg. Find the

value of 2= (1+3).
T
(b) Ifa*b=a’+b’. Findthe ¢
value of (2% 3)*4. XY

Transpaosition of formulae

A formula is an equation which shows
how variables are related. For example,
the formula which is used to find the
circumference, C of a circle is given by
C =nd, where C is expressed in terms of
and d. In this case, C is the subject of the
formula. It is also possible to express d as

the subject of the formula, that is, o =% .

The procedure of expressing a formula
in different ways is called transposition
of formula, The following are some
examples of formulae:

(@) A=Ib

¢ Capture more

(b) V=nrh
[I:] I ‘_—ﬂ
100

(d) A=l(ﬂ+b)ﬁ
2
(e) T=2x|—

(0 y=mxtc

|
() s=ut+—ar’
2

Given that ¥ =mx+c, make m the

. subject of the formula.

Solution

Given the formula y = mx+c. (i)

Subtract ¢ from both sides of equation
(i) to get y—c = mx. (11)

Divide equation (ii) by x throughout to
y—c
x

get m=

Therefore, m = P AR provided x# 0.
X

The volume, V of a cylinder with a
base of radius » and height & is given
by ¥ = zr*h. Make r the subject of the
formula.

Solution
Given the formula ¥ =zr'h. (1)

A A T HIIIIIII“ m i
R HHitt

=05 |l LLLLLL R e .
; Drag from top and wuch the back button to exit full screen.
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Divide both sides of equation (i) by zh

V
to get o . (ii)

Apply the square root to both sides of

equation (ii) to get J_—V_= r.
ah

rd
Therefore, r= I— .
mh

Giventhat T =27 JI. make / the
B

subject of the formula.

Solution
{

Given the formula 7T=2x _—.- (i)
-

Divide both sides of equﬁliun (i) by

" T — ! e
2/ 1o obtain 2 e 2 (i1)

Squaring both sides of equation (ii)
Ay
gives | 54 E (1ii)
Multiplying both sides gf equation
* (iii) by g gives g[l] =].
ix

TY gr

T 2
Therefore, [ =
e 4#2

The simple interest, 7 on principal, P

for time, T years and at the rate of R%
per annum is given by the formula

PRT
I= 100 " Make P the subject of the
formula,
Solution
Given [ = P!H‘ (i)
100
Multipl ying both sides of equation
(i) by 100 gives 1007 = PRT. (ii)

Divide both sides of (ii) by RT to get
007 _,

RT
/Therefore, P = @

RT

Exercise 4.2

li

In questions 1 to 13 make the given
letter the subject in each formula

Formula Letter
PRT
. | ===
] 100 R
2. | C=2xr r
3. | A=2oh h
| 5
4. | P ¢
p‘ll
PRT
heildto . P
R A=Y 100 )
6. A=2ar(r+h) h
LT r-—w.r {




I . — For example, in the quadratic expression
SV arh r 4x* —6x+7, the coefficient of x is 4, the
coeflicient of x is —6 and the constant is
9. §= lc‘zr2 1 7
B .
Il Activity 4.2: Deduci ic )
o === f y4.2: ucing quadratic
f u v expressions from real
1 = life :
. P=w[1+—ﬂ] pr I. A garden designer plans to design
1-a different gardens in_a compound.
y During an in\"r.stdi gation, he noticed
12. T=2er: g that the length of each garden is 4
& m longer than its width. Deduce the
5 simplest. possible expression of the
1343 C= E(F_n) £ ~area of the garden by expanding the
RE— ' t:a:tﬂrs.
Quadratic expressions p “ 2. Explore various sources lo leamn
An expression whe_.-sc hi_ghesl_ exponent ¥ ;:2:;;3?; how you can expand
(degree) of the variable is 2 is called a '
quadratic expression. g T 3. Make a presentation to demonstrate
h N how you arrived at your conclusion.
The following are examples of quadratic

expressions:

. From activily 4.2, it can be observed that,
(i) 42°+3, the highest exponent (or

quadratic expressions can be derived from

degree) nl."a"is 2. the product of two linear expressions. For
(ii) ﬁ}': uf-}"_[hg hjghes[ exponent ﬂ-f:r instance in Fig':.ll'l'.‘-‘ 4.1, if the width of n
4s. rectangle is (v + 1) unit and its length is

(2y+ 3)unit, thenthe arcais (2y+ 3) (v + 1)

N N2 - hichect n .
(1i1) 3’ — 2 + 1, the highest exponent of square umils.

“nis 2.
. , P Zy+3
" In general, a quadratic expression has the 2 S
form ax® + bx + ¢, where a # 0 and a, b,
and ¢ are real numbers. The term ax?® is y+l1
called the quadratic term, where a is the
cocfficient of x*, The term bx is called the R
H " L] 1 (3 il L] L] ™ . Q
linear term (middle term), where b is the Figure 4.1: Rectangle PQRS which demonsirate
cocfficient of x and ¢ is the constant term. an area as a product of factors

( A — s dert's Boak Form Two

< V4 ¢ Caplure more
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t

.‘I A B

4 c o

$ R

Figure 4.2: Regions of rectangle PORS

When the rectangle PQRS is subdivided
into four rectangles A, B, C and D, as
shown in Figure 4.2, the following can be
deduced:

Area of region A =2yx y =2y square
units.

Area of region B

=J3x y =3y square units.

Area of region C
=1x2y = 2y squarc units.

Areca of region D
=3x1 =13 square units.
The total Area of regions A; B, C, and D

=(2y" +3y+2y43) square units.

=(2y° +5y-§-3] squ'an: units.

From Figure 4,1, the total area is
(2y + 3)(y + 1) square units.

Thus, (2y 43Xy +1)=2y" +5p+3.

"The expression 2y° +5y+3 is called
a quadratic expression expanded from
(2y+3)(y+1). This expansion can also
be done by multiply each term of 2y 43
by y-+1 as follows:
2y+3)(y+D=2y(y+1)+3(y+1)

=2y +2y+3y+3

=2y +5y+3

‘ i)
CEIE
A

Thus, 2y*+5y+3 is the expanded form
of 2y+3)(y+1).

Therefore, (2y+3)(y+1)=2y* +5y+3.

[ !
—_ e |
"

Expand (z+2)(2z-3).
Solution . ‘
(2+42)(22 -3) = 2(22=3)+ 2(22 - 3)
= 222324476
[ =222 4+2-6

Thzn:fur;é, _
(2+2)(22-3)=22" +z -6,

Find the coefficient of n and »? in the
expansion of (n+9)n+3).

Solution

(n+9)(n+3)=n(n+3)+9(n+3)
=n®+3n4+9n+27
=n’+12n+27

Therefore, the coefficients of n and n?
are 12 and 1, respectively.

| Expand (6x+ 5]1.

Solution
(6x+5)" =(6x+5)(6x+5)
=6x(6x+5)+5(6x+5)

= 3642 + 30x + 30x + 25
=364* +60x+ 25
Therefore, (6x+ 5) = 36x° + 60x +25.




Note that, from the general quadratic

i 3
expression ax” +bx+c, where a, b and ¢

are real numbers.

(a

)If a=0, the expression becomes
linear. For example, 6x + 4, in this
case, a=0,b=6 and c =4,

(b) If b =0, the expression is a

(c

quadratic but without the middle
lerm. For example, 4x* + 8, in this
case, a=4, b=0 and ¢=8.

) If ¢ =0, the expression is a
quadratic but without the constant
term. For example, 10x* —2x, in
this case, a=10, b=-2 and ¢ =0.

(d) The basic identities of quadratic

expressions are as follows:
(i) (a+b) =a®+2ab+b’
(i) @ —b* =(a+b)(a—b)

(i) (x+a)(x+b)=x*+(a+b)x+ab

In questions 1 to 12, write the expanded

form of each of the given expressions:

AT, (25 43)(x+1)
2. (4x-3)(2x+1)
3. y(y+6)
4. (3y+4)’
5. (Tn-2)
6. (a+b)=

10,
11.

13.

14,

16.

17.

18.

19,

. Given three

(a=by
(dx—3X2x-1)
(3p+2q)(6p-2q)
(v+5)(x-)
(x+2)(y-3)
(543)(r+4)

Find the area of a tri uﬁg!c whose base
15 (6x + 1)cm and height is (4x — 2)
cm. Write the answer in the expanded
form.

Find the amount of money required
to buy 7y items if cach item costs

'~ (6y + 5) shillings. Give the answer in

the expanded form.

consecutive whaole
numbers, write the expanded form of
the product of the first and the third if
the second number is n.

Simplify
(4a-6)2a+5)—(2a+5)4a-3).
The width of a rectangular field is 20
m shorter than its length y metres.

Write down an expression for the
arca A.

A rope which is 42 cm long is divided
into two picces 1o make two squares,
Write an expression for the sum of
the areas.

A neighbour has a picture which
measurcs 10 cm by 20 cm. He wants
to make a frame of constant width
which will enclose the picture. Write
an expression for the area of the
frame.




Factorisation of quadratic expressions

Factorisation is the process of wriling
an expression as a product of its factors
Numbers and algebraic expressions canl
be expressed in terms of factors.

For instance, 10 can be expressed as a
product of 2 and 5 or | and 10.

The expression x’—x—12 can be
expressed as a product of two linear
factors x-4, and t+3. That is,

P —x=12=(x=-4)(x+3)

ressions can be factored
methods which are
term, difference of
squares.

Quadratic exp
using three main
splitting the middle
two squares and perfect
Factorisation by gplitting the middle.
term
Factorisation by
term involves the
term into two terms. F

splitting the middle
splitting of the middle
or instance, in the

quadratic expression avi+bx+c, the
middle term 18 px. To split the middle
: be used:

following steps ¢af
fumbers whose sum is equal
hose product i equal to ac.
s in (i), list all
pair

term, the
(i) Find twO

to b and W
(i) To find the t

the factors ©
pse sum is b.

WO numbe
f ac and determine

wh

Solution

nts arc 2, 7 and the

The coefficie
That iS,

constant term is 6.

a=2,b=7and c=6. So
ac=2x6=12,

Find the pair of factors of 12 whose

sum is 7.

The pairs of factors of 12 are
The sum of 1 and 12 isil3-
The sum of -1 and —12 is"~12
The sumnf?nndﬁisé I
The sum of, 2 and -6 is -8
The sum of 3and 4is7

The sum of =3 and —4 is =7

Therelore, the correct choice is 3 and 4.

_So the terms arc 3x and 4x.
6=2x +4x+3x+6

= (257 +4x)+(3x+ 6)
—Aax(x+2)+3(x+ 2)

= (,r+1)(?_x +3)

x+6= {.r+2](2.t+3].

ﬁf +7x+

Therefore, 2% +7

Factorize 6x° =11x+ 4 by splitting the

middle term.

Solution

o ac=24 and p=-11, finda pair of

Sinc
factors of 24 whose cum is—11-
The pairs of factors of 24 are: -1 and
24,2 and =12, _3 and -8, _6 and —4-

o i =3 and =8
Therefore, the co choice is = &
since —-3+—8 =-11 m‘rd(—S)x(-S)-y
Thus. ~f1x - 3x—8x.

It follows that,

___._____--::;-,:-:
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6" —1lx+4=6x" -3x—8x+4
=(6x* =3x)~(Bx—4)
=3x(2x-1)-4(2x-1)
=(2x-1)(3x—4)

Therefore,

6x° —11x+4=(2x—1)3x-4).

Example 4.18

Factorize 2x* +x—10 by splitting the
middle term.

Solution

The correct choice of the pair of
factors of =20 is =4 and 5; Thus,
x=-4x+5x.

So that,

2x° +x-10=2x" —4x+5x-10

= (2x* —4x) +(5x-10)

= 2.Tf.t—2}+5(1-7-2] :

= (x=2)(2x ¥8)
Therefore, '

2x% +x—=10=(x=2)(2x +5).

Example 4.19

A _building company is designing a
rectangular  playing  ground whose
total arca is defined by the expression
x* +6x+9 where.xinmetres s the length
of playing ground. Deduce the possible
dimensions of the playing ground.

Solution
The correct choice of the pair of factors
of 9 is 3 and 3. Thus, 6x=3x+3x,

=
Algebrnd

So that, x* +6x+9=x +3x+3x+9
=(x" +30)+(3x+9)
=x(x+3)+3(x+3)
=(x+3Hx+3)
=(x+3)°

Thus, the quadratic expression has

two factors which .are _identical
X +6x+9=(x+3)%,

Therefore, the playing ground is a
square of length (x + 3) m.

In_ questions | to 9, factorize the

| }c.tpmssinns by splitting the middle term:

\
. x*+3x+2

19

6y  +11y+4
2x' =17x+8
v =Ty+6
3d* -2d -8

& » B W

3-5a+2a’
7. ¢ =18c+45
8 124 +27x-39
9. x'=Tuo+12y*

10. Maria wants lo design a garden
and needs to create a rectangular
flower bed with dimensions that fit
a specilic area. The area of the bed
can be modeled by the quadratic
expression 3y — 1y + 10 m?
Determine the possible lengths of
the sides of the flower bed.




11. The area of a rectangular floor
1s defined by the expression
(4¢% 4+ 5¢+ 1) square metre, Use this
expression to express the possible
dimensions of the floor.

12. John is trying to simplify the
expression — 1 + x +2x” (o determine
how Lo distribute his resources more
efficiently. To help him, factorize
the expression to better understand
the optimal allocation.

Factorization by the difference of two
squarcs

An expression in the form a® -b" is
called the difference of two squarcs,

Engage in Activity 4.3 to explore more |

ahout quadratic expressions which_exist
as a difference of two squares.

Activity 4.3: Exploring the dil!'l:rnn::‘
of two squares

I. Determine_the product of (a+b)
and (a—=b) with the identities
a’ —b*and give your conclusion.

2. Use the results in task 1 to simplify
the expression of the form (ax)® —b°
and note down your observations.

3. Use numbers and letters to create
other similar expressions,

4, Confirm your findings by consulting
other relevant sources such as books
and the internet and share your
findings.

 ——

¢ Capture more

Example 4.20

Faclorize a® —25b°.

Solution

Write a®-25b" as a difference of two
squares.

al _zshl =ﬁ'1 Hsahz

=a’'=(5b)
=(a-5b)a+5b)
Therefore, a® = 256° = (a - 5b)(a +5b).

Factorize x:~81.

Selution :
‘Write x* ~81 as a difference of two
squares. That is,
A -81=y*-9
=(x+9)x-9)
Therefore, x* =81 = (x+9)(x-9).

Find the exact value of 50001° —49999°
Solution
500012 - 499997
= (50001 + 49999) (50001 = 49999)
= 100000 x 2
= 200000
Therefore, 500012 — 49999 = 200000.

Factorization of perfect squares
A quadratic expression whose factor are
identical is called a perfect square.

Consider a’ +2ab+b* =(a+b)’
and a* -2ab+b" =(a—b)*. The two
quadratic identities, (a+b) and (a—b)’

" are called perfect squares.

Drag from top and touch the back button to exit full screen.
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Engage in Activity 4.4 to explore more
on perfect squares quadratic equations,

Activity 4.4: Exploring the perfect
square expressions

1. Use the splitting of the middle term
method to factorise the expressions
x*+6x+9 and x* —8x+16,

and compare thczrcsulls with ':he
identities (4 +8)" 4pq (@=0)"

i

Study the nature of the middle terms
in task 1 after splitting and note any
unique features.

3. Use the findings from tasks 1 and 2,
and varieties of relevant sources to
study the characteristics of [u+b)=.
and (a—-b)* hence generalize your
findings.

N

Factorize a® + 2 a+—.
25
Solution
Wik ¢t # 204 = (a+..)
S
(the first term in the bracket must be a)

The second term inthe bracket is
obtained by taking the square root of the
constant term.

- ’9
Th!-' —_——
at s, 5

2
“Therefore, «* +%u+i=[u +EJ .

L

25 5

-Nntc:

I. Ina® +2ab+b* =(a+b)" , the

From Activity 4.4, it can be observed
that when factorising perfect  square
expressions, the middle term will always
split into two equal terms which reflect
the 2ab part of a’+2ab+b’ and the
—2ab-partof a*-2ab+b’.

Factorize x° —6x+9 and write the

) 2
answer in the form of (x+a)".

square of the sum of two quantities
is equal to the sum of their squares
plus twice their product.

2. Ina® -2ab+b’ =(a-—b)z.lhc square
of the difference of two quantitics
is equal to the sum of their squares
minus twice their product,

3. In all perfect squares, the constant
term is the square of half the

Solution
X —6x+9=(x-3)(x=3)
=(x-3)

Therefore, x> —6x+9=(x-3)".

coefficient of the lincar (middle)
term.
4. If ax’ + bx+c is a perfect square

then bl = dac.




In question 1 to 6, factorize the quadratic ) :
expressions by splitting the middle term: 20.  121a° -64x°

1.
y 8
3.
4.

J.
6.

x'+6x+8
x*+3x4+2
2y 49y 47
4u’ +9u+5
12m* +37m+21

224’ +25a +7

In question 7 to 14, factorize the
quadratic expressions by perfect

square:

7. ¢ +gr:+:s—?
8. gi+22g+121
9, y —-d4y+4
10.  k*+34k+289

I,
12,
13.
14.

In-question 15 to 20, factorize the

we —16w+64
4’ =12r+9
9x’ —6x+1

4+9a* —12a

19. 1-a%h?

21.  Simplify (a+b) —3c(a+bh).

22. Factorize — 6+ 3w* = 7w by
splitting the middle term,

23, If ke’ +24x+16 is a perfect
square, find the value of &,

24. Factorize x* —y*.and hence use
the results 10 evaluate the value

of (5452)= —548x 548,

25. Acertain company devised acost-
saving tool expressed as x° — y°.

_ Data’ on cost-saving among
individuals were collected and
expressed as 983 —17% Use

|« the cost savings tool to find how
much the company saved on a
J bulk purchase discount.

. 26. A local farmer wants to calculate

the exact difference in the
area between two fields, one
measuring 1008 squarc metres
and the other measuring 992°
squarc metres. Find the difference
between the areas of the (wo
fields.

Quadratic equations

In the previous section, you learned
about quadratic expressions. A quadratic
equation is formed when 2 quadratic

quadratic expressions by using the expression is equal 10 specific value.

method of difference of two squares.
19
16.
17.
18.

9x? =121
¥ =100
4x’ _J_:

64a’ —25

Quadratic equations take the general
form ax®+bx+c=0.The solutions of
such an equation are also known as roots
or zeros. There are also several methods
for solving quadratic equations, including
fuctorization, completing the square, and
the general quadratic formula.
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Selving quadratic equations by Solution
factorization 2
It —x=0,
To sol adrati ations
t.r:- \:E quadratic - equations by xGx—=1)=0
factorisation, the following steps can be :
el Either, x=0 or 3x-1=0,
used: |
|. Write the equation in standard form:  Therefore, x=0 or "':3'
ax* +bx+c=0. t

2 Rewrile the quadratic expression m \\/

2 :
ax” +bx+c¢ as a product of (wo  Sglve the quadratic equation

-'ﬁ‘ll'i .'-..l: a‘i ks I:'

lincar factors. 2 d
10" +9x+2=0. E
3. Set each factor equal to zero and E
solve for x. Solution E
From 102> +9x+2 =0, it implies that '
‘Nﬂtc: ' ' i e

=lrﬂ.b=9, =2
If a quadratic equation is expressed gt 4 c=2_It follows that

as a product of two linear factors, say | | ae=10x2=20,

— F
(x+a)x+b)=0, where a and b 2| (Eactors of ac=20 are 1, 2.4, 5. 10, 20.
constants, then x+a=0 or -"+b=ﬂ..j )
or both factors are equal to Iﬂrn."i'hfii'is Among the factors, 4 and 5 give a product
called Zero factor theorem which states|  0f 20 and a sum of 9.
that, if a product of two or mﬁm"fnnmrs

: 2 W Now, use 4 and 5 to split the middle term:
is zero, then at least one of the factors

must be zero. 9 10x° +5x+4x+2=0
boSx(2x+1)+2(2x+1)=0
Example 4. 25,88 (2x+1)(5x+2)=0

ith - b
Solve the equation (x + 4)(x - 3) =0. Either2x+1=0 or 5x+2=0

. 1 2
Solution Therefore, x =—E or x= =g

I(x+ 4)(x - 3) = 0, then either

Thercfore, x=~4 or x=3. Solve for 1if 12 +6¢+8 =0,

Example 4.265 Solution
. ; Given #* +6r+8=0. Split the middle
Solve the quadratic equation term 10 get,
2
A xeQ P +d4t+20+8=0,




T
|
&
i awbl 3|

t(t+4)+2(r+4)=0

Example 4.31

Solve the quadratic equation

@+t +2)=0
‘ 9x’ —-4=0,
| Eithert+4=0 or (+2=0. ’
Solution
Therefore, t =—4 = —
or t=-2. Given 9x? —4 =0, It follows that
\
9x' =4=0 E
Gx)-22=0 \ WV
(x+2)(3x-2)=0

Solve the quadratic equation

P =9=0, Either, 3x+}__=ﬂ or 3x-2=0

Therefore, x.—.i-a’g or x=3.
- 3 3

s
3
E |
Lr
e
[
L
<
ey
=y

Solution

Given v —9=0.1t follows that .

x¥*-3=0

|f =
{.r+3)(x—3)=[] A ';Sulw: the equation 3y -2y-24=0.
"y I-"Snlutinn

Eitherx+3=0 or x—3=0. 7 VY| Giveny*-2)
i e iven - §

-

) _v’-—ﬁy+4y-24=ﬂ

24 =0, 1t follows that

Therefore, x=—-3 or x= 3/
' y(y-6)+4(y-6)=0

m_\_: (y—6)y+4)=0

Solve the quadratic equation Eithery —6=0 or y+4= 0
207 =7h -—;39 RE Therefore, y= 6 or yv= —4,

»

>

Sulu}j_tm
Gi;.rmaE — 75 —39 = 0. Itimplies that A rectangular e 6 metres wide
. f/ | opt+6h—130-39=0 and 8 metres long. What length should
. be added to the shorter side and reduced
2h(h+3)=13(1+3)=0 from the longer side to form a rectangular
f 45 square metres?

(h+3)(2h—13)=0 garden with an area©

BMEG 2= 0o 24=13= S ]S..{::TIS: the added length to the shorier
side. The sides of the rectangular garden
Therefore, h=-3 Of will be:
13 Width=(6+x)m and lcnglh=(8-x} as
= 'l shown in the following figure.

Sraident's frpok Form Tun



Area = 45 m? (6+x)m

(8 —x)m

Area of the new rectangular garden is
(8 —x) (6 + x) =45. It implies that

(R=x)6+x)=45
48+8x—b6x—x' =45
x*-2x-3=0
x'=3x+x-3=0
X(x=3N+1(x=3)=0
(x=3x+1)=0

Either x—3=0o0r x+1=0

Thercfore, x=3 or x=-1,

But length cannot be negative,
Hence, x=-1is rejected.
Thus, x =3 mectres.

Therefore, 3 metres should be added to

the shorter side. - )
| Excreisc 36 48
Snlvf_ _I_J_Ine fﬁUéwing quadratic equations
by factorization method.
. IG;_;'{JJ —x* +4x—3=0
(b (2¢+3)' =0
(c) 3x*+12x-9=0
(d) x*-16=0
(e) x’=-2x-1
(M (x+4) =0
(g) x*-5x+6=0

" dene's Book Form Twa
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(h)
(i)
()
2. (a)
(b)
()
(d)
(e)

(c)
)
(e)
(N
(2)
(h)
(i)
()
(k)

(h)

2 +7x+3=0
X =6x+9=0

X +5x+6=0

2 - Tx+3=0
3 +8x+5=0 o)
X =d4x=0 4
X —4x \/
2 +6x=0 "

~ N

.’ -.I
.rz -Tx=0 J
et

X +4x44=0
4¢-9=0
9x -25=0
(x-2)'=0
4y’ —12¢+9=0
3¢ -8v4+5=0
4x* —49=0
9y' —6y+1=0
y —4=0
a’ -8a+16=0
254 -9=0
Ox' +12x+4=0
16b° =49
4d* -20d +25=0
x =1
X =10x—25
v—3) -25=0
L




(m) (x-5)"=25
2b 1

(n) p+=—+—=0
5 25

(o) cz+gc+~—]—=ﬂ
7 49

(P (x-9) -36=0

(@) 9x*=12x-4

(r) —l-ﬂz+a+l=ﬂ
4

(s) 4r-1=4r"

(t »° —51+E=ﬂ
4

. The product of two consecutive whole

numbers is 42. Find the numbers.

. A projectile is launched from the’

ground with an initial velocity of 20°
m/s. Its height hrafter f seconds is given
by the equation A(r)=-5¢2+20r.

Find the time when the projectile will
hit the ground.

. A garden has'a_rectangular area of

length 3 metres more than its width.
The area of the garden is 40 square
meires. Find the dimensions of the
garden.

. The difference between two positive

numbers is 8 and the products of the
numbers is 105. Find the smaller
number.

. The base of the triangle is 5 cm less

than its height. If its area is 33 cm?,
find the length of the base.

. The perimeter of a rectangular garden

is 60 m and its area is 209 m? Find
the dimensions of the garden,

{ Capture more
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10.The concentration y in mg/l of a
drug in the bloodstream is given by

. t
the equation y= _E+ 21, , where {

i$ the time in hours administration,
After how many hours will the
concentration reach 10 mgﬂ?‘

Solving quadratic cquaﬁﬂns by
completing the square

In the previous section, a method for
solving quadralic equations by splilting
the middle term was discussed. However,
not all quadratic equations can be factored.
For instance, in case of ¥ + 5x+ 14 =0, no
two whole numbers add to 5 and multiply
to_give 14. For such equations, methods
such as completing the square and
quadratic formula can be used.

Completing the square is a lechnique
used to solve quadratic equations by
transforming the lefi-hand side of the
equation into a perfect square. The
steps involved are demonstrated in the
following examples.

Example 4.34 R

What must be added 1o x* +10x 0
make the expression a perfect square?

Solution
The term to be added must be the square
of half the coefficient of .

The coefficient of x is 10.
1
Half of 10 is E[l[‘.l} = §.

The square of 5 is 25.
Therefore, 25 must be added to

x> +10x to make it a perfect square.

Sowdenis Book Form Twe




1. Tocach ofthe following expressions
add a term which will make it a
perfect square and write the result
in the form (x+k)".

(@) ' -12x (b) a +—a
() x° +%x (d) -4y
(€) »*—x () 45«
(® p+12p () n'+—n
@) +% () +3x

2. Solve cach of the following q_//
quadratic equations by completing "
the square. b G
:f & .
@ A +2x-15=0 " -
(b) 4 —8v+3=0
© ¥ —=ll¥—3=0
(d) /6-2c-c"=0
()
(€) F=Tx+11=0
b 35765410
. fh’) \
(@) 1l-a—-a'=0
(hy p'+ll=6p
(i) 10 +8x-2=0
G) 3P-24h-3=0
(k) 55°—155s+5=0

r.f.r'rrr v fnok Form Twa
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Solving quadratic equations by using
quadratic general formula

The method of solving quadratic equations
by completing the square can be used o
derive the general formula for solving
quadratic equations as follows,

v alioady

From, ax® + bx + ¢ =0, a#0.
Divide each term by a to get, - 3

: b C
A+ —x+—=0
a a

Subtract L from both sides to obtain,
a |

» b ¢
X X ——
a. * a

A
Add (i) to both sides of the equation.
2a

z 2
That is, x~ +b1+( h] =-£+[i) .
a 2a a \2a

Factorize the left-hand side and simplify
the right-hand side to obtain,

[ b)z - b b -dac
+— | =—+ = -

2a a 4a’ da”
Take the square root of both sides to get,
b b* —4dac
+—=1%
*T 2a 4a’
I} -Jb: —4ac
X+—=t——
2a 2a

Subtract -;Tfmm both sides 1o get,
1

2
re _i+ bh* —4ac
2a 2a
B —h+b —4ac
- 2a




—b+b* —4ac or

Therelore, x =
2a
-b—+b* —4ac
x= : where a 2 0.
2a

If ax’ +bx+c=0: where a# 0, then

= b+ b —4dac
- 2a

provided that

b* > 4ac is the general quadratic
formula.

Solve 6x” +11x+3=0 using the
quadratic formula.

Solution

Comparing ax’ +bx+c=0 v:rilh' _
6x° +11x+3=0 gives, fl='ﬁ; b=1],
and ¢=3.

Substitute these values i_ﬁln the

—_b++Jb? —4ac .

2a

quadratic I'nrmﬁ'la =

/A1 (1]) - 4x6x3
2x6

-11+121-72
12

X

1149
12
117
ET

4 Lol
I=—E or 12

. F

3

Tl’lEl'EfDl‘E. xX= —% or y=

Solve 5x* —6x—1=0 using the |
quadratic formula. '

Solution

Given 5x° =6x=1=0;then a=35,
b=—6 and c=—L

By using the :iuudrntir.: formula,

_t.=-£::|-.Jb’- ~4dac
2a

>
. xz-(-ﬁ]i\[{—ﬁ)‘—qxsx(-l}
2x5

x_ﬁi:J3ﬁ+20_6iJ5_ﬁ
T 10

I_ﬁ-ﬁ
or 10

v

ﬁ+J5_ﬁ
10

Either, x=

3+

JI_Z or y=

5

Solve the quadratic equation

—400k* +317k—60=0 by using the
quadratic formula.

Therefore, x=

3-J14
=

Solution
Given —400k* +317k -60=0.
Compare the given quadratic equation

with the standard form ax’ +bx+¢=0,




il
-

hence, a=-400, b=317,and ¢=-60,
By using the quadratic formula,

= —bt+lb’ -dac
2a

Substitute the values of ¢, b, and ¢,

¢ — G171 (317)° - 4(-400)-60)

2(—400)

p o317 |/100 489-96 000

=800
= -317+ /4 489 _ =317+67

-800  -800
Either, k=ﬂ or ,{-=M {
-800 -800

Therefore, k = & or k= E

16 25

Juma bought a certain number of
mangoes for 3,600 shillings. If each
mango had been sold for 50 shillings
less, he could have bought six more
mangoes for the same amount of money.

How many mangoces did he buy?

Solution
Let x be the number of mangoes

bought. The price of each mango was
3 600

shillings. Six more mangoes
mﬂespnnd to (x + 6) mangoes.

Hence, each mango would cost

ﬁm.shillings.
x+6

This price per mango is less than the

a_—= iu-r:mmnu-nﬂlnnllllllllllnllllllmnlmmlﬂl T
= TR TR ETEEEEPEREE PR LT

e T T T LR R RN N RARRR ARt
' H Drag from top and touch the back button to exit full screen.

A

: 8

Mg < Z ¢ Capture more
—_——

T I!'ﬂ'fl!!llr!!m?um

THHHUHHTHIT
PERRERRERIR RN N) gebra )

previous one by 50 shillings. That is,
3 600 3600 - 50.

X x+6
3 600(x+6)—3 600x = 50x(x+ 6)

3 600x+21 600-3 600x = 50x* +300x
21 600 = 50x" + 300y

Simplify the equation by dividing each
term by 50:

ondary Schoo

x* +6x—432=0, implying that

a=1, b=6,and ¢=-432, From the
quadratic formula,

. ~b++/b* - 4ac
= 2a

Waihemautios Ji -r-.\.i't'

 —6+4/6>—4x Ix (-432)
2x |

_—6:|:-J]ﬁ+l?23
2

—6+4/1764

2

=—6:I:~Jl?6¢
2

_-6%42

2

+42 ~6-42
or x= >

Either, x =

x=18 or x=-24
Checking: With 18 mangoes each costs

200 shillings. Six more mangoes cach
costs 130 shillings.

The difTerence is
(200 — 150) shillings = 50 shillings.

Therefore, the number of mangoes
bought was 18 because it is impossible
to have a negative number of mangoes.

i

WARRRRRRRNAny



Solve the following quadratic equations
using the quadratic formula

L

10.
11.
12:
13.
14,
15.
16.
v 17,

18.

X =4x+3=0
X +3x41=0
3x-6x-2=0

2¢° +3x-2=0
2x*=7x+3=0

(.r+3)= =10

X =2x-2=0

-22n* -15n+27=0
3x(x—1)=4
x(x+3)=(x-1)(2x-1)
2x*—x-3=0 '
—145p* +97p-6=0

X +2x=3=0
—12m’ +36m-27=0
400420/ =1* =0

2;','.1 +e=0

6x* +12x=0

¥

e

4

19. Find two consecutive numbers whose

20).

product is 132.

Find two consecutive even numbers
whose product is 80.

21. The ages of a man and his son are 35
and 9 years, respectively. How many
years ago was the product of their
ages 87 years?

22. A square garden of side 20 metres is
surrounded by a path whose area is

the same as that of the garden. Find
the width of the path.

23. A piece of wirec 40 cm long is cut
into two parts and each part is then
bent into a square, If the sum of the
areas of these squares is 68 square
centimetres, find the lengths of the
two pieces of wire.

Chapter summary 2

I. A binary operation is rule for
combining two quantities to produce
a unique quantity from the same set.

2. An cxpression whose highest
power of the variable is 2 is called a
quadratic expression.

3. Factorisation is the process of
wriling an expression as a product
of two or more factors.

4. A quadratic equation is formed when
a quadratic expression is equal 10 a
specific value, typically zero.

5. The solutions of quadratic equations
are known as roots.

Revision exercise 4

1. Solve each of the following quadratic
equations by the factorization method:
(a) x*+3x=0
(b) 3x°—-15x=0

() x=3°
(d 2x*=3x
(e) J:(S - .r) ={)




() 7x'-3x=0

(8) xX*+3x-40=0
(h) 3x*-7x-6=0
(i) 12x* +13x+3=0
) x+3x+2=0
(k) £ =10x+24=0
) 2x'-x-6=0
(m) 3x+ 2=9x°

(M) =3x"+1lx=10=0
(0) 4x*=25

(P y -36=0

(@ (x-8) =36

()  dx* =20x-25

(s) 9y —6y+1=0

0 (x+3) -49=0
Solve cach of the ﬁf}ﬂuwing
quadratic equations by completing
the square: :

(@) x*+6x+7=0

(b) A =Hx+1=0
© PE7x-7

(d) 2% -10x+7=0
() m’+5m=l|

H p=10p+5=0
(g) 2b°=8b+11

M) 3a°-12a=2

(i) 5n°=20n+28

() ¢*-8c+13=0

3. Use the quadratic formula to solve

each of the following equations:
(a) 4x° =4x+1=0

(b) 5x*+12x+3=0

() (3x-2)(2x-5)=5x(x-2)
(d) 3x*=4x+4 :
() 2x'-5x+2=0,

(N S5x*—x-18=0.

Aman is 4 times as old as his son. In
4 years to come the product of their
ages will be 520, Find the son's
present age.

Sada has 1 800 shillings to buy
pencils. There are two types of
pencils whose prices differ by 40
shillings. If she buy the cheaper type
she will get 12 more pencils than if
she buy the expensive type. What
are the prices of the two types of
pencils?

Find two consecutive numbers such
that the sum of their squares is equal
lo 145.

. Apicture measures 12ecmby 9cmand

is surrounded by a frame whosc area
is 100 square centimetres. Find the
value of x as shown in the following
figure,




1.

13,

13.

14.

When6is divided by acertain number,
the result is the same as when 5 is
added to the number and that sum
divided by 6. Find the number.

Find a whole number such that
twice its square is 11 more than 21
times the number.,

. A piece of wire 56 cm long is bent

to form a rectangle of area 171
m?. Find the dimensions of the
reclangle.
; 1 1.1 :
Given that —=—4—, writc v as the
u v

subject of the formula and caleculate v
when f=8.1 and y =54,

Solve each of the following equations.

2 1
() 3x—=4 (d) 2x——=-]_
X X
(b) |—l=—5x {E}I-FE:J
X X
3
(c) 3+l,.=——- ONL2
x l—t’ X

Use the defined binary operation to
evaluate each of the following:

(a) fa@b=ab+a+b, find 3@4,
(b) H'ﬂ'b=(ﬂ+b)(u—b)+2.
lind 2#7.

Make 1 the subject of the following
formulac,

(a) V=u+at
(b) S=m+%nr1

) y(2t+1)=1+3

(d) i+5=t
X+1

n

Re-arrange each formula to express the
indicated variable on the right side in

terms of the other variables,
{u] VZ ="2 +2ﬂ:. i
| .
b) S=Vi——ar®, 1
2
(¢) A= 2rr +2xrh, v

(d) E= %mv: +mgh, .V

(e) ;+5 3.\‘ !

2t-5
() Pt Y
v C
ar
g Vel 7
re—1

16. Juma and Maria can plough together
a garden for 3 hours. If Juma works
alone, he will take 8 hours less than
Maria to lough the same garden. Find
the time each person will use (o plough
the garden.

17. Members of the STEM group at a
certain school decided to go for a study
tour. The cost for hiring a minibus is
Tshs 300,000 which must be equally
shared among the members. However,
two students from the social group
joined the group and each student
was supposed to pay Tshs 5,000 less.
How many members are in the STEM
group?

I8, The sides of a right angleds triangle are
(x+Dem, (x4+2)cm, and
(x+3)cm. Use these information to
show that x* =4x=20=0.
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Chapter Five

P TEELTUT

Exponents and radicals

Introduction

Numbers can be expressed in different ways, each of which :ff:um:esﬁnw mathematical
problems can be approached and solved, Simplifving cmmfe.x pmb!ﬁm' with challenging
equations and solving exponential such as growth and efcm‘i& al networks may require
an understanding of exponents and radicals. In this dmprrr you will learn the laws
of exponents, perform operations on radicals, :md ‘rationalize denominators, The
competencies developed will enable you to express nimbers in short Jorm and apply
the kmowledge to describe scientific phermmmm stich as population growth, magnitude
of earthquakes, rates of spread of dumsf.s :md rate of growth or decay of bacteria, and

many other real-life applications. - _/

" N -

Think

Solving mm.-"ammﬂm! expressions and equations involving powers and
ols w:r.’muf Ihe concept of radicals and exponents.

Numbers can be exp{eswd in diflerent
ways dep-undmg on the context and how
lhcy are used. Some of these ways include
the u_h'u ‘of exponents and radicals. Engage
Activity 5.1 to explore diflerent ways of

" _expressing numbers,

.
Aclivity 5.1: Expressing numbers in
different ways

1, Choose five whole numbers and
express them in different ways
you know. You can consult various
sources such as the internet to learn
such ways.

dert's Book Form Tuo

¢ Capture more

2. Swdy any unique pattern and
provide reasons regarding your
observations.

3. Share your conclusion with other
students through a method of your
choice.

\

Exponents

From Activity 5.1, one may have explored
virrious ways used 1o express numbers.
One of the common methods of expressing
numbers is by multiplying the same or
different numbers several times. Study the
following examples.

91/232
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(i) 3=1x3

(i) 4=2x2

(i) 8=2x2x2
(iv) 12=2x2x3
(v) 81=3x3x3Ix3

These are expanded form of numbers.

From the given examples, thc same
numbers that are multiplied several times
can be expressed in short form. Some
numbers can be expressed in short form
by counting the number of times the same
number is multiplied and writing the result
on the top right hand of the multiplied
number. For example:

(i) 4=2x2=2" since 2 is multiplied
repeatedly two times. '
8=2x2x2=2"since2is
multiplied repeatedly three times.

(i1)

12=2x2x3=2"x3 si.nc-::fl is
multiplied repeatedly two times,
and three is multiplied once.

(ii1)

Bl1=3x3x3x3=13" since 3 is
multiplied repeatedly four times.

(iv)

Numbers expressed in the forms 27, 2

and /3% are called powers. The numbers

which.are multiplied several times are

. called bases, and the number of umes any
" pumber is multiplied by itself is called
" exponent. For example, 3"

3% is the power, where
3 is the base and

5 is the cxponent.

Likewise, 3' is rcad as the “fifth power of

37 or “3 raised to exponent five” and 2* is

m:.u. ilrl. J

read as the “third power of 2" or “2 raised
to exponent 37,

Engage in Activity 5.2 to explore more
about exponential numbers.

Activity 5.2: Identifying features of
powers, base, and
exponent of the numbers

F
1. Choose any counting number greater
than | and multiply it several times.

2. Write the pmﬂuu-in the power form
and identify, the power, base, and
exponent:—"

3. Share_your work and justify your

answers.

A

« _E}cncru]ly, a" is a number written in

exponential form, where « is the base and
n is the exponent. The number a” is called

a power.

Write each of the following expressions
in exponential form:

(a) 5x5x5x35
(b) kxkxkxkxk
© (3)x(-3)x(3)x(3)x(=3)

(d) mxmxmx. xm(ntimes)

Solution
(a) 5x5x5%x5=>5*
(b) kxkxkxkxk=k

(€ NxENXx (D) xE)xE)=
(-3)°

(d) mxmxmX wXm=m"

Srwdent’s Book Form Twe




Write ecach of the following expressions
in power form;
(a) 6X6XO6X6X6X6X6%X6

o

4 4 4 4
(c) 10x10x10x10x10x 10
(d) N xET)x(=7)

Solution
(a) 6Xx6x6X6x6%x6%x6x%x6=0°

EARACREAE
4 4 4 4 4
(¢) 10x10x10x10x10x 10=10°
(d) DxEDxED=7)]
B Z,

Idcntlfy the power, base and exponent,
in each of the following L'xpﬂnmtiu]
numbers:

(@ 4 (b) (-In)ﬂ @) X

Solution

(1) 4% is the power, A is the base and 3 is
the exponent.

(b) (-10)° is the power, —10 is the base
and 6'is rm eéxponent.

(c) x" isthep power, x is the base and n is
an exponent.

Evaluate each of the following powers:

(@) 5 (b) (-5)°
(© (=77 (d) 2°
Solution

(@) 5'=5x5x5%x5=625
(b) (-5)} =(=5)x (-5) x (=5)=-125

|~more about properties of bases to their

(€©) T =CNx(-N=
(d) 2= 2x2x2x2x2x2=64

Express each of the following numbers
in exponential form using the indicated
base.

(a) 64inbase4

(b) 2701 in base 7 4

(c) =125 inbase =5~
Solution )

(a) 64=4x4xd=4’

(b) 2401=7x7x7x7="T7*

(c) 4-11?5 = (—5)x(-5)x(-5)=(-5)’

Engage in Activily 5.3 1o explore

exponents

Activity 5.3: Analysing properties of )

powers

1. Write some numbers in power forms
with ncgative or positive exponents
and bases.

2. Use a calculator or any other
mathemaltical software to analyse
their effects in the final answer.

3. Write your conclusion and share

your findings.

1. Indentify the base and exponent in
each of the following exponential

numbers:

(a) 67 (b) 7
© 1Y @ ¥
(e) 6 (n s0°
® »° (h) 17°



. 5\9 , 1117
(i) (a) 0 [‘:‘)

(k) 19101 (1) {—'.I'S}‘s
(m) (x+»)° (n) (7+x)°

Express each of the [ollowing in
expanded form:

@ 7 (b) (-3 5.
(c) 10} (d) 26

e 9 ® (=)

(&) (-99)° ® (o)

(i) (-0.35)" G (0.67)°

Write each of the [ollowing in

exponential form and hence identify 6

the base and the exponent:

(1) TxTxTx7

(b) (=2) % (<2) x (-2) x (=2) x(=2)
x (-2) x (-2)

(¢c) l4x14x14

(dy 19

(e) (x+b)(x+b)(x+b)(x+Db)

() (NXEDx(E=rx(=nx 7

(-r)%x(=r)x(=r)

(g) 50 % 50 x -~ x 50 (30 times)

(h) 5x5x5x5%x5x5%X5%5
x5

(i) (a+b)(a+Db)

W w L1 W w w

R

0 FrFEFE e
(k) 03x0.3x03x03x0.3
() vxeXxv

Find the exact valuc of each of the
following exponential numbers:

_,‘-"

(a) 5° (b) 7°
(c) 20° (d) 122
@ 1° (fH (-9)°
(2) 307 (hy (-2)
i) (-3)° G 2°
(k) (-5 1 10°

Express each of the following
numbers in exponential form using
the given base:

(a) 25inbase 3

(b) 36 inbase 6

(c) 1,728 in base 12

(d) 16.in base 2
(e) 1,000,000,000,000 in hase 10

Use two dilTerent ways Lo express
each of the following numbers as

POWETS:
(a) 16
(b) 64
(c) 8l
(d) 625
(e) 1,000

Use a calculator to find:

(a) g

00 | =

(b)
(c) - T
(d)

(e) 3*

(D




8. Simplify, then use a calculator to
check the answer:

@ (-1)"
b (1)
© (1)
@ -(-2)
© (-2)
® -(-5)
@ (-5)
9. Write cach of the following in

power form whose base ia a prime
number choice:

(@ 2x2°
(b) 27

h
2 %

2” N

F </
(e) 8x2’

(H s5x125¢ =

TR .
B | —N NV
(243J-;,

—~ N,

(d)

L.aws of exponents
There are three groups of exponents namely
posilive, negative, and zero exponents.
. Simplification of the exponents arc usually
“ based on the four laws called multiplication,
division, power, and zero power.

Multiplication law for exponents
Consider the product of two exponential
numbers having the same base with
posilive exponents such as 5% x 5% The
exponential numbers can be writlen in
expanded form as follows:

52=5%5 and 55=5%x5x5

E dent’s Book Ferm Tive

< 4

¢ Capture more

05232

Therefore,
x5 =(5x5)x(5x5x5)
'—\,—!' \lﬂ_f
=5x5x5x5x5
[ —

Count how many times 5 is multiplied
by itsclf. The answer is five tim_[is. which
gives the exponent. Thus, 5 is multiplied
by itself five times. The.exponent 5 can
also be obtained by adding the exponents
from each base, That is,

51x 5% =52 =55,

Similarly, if @ is any number, then

v Aty

a*xat=(axaxaxa) X (axa)

" 443
= “-H_

= a°

: Therefore, a* x a® =a®
(c) </ |

Generally, if x is any non-zero number
with positive exponents /m and n, then
x™xx"=x""" This is called the
multiplication law of exponents.

Simplify cach of the following by using
multiplication law of exponents:

@ 7®x7
(b) 6*x6%x6*

© G * G
(d) (0.45)% x (0.45)* x (0.45)"

Solution

By using multiplication law of
exponents, it implies that,

(@) 75 x =708 =74

(b) 6'x63x6'= i3+ = gll

o G < -6 -

- —



“Exponents and radicaly

(d) (0.45)*x (0.45)* x (0.45)12 =
(0.45)*+4+12 = (0.45)'"

Suppose the expression 2Y%is 1o be
written as a single exponent, then it can
be written in expanded form as follows:

(23=2Vx 21 x 21
= et
- z-lx.‘l
2[2
Therefore, (29)=2%3=

Similarly, consider a number (a?)', where
a is any real number. The number can be
written as a single exponent as follows:
(@) =da® xa® x i’ x o’

= ﬂ2+1+2+2

212

Therefore, (a%)* =a®*=a"
-
‘Generally, (x™)"=x™ wherc m and n

are positive integers und Xis ‘any real
number. This !aw is Known as the power

Jaw. NS

Sunphty each of lhe following by using
power law of exponents:

;f“). (35)
(G))

© (0.77)

Solution

(a) (36)] = 3&:-:3 - 31!

((3) ) ( )ﬁxl (:)13
(c) (ﬂ.? 7)3 = (0.7 = 0.72

" integer is known as the power law of a

Furthermore, the expression (7 x 5), can
be written in expanded form as follows:

(7x5) =(Tx5)x(Tx5)x(7x5)
=Tx5xTx5xTx5
=TxTxTx5x5x%x5
_?3251

Therefore, (7x5)}=73x5%.

Similarly, if a and b are reals numbers,
then (a x b)* can be expanded as follows:

(a x b)* = (@ x b) X (a % b) x (a x b) x
(ﬂij}l

= (aﬁa‘xaxajx(bxbxbxm
=atxb?

Theréfm:,' (a x b)* = a* x b,

Generaﬂy, (a x b)" = a" x &", where a
v,and b are real numbers and n is a positive

product.

Simplify cach of the following by using
the power law of a product.

@ (7*xc’)’
(b) @xb*xc')
(¢) (0.7*x0.3%»*

Solution
@ (73xe’)'=7""xc™"
=7 xc"
=7"c"
(b) (4)‘&1)“?:)1:41:1}:]&:33“{,: 3
4 xb®xc’
_8pe

Srudent's Hook Form Tuao



© (0.74x 033

(0.7% x 0.3%)* = (0.7)*"* x (0.3)™*

= (0.7)" x (0.3)".

Write each of the following expressions
by grouping together the letters with the

same exponents:

(a) d*r

(b) a® x b*

(¢) 3cd*x5c%d*
Solution

(a) d-i,-l - (‘#)4

{b} .ﬂ'fi b4 b“ = ﬂ'Kﬂ" ;...:b"
=ax(ab)"
= a(ab)’

(¢) 3ed*x5c'd’ —3x5xexe xd*xd'

=15x¢c%d®
=15(cd)”

1. /Simplify each of the following
“7_expressions and wrile the answers in

/ power form:

(a) 10°x 10

o (13

(€) A xrt

19

© 3a’h’x4a'P’
17Y 1
o (2)<(2) (%)
(g) 167 x‘lﬁ-' % 16*
(h) [%) x [%J‘
i) 108x 10"
() (0.58)*x (0.58)" (U_;jg]lﬁ
(k) 3"x37x3 -
M 107%.10" % 10"
(m) §x 'Bix 82 x §°
(n) {ﬂ..l Y % (0.1)% x (0.1)°

_{0) bt x b x br
“(p) K x Ak x K

(q) Pxexxl
() 10 107 % 1(¥

Write each of the following
expressions in the simplest powers:

(@) @ (b) (@)
© WY @ (8H*
© @ @O @)
@ (199 (hy (239"
(i) (ml)l'.-' (.I} {IIZ}t‘l

1Y
3 7 pce
(k) (2*) (N [[4) ]

(m) (109" m

Write each of the following
expressions sO that each base is

raised to a single exponent:
(@) (@x3)’

b) (2a)

TR SECOTRATL.
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Exponents and radicals

Division law of exponents

© (3x7)
. Consider the following example of dividing
d) (2x%) exponential numbers with the same base
() (2% like 7° =7, The solution can be obtained
® 05 as follows:
P 7°
3 T+T=73
(g)  S(mn) 7
)  3(a’h)’ - ?“:“:“:“7
x 7 x
(i) (2a'h') = x7
=7

() ('?_r)z X (?_r]“ x (7x)’

Alternatively, if the bases of the numerator

k) (" Xxy?) and denominator are the same, then subtract
) (@*m’Yx(a'h’) the denominator exponent from numerator
L exponent,
4. Wnite cach of the following % That is
expressions as a single exponential . ’ 75
number; ' == y e
(a) 43x5° SIS 7 ,
) - :-}r.
(b) al7x bl 1
. : Similarly, G _axaxaxaxaxaxa
(c) (ayxa® a' axaxaxa
() 12k X where a 20
(e) 2a’'xh’ —q
) 3*x3* -
(g) 3*'x24 1 ,
" Therefore, ﬂ—; =a’'=a’.
(hy 12%x 12 a
() 4da*x4b? .
G Sp*x3s’ Generally, T-_" = y" ", where x=0.
s 1 i That is when exponential numbers of
k) ¢4 "‘(‘2“'] the same base are divided, subtract
_ the exponent of the divisor from the
) 4Ix# exponent of the dividend.




Simplify each of the following
expressions:

33.'1
(a) ST

28

o
b)) —

(047)"°
©)  “oay
Solution

20
(a) 311 ~30-n

=3 1~
” 4

ﬁ__, W17 "I.

(b) ~r=a DN
W ——
= a"! . N

(c) (0.47)" = (047)" & ‘\‘ 4

(0.47)* N m: g

=(047)"
\ a8

When expcmenual numbers of difTerent

hﬂscs with the same exponents are

dwldcll. the number can be expressed as

(a 'iIIIgIc exponent. If a and / arc any real
-’// nimbers such that b # 0, then:

a_‘ axaxaxa
b bxbxbxh
a a4 d a

= —X—X—X—
b b b b

‘ dent's Book Form Twa

| —

i" ||,;_

4

v Capture more

T —

Esponents and mdical

Generally, == , where x, y and
i are real numbers and y # 0. This is a
| power of a quolient.

(3° Y £
@ 5 \_/ E
d % y E:
® (0. 5)‘ =
03" .
x’“
16
(c) =
>~ "3
y 'Snlutinn

B

Write each of the fol lnwmg expressions
in the form uf[ ] I ISRN
M :

——

. Simplify each of the following

cxpressions:

Drag from top and touch the back button to exit full screen.




Hllﬁt'-rlmh and rodicali 1

a b ?3
5 = Alternatively, ?=?H’ =7° (2)
I"rk!m-l"ﬁ 3 . .
6. = ] From equations (1) and (2), it follows that
km*n’ 70=1
\
(20a%h 2 sa'h 5 Similarly, .
1. X ’ momxpxmxm
- { s5ab 15q°h" if mr#0, then E=m=l (3)
3 32,2 ! J
3 Bl Thus, % =m*t=m’ 4)
&) S5a*he m
= 5
£ 48a’ly Therefore, m? = 1 by equations (3) and (4).
8a7h’
= 0. 67+ 1 Gen:mlly._Tif-;'?ﬁny non-zero number,
4r 'lhcnlx"r.-.'_‘lﬂn this case 0" is not defined.
2 AlS5_ ald 3
1 (3 i xz;j)  Negative exponents
16 lb &2 | 3
(3 2ZE) ) ,-f‘; The expression :—5 can be simplified
s (3mn)’ e " using the division law of exponents as N
" R(mnY follows: 2
(mn) '//' y, g’ 8x8x8
(32HH3X.{J‘;<{.'2)J.I Ry 85 Bx8x8x8x8
13. . 1
(l4xc’xn1x‘b])z . =3x8
) , .’/ 1
1 v Al - _.;_
. Y 3
((Z,t)le?z) Therefore, 8—‘=i (1)
"4 K 8" B
o (a+bY g
4 ‘ l‘s-':j (uz_b)! Alﬂﬂ, 8—5:3] 5:3 } {2]
Zero exponent Comparing equations (1) and (2), gives
3 -2
An expression ?—; can be simplified by 5 g2 "
using the division law of exponents as x kxkxkxkxk
[ . Similarly, —=
ollows: kY kxkxkxkxkxkxkxk
3
1‘_= TxTx7 - () _ |
T TxTx17 kxkxk

r = ' ° Srudene's Hook Form Two
BE
M




5

k*
Thus, FHI JJor k=20,

Therelore, k7 = -kl—, .

3

Express the following pqwc;;hy using

negative expnncnm' « \/ 4
[ 1 NS N\ 3
n general, x™° = — and x"= —_— 3 3
X % @ (1 (~ [b) (0.75)" 4
for x#0. 4 J 3
Whenpal, x*=xlatal © = :
x X .L?-_ &
If x#0, then L is called the reciprocal |~ Solution— |
X
of x, which can also be written as x'. oy
l x, which ¢ be written as x~ fanl) [\ﬁ _(4-:) _43
o N \4
5. .. - ” 1
Example 5.12 h 0.75)'¢ =
,q(f ,t OO = s
Express the following exponenual )
numbers using posilive cxpunﬂnl.s (c) L, =172
17
@) 47 ®) a7
1 \ e
A A Example 5,147 008
Solution f._,:}.x'/ Simply each of the following .
. :"; 3 cxpressions by writing your answers in
@ 4 4 posilive exponents:
1 ] Jj ﬂlbll
(—\ {1] (@) ] (b) a"p"
-':/,,- ") =l’ Solution .
4 ¥
T (a) -w—,=:rHr
(b) a'1=(a") oy
= (1 |
= =F
) s
Py Therefore,
Er‘ dene's Book Form Twe




a'b o' "

(b) 21 2;5“@
= g1
=a’h’

)

Simplify each of the following

expressions and give your answers in

negative exponents:
9

(@) —
) (0'?)1
(0.7)

© (-2a%7%) (3ab'c’)(xz)’
Solution 4

3
(3)31 =3

= 3_ o

3 "
Thercfore, - = 3 '
3

o)
=(0.7)"
o
(07)
(07) 1
Therefore, ( ]1 = [OIT)—-I

#
¥

g W
"’

(c) (—-’Zﬂlb':c)! (3ab“c’ )(A}z )u
(-—Zazr)]
bh

-2 xa®xc' xIxaxh x o
bﬁ

_ =8 x3Ixa’ xb*xc*

= I

Px3'xa’ xc* .
- -
b
2% xa xc
Thcrcfnrr:.-(,.2331,"c)l{Sub"r:"’){.r}'z)“ =
. b_,z

273 'xa xc "

x{Sab‘c’)xl

Find the reciprocal of cach of the
following and simplify the answers:

@ 19  (b) ]'3 (©) 0.2
(d) 142 e (ab?)' ?i,
(g) (0.25)7

Solution

(a) The reciprocal of 19 is %

(b) The reciprocal of é- is 9,

(c) The reciprocal of 0.2 is u'_ﬁ_ 5.
- P B
(d) The reciprocal of 14 =TT Toe

(e) The reciprocal of

(a2*) = ‘

|
(ab: )l - u‘b"
(f) The reciprocal of -_;—z=?’ =49,

(g) The reciprocal of
(0.25)* =(0.25)* =0.0625.




l. Simplify each of the following
expressions and write the answer in

posilive or zero exponent:
4

(a) %-
(b) (3"
9.1'1}**
]
-2.1:7_1."' k)
(c) (-tTy”)-
@ (2:13'.'2)1
(4::31*)1
” (5a°0’) x(3a”')’
(tsaif)1
® (ﬁm‘n'z]zx(Bm':nj)] .‘_;

(lSmn"): At

2. Simplify cach of th¢ following
expressions and write the answer in
negative exponent:

2'x4' .

()’

(a)

(b) (f yz) } [ x'yz! )(.r" _r)
B3

@\ ar'h

@ (2::’!?"‘ )J X { 4a>h* )4
(8a')

- (122%57)” x (407"
(48;1"!1': ]1

(ﬁm"u'z )=
®© (Brnln“ )3

3. Write the reciprocals of each of the
following numbers in simplest form.,

@ 14
|
B 2
(b) 3
(¢) 100"
d
I
{E] zlrl - .
0N 7
f'gldu-125
13
AL
3 (h) 25
'@ 025
G) 075

Exponential equations
All equations

involve exponents are called exponential
cquations. For example, x” =y* is an

mathematical which

exponential equation where x and y are
bases and p and g are exponents. The
laws of exponents are usually used when
solving equations that involve exponents.

The following rules should be considered

when solving exponential equations:

(a) If the bases are the same, then equate
the exponents. That is, if m'=m",
then x=y.

(b) If the exponents are equal then
equate the bases. That is, il a” =6",

then a= 5.




SEponenis and redicals

Example 5.17

Wathematies oS oM gy

(b) (b+1) =64

Find the value of n in each of the
following equations:
(a) 2"'=64 (b)
Solution
(a) 2u+l =64
Express 64 in power form to obtain
2n+l - 2&
Comparing cxponents gives,
n+1=06
n=>5
Therefore, n = 5.
(b) 4"=16
Express in power form
exponents to obtain

4"=16

and compare

4ﬂ=42
9

n=2
Therefore, n=2. {’; ) >
»

A P
Find the value of 2 in each of the following
equations: -
(a) B*=27
Solution NN
(a) P=27 )
_Express 27 in power form {
=33
_b=3
Therefore, b =3

by (b+1)=64

o obtain,

-~

4
[ |

Write 64 in power form to get

b+ 1P=4

b+1=4
b=4—|
b=3
Tl1crﬂfnrc.b=3-

Example 5.19
Solve forxand yif 2'x3" =144.
Solution
From 2" x3' =144,
Writing 144 in exponential form gives,
144 =2'x3’ —.
It follows that, _ . '

2 x3 =2'x3 %~
Comparing exponé;i[s ‘o'f the same base
gives x=4 ?,mi} =2

Therefore, x = Aandy=2

l -qiﬁ‘-‘i’i‘ 4* =2’ and 3' =9"", find the

F -
‘value of x and y.

" Splution

Simplify 4' =27 10 gel

93 =27, Comparing the exponents gives

2x=) (i)
.

— 31 y-1
Companng exponents of the same base,
gl:fzy—-?. (ii)

Solving equations (i) and (ii)
simultaneously gives

SR
|

Solve for X in each of the following
equations

(a) 5m+5*V=30.
(b) 4r42¢-20=0

“ Kruident’s pook Fornl Tnn




Solution
(a) 5°+5'x5"'=30

=J +55—‘ =30

= 5x5"+5"=30x5

= 6x5" =30x35

= 6x5" = 6x5x35,

Dividing by 6 in both sides, gives

= 5" =5x35

=5 =5

Comparing the exponents, gives
x=2

Therefore, x =2,
) (2) +2"-20=0
Let 2" = y. Thus, the equation

becomes: /

y' +y=20=0
(y—=4)y+35)=0

So, y=4 or y=-5.

Since 2" cannot be negative, 2' =4
gives:
2'=2
x=2

-
-

Therefore, the solution is x=2.

' Solve ench of the following exponential
» equations:

. 32'=24 2. 9'=3"46
3. 22=16 4. r7=4
5. 271 =32 6. x2=064

I I
7. [5] =81 8. K2=0.01

‘ dent's Mok Form Twa

(=

(L]
T, |
H

Ea

] &)

10. (.r" ]] =y

I ]
12. [_) =3‘
2
1

14. (1-x)" =(1-x):

9. (y+3) =5
11, 2% =4

13. (5;.-]2 =5

=

15. 288=2x* 16 2" %3 108
27" x9' =1 A\ N/

IT- ]8.: 1 -41+| e 21-3
2"":&:8“':%1—' * F L

19. 8*' =167~ 20. 9*x27=3"
21. 5" x3"=675

22.25¢-23(5")-50=0
1423,4"-6(2")+8=0

Fractional exponents

Numbers in power [orm can be wrilten
form with fractional

in  exponential

exponents. For example, 5°is a power

N
with EM an exponent.

Taking the square of 5° gives

()

=5

1.!‘ -

(by power law)

Note that the only number which when
squared gives 5 is V5. this implies that

1
51 = 35,

Similar approach can be applicd 1o other

powers. For instsnce:

=35




=5 =35 [8)3 fzzz]
=] =x=x=

5
L 27) \3 3 3

| (2}1\3_2
=5 1l =t
: \3/) 3
e v )
L Therefore, (-— ==. »
ie 4

| M\
v
—=5 = \E Find the \'ﬂlue nf { 1?.5)

Bascd on the previous results, it can be bﬂlu!mrh\ -/'

concluded that if x is a positive number Expressﬁ-llﬁ as a product of prime
facmrs

and n is any positive real number, then s 15
\ -l (=5) X (=5) % (-5)

{.r& ]ﬂ = x =xand tl = x. i 3 (‘125)’ ({ 5) )
Qj - (=5

|;f:nemlly. =4y, for .r:}D ==5
Therefore, {—125]% ==5.

m‘$ [ Excrciseso 4

1
Find the value of 49’

Simplify each of the following

Solution e .
Express 49 asa pro-duct of prime factors. cxpom:lrtml numbers:
49 = ?x?:?‘ 1. (64)
(A ;.0 il !
Thus, 497 =(7?)F=72=T 2. (1000)
' X i ' |
.~ Thercfore, 49* =7. 3 [EL]’
| 625
B 1
[ 4. (0.25)
g8 ¥
Simplify [ 7] :
o 5. (0.027)’
Solution
Express the base in power form and 1
simplify. 6. (81)'




illll'”|| Il S

L

F. dent’s Bonk Form Two

7. (32)°
I
8. (1217
1
o
64
1 L
0. 8.6
(3x)°
" LK e
. {cid!)(cl__dl}
L 1
2.5 2y)* +2%) (2}*)3—::?]
! !
13 x5)T 47(5)’
1 1
19 1003y - 40y’ &
5 IR LA
© 24227 +(8)+3(2)
Z s
Radicals P

A rational exponent, x" which can be
expressed as 4/x_is known as a radical.

In #x, nis.anindex, ¥ is the radical
symbol and x is the radicand. The symbol

J isalso called a surd.

The expression :'J'; is also known as the

“n"root of x, which is a number that, when

~multiplied n times, gives the original
number x, For example:

(@ =4y =(2’)% =2

2 is the square root of 4.

L !
(b) Y343=343) =(7")' =7
7 is the cube root of 343,

“ |

b

< 4

e < Capture more
—

s R
o7 - Drag from top and touch the back button to exit full screen.

107232

I B

(c) 4

w(@)-4

_lf is the fourth root of %

'Note that, the square root of a qegative
real number does not exist in the set of
real numbers. e

1I'-.

Find the square root of 196.

Solution y
Factorize 196 in terms of prime factors:
196=2x2xTx7
N\ +2x 7

So, 196 =22x 7%

|-.Apply the radical sign in both sides of
“the equation and simplify to obtain,

C V196 =21 x7*

- (2)x(r)

=27
14

Therefore, V196 =14.
Find the cube root of 216.

Solution

Write 216 as a product of prime factors:
216 =2x2x2x3%x3x3=23x3}

Apply the cube root on both side, to obtain
3216 =2’ x3

=23

~(@Px(3)

=2%3=6
Therefore, the cube root of 216 is 6.




y; “I

Express ~/1024 in its simplest form.

Solution

Write 1024 as a product of prime

factors.
1024 = 2x2x2x2x2x2x2x2x2x2

Apply the fifth root on both sides to

obtain,
V1024 = {2x2x2x2x2x2x2x2x2x 2
=29 x2°
-(@px(2)
=2x2
=4

Therefore, {}]UZA =4.

in its simplest form.

(@ 20 ®). Y54
Solution \/ |
@ 20=+v2x2x5
{32 xA5
" =2x5

=15
Therefore, v20 = 24/5.

(b) =54 =Y3x3x3x2

=.,",‘3x3x xi}E
=3Rﬁ
=32

Therefore, 54 =332

Express cach of the following numbers

under a single radical sign:

@ 23 b 27

Solution

(@ 2/3=2x2x3
=12 :

Therefore, 2+/3 =12 .
(b) 2~ﬁ=-¢.’_2-32 x2x4
“= Y32
Therefore, 233 = 32

| Deries7 4
)' _: " 1. Simplify each of the following
——

Express each of the l‘nllnwing numbers

expressions:

@) 169 (b) V729
© 08 @ Y3500
@ 024 (® 12
@ B3 () /1000
@ ¥ G) 8:;3

2. Express each of the following
expressions in simplest form.

(@ 40 (b) 250

(C) 6“024 [d} {EE
e 70 0 62




=
S Exponents and radical

B. Consider the like terms and express
1! f‘
(8) <398 gy 2000 each term as a sum of its roots,
(i) $/1000000 4. For each group of like terms add the
values obtained in task 3.
3. Express each of the following 5. Pick any two terms of unlike
numbers under a single radical sign: radicals and try to add them as in 3
task 4. What can you conclude?
@ s5v2 b 411 : e ; 3
6. Provide the condition for radicals to 2
© 310 @ o i 1 be added together,
RN ' >
@ 2771000 ™ 64 Simplify-cach.of the following
; ¢xpressions:
(1) 7{/5 .

@VEHI (D) 234383

[~
Addition and subtraction of radicals - (c) 23}3—1"'@ (d) {E+@

Two or more radicals can be added or./ .
subtracted if they are alike. Radicals Solution

which are alike are those with,the same | () JE+\E=1J5+I\E=2~.E
indices and radicand. This means (hat

radicals nfl].m smc.u}dcx c.:m'bc added rj'.r ®) 203+303 =53
subtracted, just as it is done in algebraic
expressions. The, radicals /2 and 2

{C] 1 1
cannol be added or subtracted because 24/81+324

have unlike indices. Before adding or =2Y3x3xIx3+Y2x2x2x3
subtracting l:adicals, ﬁn-'.tl simplify the =2x Y333+ Px2x2 %33
terms if possible. Engage in Activity 5.4 ;
to explore about addition and subtraction =2x3Y3+243

-of radicals =833

Activity 5.4: Deduce the conditions ) 2+472

for adding and =2 +2x2x2x2x42

subtracting radicals

1. Simplify the following radicals: /8, =2+2x42
V32, V27, and f3x2x2. ={2+242
2. ldentify the like terms in task 1. =34




Simplify each of the following
expressions:

@) 6J7-2J7
®) 6338 - 2459
© 33437502

@ 5, 316807 + 243
Solution

(@ 6J7-2J7=447

(®) 6428 -23/396
=ﬁ@-(2ﬂzxzx2x2xzxza)

I. Simplify each of the following
expressions.

(a) V27453 (c) V120 ++1080
(b) Y44 +J1T () V12545

() Y625-Y135 (O 31'1215+i('{5525
(2) V6+Y486 .

(h) Y15 + 10935 3415

(i) 486 ~6,/6

(i) 2y/50-V8
| (K)5VB+ 642

=63/28 - (2x¥2x2x2x2x2x¥28) |+ () Y243-103/4096

=ﬁ{{2_s—(2xzx2f2§)
=628 -4328
—23/28

(¢) 32-42592
12 =4ax%2x2x2x2 =242

42592 = Y6x6x6x6x2 =642

Y32-42592 =242 -642
=-432

(d) 2+ 316807 + /243

SN6807 = IxTxTxTxT=17
3243 = Y3Ix3x3Ix3x3 =3

24316807 +Y243=2+743
=12

Y (m) 5¥64 -2
(n) V128 —/32

2. Simplify each of the following
expressions.

(@) 2"6"'%‘/2_7

(b) %{/8_1 ﬁ%m

(©) 6764 + Y486

(d) 84150 -2/96 - Y24
© 63.132?68—{"256+%ﬁ
(6) 842n —332n+5Y2n

(8) 6418 +3J50 - /45
(h) —TW»_[]HE

4. A recycling plant processes different
types ol waste materials. One day,




IEXponenty pnd radicals

they process two batches of plastic  Solution
waste. The first batch can be () 3x=VI5

processed at a rate of J/g] tons per

day, while the second batch can be  (b) Given that ﬁxﬁ. it follows,

processed at a rate of 2324 tons "
per day. What is the total amount V32 = 2x2x2x2x2

of plastic waste processed per day =42 :
when the two batches are combined? Thus, V2x32 =V2x4J2 3
Simplify your answer. _ 4x AN -

4. A hospital is studying two new
medications, each with a different
absorption rate in the body. The =8

absorption rate for the first medication '
is 4/g0 m/hour, and for the second | (© Given Y2028, it follows that,

medication, it 1is 31@ mg/hour. Jﬁ=1f212x5=2\!§

What is the difference in absorption

= 4x2

ra.tes P-::lwccn the two medications? |= Jﬁ =2x2x7 =2ﬁ

Simplify your answer. s N . Thas, BB BT =2t
Multiplication of radicals | =212mf—!~ﬁ
Multiplication of radicals involves =4x5x7
multiplying the numbers inside the 405

radicals and then simplifying il possible.
Thus, when multiplying. radicals, the

indiccs_musthcmc same. Otherwise, itis () Jﬁ(ﬁ+£]=\ﬁx_3(\ﬁ+£)
impossible.

[Gcncmllf:rqf;x {{E = {_/‘E = Z\E(Ji-i- JS-)
[T STBEYI R AR 3

Sirnpli.fy each of the following _ 2x3+2J1?
“expression products:
' =6+2415

(a) JJ::-:JS_ (b) J2x+32
(© Given (243-E)x(V3+343)
(© J20xy28  (d) ViZ(v3+5)

Expand as follows;

@ (23-V2)x{$B+32) (2B~ 2)x(3+342) -

— =
m —______|




C ——

(Zﬁxﬁ)+[2ﬁx3ﬁ)+(—ﬁxﬁ) i (Jg]‘x(wfl_i):

+(-V2x342) 3

=29 +6v6 -6 -3V 12. (V2+1)
::i};i_hz 13. 242x+10x+20
e 4, JBxyExul0xyT2
E:jr;iug)x(ﬁuﬁ)ﬂﬁ. 15, BxaAxiD
6. J§(vZ=Vis)
Simplify each of the following radicals: 7. B (V2 +JiF)
foAARs *|3 6:2(V2 - Vi3)

2. 12x\3 -

S 19, (2V5+1)x(35+1)
§ N 20, (F-va)

s WD 21, (Ve B)(47-5)
6. 25 2. (V3 4iZ)(V5 +3)
7.) 2Bxsi B (2 \EH)J

8. (avis) 2. (25-45)(2 3+345)
9% (V6) 25, (JE—J:.TE)[JL@,)
0. (243) (v)’ 26, VB(V3-T)



27,

28,

29,

Juma has a square garden of length
J8 m. Whal is the perimeter and the
total area of the garden?

A rectangular prism has dimensions
V3 metres, 6 metres, and 2
metres, What is the volume of the
prism?

The length of a rectangular farm
is 8000 metres and its width is

v2000 metres. Find the diagonal
and the area of the (arm.

Generall .£=J£wh re aand b ¢
‘ YJE = ere ¢ and b are

| positive numbers.

panents wnd radicalyy

Example 533

Express the following radicals i_h their

most simplificd form:

@ 75+ 12

(©) 6».@ X Zﬁ

' ’13
b .
(b) 5 o

J20x3J12

30. The side of a square is scaled by a
factor of V3. If the original side Solution
length was /5 metres, what is the (a) 75 +12= V75
new area of the square? ' iz
| _ {75
;- R

Division of radicals . | A

Two radicals can be expressed-as a“
fraction by writing one as the divisor
and the other as the dividend. If two or
more numbers under radicals have the
same index, combine them under a single
radical, then divide and simplify where
possible. Engage in Activity 5.5 to learn
more on division of radicals.

_3+42s
V344
25
4
35
2

Therefore, J?—5+ JIE =§.

Aclivity 5.5; Deﬂucing conditions for

| dividing radicals (b) 5 18 o 18

I~ In pairs, follow the steps given to 30 0
divide v20 by /5. s, M8

2. Express V20+V5 as a ratio of J50
numerator and denominator. 32

3. Express the numerator and

denominator in simple terms.

4. Collect together the terms with the =
same radicals and divide.

5. Follow the same steps to evaluate

l\ JE+ZE.

denes Book Ferm Twn

7

$ Capture mare



(c) 6V5x23 6V5x243 =3+(#zxzx2x¥2xzx2)
V20312 J{axs) )x3(Vax3) ~35(20)

_ 6J5x23 3
235 x3x 23 "4
|
o7 Example 5.35 AN
=1 e . -
343 .
Thcrl:rﬂrﬂ, 6J5_H 2‘{5 =], Sunphry 240[
JE_DK:; 12 Solution
M 332 3y2x2x2x2x2
2401 . YTxTxTx7
b ade @ y
Simplify 427 +¥/64. C3x2x2x2x42x2
Solution YIxTIxTxY7
Wrile the_ numbers undm_' the radical - 3x2xYa
symbol as in products of prime factorsas . e T~ I
follows: £ L) 7x7
Y77 + Y63 . _6¥a
= Y3x3Ix3+Y2x 2x 2x 2x2x 2 73
Simplify cach of the following radical expressions:
TN 2[5 3, o2
TR V3 J50
el s /6% i 12
(Y " Jaa 81 J900
27 35 216
. 8. Jas % ;
3J50 B x\2 _Jlaxa3
———— bl oty n =
Y L Jzeh 12 T iz
57 x2/3 L YAkl JEx/E0x/E
13.  Jasx<2l " Ja8x+/28 J8x30
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16. A rectangular plot of lund has an area of V5000 square metres. If the length of the
plot is «JIZS metres, what is the width of the plot?

17. Abox has a volume of /54000 cubic centimetres. If the height of the box is
V300 centimetres, what is the area of the base?

18. The height of a tree is ¥320 metres. Another tree has a height of V180 metres.
What is the ratio of the heights of the two trees? o

19. Acylindrical tank has a volume of +/288 cubic metres. If the hgighl of the tank
is /18 metres, what is the area of the base of the cylinder? (- i,, v

Rationalisation of denominalors

.‘-.fmhrmﬁrrr

Rationalisation of a denominator involves eliminating radicals from the denominator

of a fraction. This makes denominator, to be a rational number. The procedure for

rationalising the denominator are as fallows:

(i) If the denominator is a single radical term, multiply the numerator and the
denominator by the radical in the d;:.no_minmur.

1

For example, in rationalising the denominator of 4 multiplying both the
) ' b
numerator and denominator by JE as follow.

7] :an‘;uh

NN AN A

a alp

Jb b

(ii)  If the denominator is a sum or difference of two radicals, change the sign

connecting the two terms. The resulting expression is called the rationalising
factor, which is then multiplied in the numerator and the denominator.

Therefore,

o 6 i
For example, in rationalizing the denominator of Tr—v"_ the rationalising

a+
[actor is J;_: - JE .

Multiply both the numerator and the denominator by JE - JE as follows.

L v Na-b_Ja-b
Ja+db Ja+db a6 a-b

1 _va-b

Therefore, m— = ﬂ_

{ A ! dent's Bonk Fiorm Tuwao




Similarly, for ' the rationalizing factor is va +vb .

Ja—-b
Thus, . = ! J_ \r’_ J-+J_
Ja—h J;-:; JJ;_HF
1 a+
Thcrcfurc.J— -J_ .

The following table gives some options and reasons for choosing the rationalising
factors:

Denominator Rationalizing factor Reason’.
Ja Ja JaxJa=a,__
Ja-b Ja+b - (wf_ J_(J_N"_)
Ja+vb Ja-b (J_+ )(J_ J_)= B

p
mummalur in :u{:h uf \ 1 | B ﬁ
OWINE CXpressions: N (B) — = X

5-B (-8 H+d

3 1 N\
©F © T e
5 o 243 (V5 —3)(V5+3)
© 5+ W , J2-45
& N S5+B _f5+43
® i3 - 5-3 2
Solution ' | J5_+\E
(a) /5 isadenominator and a single Therefore, Bl
radical expression,
Multiply both numerator and © N3 ) J-S-__H\E-Ji
“denominator by J5. J§+J5-J§+J5 N
3.8 B(5-B)
NN NS SRE
= i _5-4i5
. T2
Therefore i=§5_‘E o E _5-—JE
3 erefore, ===




2+J_ 2+J- \E+J—
L S Al S PO
_ (2443)(2+45)
(=) )
=2ﬁ+2J§+J§+Jﬁ
2-5
_2J3+254 6+ 415
-3
Therefore,
243 Z\E+2J_+J_+\f_
-5 =

(e) Given 7_?6—2- The rationalizing

factor is ﬁ+ 2, Thus, Multiply
both the numerator and the

denominator by 7 +2 10 obtain,
6 6 J1+2
Fi2 Ji-2 iy
6(V7 +2)
74 .
6(~ﬁ+2)

3
=2(J‘F+2)
=2ﬁ+4

Therefore, = 7?632 = Z\E +4.

Given that /3 =1.7321 and

ﬁz 1.1442. Evaluate ﬁr

S Exponents wnd radicali

Solution

Multiply both the numerator and
denominator by v3 V3 +/2 to obtain;

1 J3+2
WT»EIH'_

= 3+-.f:.T

Since 3 =1.7321 and «/2=1:1442, it
follows that

L 1 7321+1.4142

=3.1463

. 1. Rationalize the denominator in each
'/ of the following expressions:

1 N ]
T h et
© 7 s
1 1+2
d
(c) 5+Jﬁ (d) 5
(g) _JE_ { J-+J_
J2-V3 B2
9./3-2 2.7
o Ladmin A=
&) J5 432 v J10=7
: x=2y
W ey

2. Express each of the following in the
simplest form,

(a) 5_J__
3+J’:_'

®) 3+4J§

2l Sl Sdwals




| 1

(c) =
-1 341

(d) 2 + 1 1.

5-3 1-243
(e) JE__J, 1

a5 7-243

o o L,
Jo-F

Activity 5.6: Deter mine roots of

~\

numbers by using
calculators

Use any type of calculator to explore
how to calculate roots of numbers.
Ll.-i'mg a calculator of your choice
write the steps for finding a square
root or a cube root of a number.
Copy the following table and vse the
procedures in sk 2 to fill the blank
correct to 4 significant figures.

using 8 calculator:

@ (2+42)+(3-V2)
3. The arc “Number_/Square root| Cube root
. e area of a rectangular Manila 49 8
sheet is (4+2+/3)m?. If one ~3 1 | I
side of the Manila sheet is ; T e —)
(3+ ?-Ji)m. find the length of the ____61-—-
of the other side in radical form. 21l 8.258
4. A container has & volume of 3 = _Eﬁ_-@._ i DS ___
72 +184/3 m’. If the length.of the 0.0287 | .
container is 6++/3m and height -225 |
is 2+ Jim,ﬁnd the width of the : .
container in T2 dical form. 4. Share Yyour results with others
‘ to illustrate how the answers are
5 A rcCFElngulﬂf canvas has an arca obtained.
of 50+14J§ square metres. If one
side of the canvas is 5++3m,
" find the length of the other side in
radical form. In questions | to 16, use @ seientific
- calculator 10 evaluate each of the
T ; e expressions correct 10 4 significant
Finding roots of numbers DY figures
calculators
Roots of npumbers can be obtained DY 1. 2156 2. 1024
several methods which :ncludes the use of
exponent nd radical rules. nmlhema_tir.::al 3. 267 4 6.74
wables, and calculators. Engage 1N Activily
5.6 to explore the roots of qumbers bY 5. 0.57 6. 89.109
i Book Form Twiv

s.'“l,lﬂ




7. 0.006 8. 30.0008
9.  J25679 10. /3567
1. o676 12. ¢33
13. 154 14. 5

99
5. fiaa 16. 'dﬁ

17. Use a calculator to find the cube root
of each of the following numbers,
giveing the answer correct o 4
significant figures.

(a) 19 (b)y o4
(c) 43.23 (d) 6.273

18.Use a calculator to evaluate the
following numbers, giving the answer
correct to 4 significant figures.

(@) 55.94

(b Y894
© .25 (d) 3.7
19, The volume of a solid cube is 1.674
m?’. Find the length of its side.
' a

- -

~,

Ch apter_.sumniairy
1. The laws of exponents are as follows:
. (2) 39 x b = atb

> a
(b) To=xa70
X

© (2) =x%

=i _L
@ x ==

1
{E:l I:='d;

F:-',Jr:lr". ftonk Form Two

7

Erponents nnd radicalyy

{e) 1‘: — flr_' or EQG]H

2. The word radical means the n™ root,
wheren=2, 3,4, ...

For example, if n=2, it implies the _

square root, and n = 3 implies the g

cube root. \ 2 3
3. Numbers having the same index and j

radicand can be added or subtracted.

4. In rationalizing “the denominator,
multiply both the numerator and
denominator by the rationalizing
factor,

f Revision exercise S48

L]

1. Write each of the following numbers
without radicals:

(a) /900
(b) /160 000
(¢) 4f8x27x5}

Write cach of the following numbers
in surd form:

I

1
(a) 7°
2

(b) 19°
1

(¢) 23

3. Simplify each of the following
cxpressions:

(a) 675 +/15

(b) /1024 ++/4

(c) %Th/ﬁ_d

(d) 175 +28 -/63




(e) \E+2\E—‘/—E

() /1000 -~/40 - /63

& 25 xf6
(h) \/ﬁ_x..ﬁ_

Simply each of the following
radicals:

(a) /50 ) Y2048
(@) V129
© 125 hy Y625
@) Y250 Gy 296

(b) «375

) 4096 G) /3000

Simplify cach of the following
radicals:

(@) 4y’ (d) J.ITI—

(b) /B ym’ (e) 729a°b’c’

(c) J24y*

Rationalize the

each of the following expressions

and simplify:
I et s

(a) ﬁ (e) \[S_—I

s N NS
(b) \E-r-l ® 24/3
| -JE+4

© (f3+1)
O Fo

7. Given that H=7]? and y=——

denominator in

l—-a
|+a

express each the following inits
simplest surd form.

(a) » (h) l-ﬂ
a

Expand and simplify each of the
following:

() (J.Ll)z
(b) (ﬁ—ﬁ)(ﬁ-ﬁ)
©) (s/5+1)=

Find the square root of each of the
following numbers:
(@ 2916 ® 5625 (c) 0.25

_ Use a calculator to evaluate each

of the following (give your answer

correct to 4 significant figures):
(2) /8900 d 75
© o5 @ 0.009
© vmerss (256

write cach of the following
expressions as a single exponent.

(@ 10*x107° (N (3"‘ ]jl

1 2 12 3 4\2
o (&) @ (&)
(c) 6"x4° (h) (A‘“}z

(d) 10 10" (@

@ (5)




12

-

13.

Simplify each of the following:

m'n®
(a) -
m°n
16a’
(b) ﬁ
132
{c} {_zr_)
(2r)
(dy 24a°H +3a7b>
o 25 (0]
(20y?)  GoY
o (P )(3a%*Y
(Qabz)(an]J
2V %9
) 277 %8+
3 -2
[h) (IJ}.] (E'U")
4xty?
Evaluate each of the following
expressions.
ﬁm—l __2-;-2 ;
(a) =——-—
Zhl—l- _2m+..
31II+: x1-;‘|':'1.|—-|
b
(b) 37
[c:' 3:'{ I-zsr-l +9K51r_|
Bx5" —5x125"
277" x 3% x 3™
d
( ] 9)(3”.}{3-:"
() 747"
IxT7"+4x7"
0 4*x6'x12°

30" x3°

14,

15.

16.

SJII: +5JI
( e ———
3”.“] +1

Solve each of the following
equations,

(@) 8'x4'?=1

(b) 97" -3'=p

€) 3" +3=90

W) (57=125)(2"-16)=0
(e) .2 =0.025

O\ N3]

27\ 2y
o (&%)
125 9

(hy 2% -9x2"=—|

M 9'-12(3')+27=0
G) 49 +1=2(7")
Solve each of the following

equations for the unknown
parameter:

(1) ~a+1=9
(b) JSB—b =b
(c) JS:+11+4=EU

(d) Jd+1+Jd-5=8

Factorise the following exponential

expression

(@) 4" 4+9(2')+18
(b) 9'+4(3=]—5=

© 49' -7 412

]
3
j
W




17.

18.

(d) 9*-4"

(€) 4*-14(2')+49

(N 25°'-4(5')+4

Without using a calculator, solve for x

in each of the following equations.

1 X
41;+I =l =
(a) [E)

25" _ 5"
51‘—3 1251—1

(b)

(c) =

.Il'
d) 4= =324
(d) (3)
Show that:

{2' HBI){-’-I»:-:I]"] 24
6x 2" __2‘

(a)

- -

(b) [%(1+J5JJ-=3+ZE

19,

20.

f 31
Given that W+ "‘E — m' ‘

where u and v are integers, find the
value of u and v without using a

calculator.

Simplify each of the._ following
EXpressions:

T_.4 !

w 7]
2;[3}'1
(8=y)
®) A"

e 6. 3Y

(c) ( 5;5 )
Sy

(W) (_511}_])3

4.2\
© (—4.1:_:, ]
3y
o )
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Chapter Six

Logarithms

S rroiuion

Some real life siuations such as earthquakes, population gmun‘fr r.md levels of acid
or alkali in liquids are associated with very large or very :maﬂ numbers. In such
cases, describing such situations becomes difficult. Hrmmw Iﬁe concept of logarithm
has made such descriptions easy for an individual to lmdersfmd the effects of their
occurrences. In this chapter, you will learn 1o write munber'i in standard form and use
laws of logarithms to solve problems. The f:qinpem:c:e.s developed will enable you to
simplify and find solutions to complex E‘mm.‘;l?lef‘&. sulve problems related to exponential

growth decay, and understand the ;czmm of earthquakes and the spread of diseases,
and many other appfn:armm

'\._

Describing real life situations such as magnitudes of earthquakes, the
amount of ¢ acid and base in liquids, and population growth without the
knowledye of logarithms,
Standard form of numbers When writing numbers in standard form,
When'a number is expressed in the form he following must be considered:
Ax"}q‘ where 1 < A < 10 and n js an |- FOr numbers between 0 and 1, move
lnh.gcr iL is said o be in standard form the decimal point towards right until
p o scientific notation or standard notation. 4 m_unhc-r I8 Detween. | “"d. 10 "y
obtained and the exponent of 10 is
.For instance, the following numbers are negative
expressed in standard form: 1 2. For numbers greater than or equal
(@) 290=2.9%100=2.9x]1(? 1o 10, move the decimal point left
~ ~ | until the value is between 1 and 10,
(®) 29=29x10=2.9x10 resulting in a positive exponent of 10,
() 2.9=29x10" 3. The exponent of 10 is determined
by the number of places the decimal
(d) 029=29x0.1=29x]0" point is moved, either (o the right or
left.

Student’s Book Form Fua o
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4. For the numbers which are between |
and less than 10, the exponent of 10 is
0.

5. In multiplication of numbers in
standard form, the exponents are
added, while indivision the exponents

are subtracted.

Example 6.1 ]

Write each of the following numbers in
standard form:

(a) 230000000

(b) 245

(c) 0.00045

Solution

(a) 230000000 = 2.3 x 100000000
=2.3x 10%

) i .
(b) 245=2.45x100=2.45x10 i (7x10%)(8x107)

(©) 0.00045=45x00001
_ 4.5%10™ 3 P

Example 6.2

Express each of the following numbers
in ordinary decimals numerals:

() 4.8%10

(b),-3.5%10

() 1.4% 107

7 "Selution

 (2) 4.8x107=4.8x 1000
= 4800
() 3.5%10°° = 3.5 x 0.000001

= 0.0000035

(c) 1.4x10* = 1.4 x0.0001
=0.00014

Simplify each of the following expressions
and write the answers in standard form:

(@) (7x10%)(8x10Y
(b) (7x 10728 x 107 ,\

——

Solution
(@) (7x107)(8x10*) « "\~
:(hﬂ::(ﬁ%iﬁ‘)
=56x10°
{f N
=5.6x10x10°
L =56%107

f .’me'n.‘.fnrc,

W~ (? x 10?) (8 x 10*) = 5.6 x 107,
L

=7x8x107 x10™
=56x10""
=5.6x10'%x10"°
=5.6x10

Therefore,
(7% 107?) (8 x 10~) =5.6 x 107,

Evaluate each of  the following

expressions, giving the answers in
standard form:

4x10°
5x10°

4848x107
20x10°

(a)

(b)




Solution
L} %
(@) 4x10° 4 10

5x10° 5 10°
=0.8x10"
=8x 10" x 10}
=8 x 102
4x10° —8x 10
5x10°
-5 =
(b) 4343:-:]? N 4843:‘101
2010 20 10
=242.4x1077

=2.424x10°x107
=2424x10"

Therelore,

4848x107°

T =2.424%107%,
x

Therefore,

&
M.
- =

Evaluate each of the following, giving
the answers in standard forny:

(n) 3Ix10*+4.32x10°
(b) 5x10 *+46x10°

(@ (6x10%)=(2x10°)
(d) 3.14%107 —4.03x 10"

Solution

(1) 3x10*+4.32x10’
=3x10* +0.432x10*
=(3+0.432)x10"
=3.432x10*

(b) Sx107*+6x107°
=5x107'4+0.06%10™
=(5+0.06)x10™

=5.06x10"

() (6x10%)-(2x10")
=(6x10")-(0.02x10")
= (6-0.02)x10°
=598 x 10°

(d) 3.14x107-4.03x10"

=3.14-10"2 —0.403x 10
— (3.14-0.403)x10
=2.737x107

1. Write each of the following numbers
in stmi_dnrd form:

.h‘ruu ':"'l} Nl

1 ,I‘afhrﬂgt_n‘éﬁ" fi

“ (a) 31065 (b) 95.1
e (o) 9999 ) 6
]
1
' — f) 69.03
€) 150 )]
(g) 253009115 (h) 5.41
(i) 0.0004068 () 7.245
(k) 1985 (1) 0.000008
3
(m) 7 (n) 30
(o) 463.18 (p) 265000

2. Write each of the following in
decimal numerals:

(@) 9.10x 10°
(b) 74x10*
€ 3IxI10"

(M) 265x104
(e) 2.74x10¢
M 42x1073
(g) 3.68x10°
(h) 8.67x1072



(i) 2.5x10!

Gy 9.18x10°
(k) 4.0x10
() 106 x 107

Evaluate each of the following
expressions and write the answers

in standard form:
(a) ('l?_"i X 10‘) X {4 X ID")

(b) (z.?sxn:r)x(smnl)
© (85 107) x(2.4x 10°)
(d) (l'ixl!]‘)x(ﬂxl{f‘)

(€) (zzzxm'-‘)x (5.5x10 )

 Evaluate each of the following
expressions, giving the answer .in

the form Ax 1072, where 1 <A<10,

and n is an integer:

9x10* 7x10°

(@) xl[11 (b) :v-r:llil1
2x10° 1.4x10
3x10° 192x10™

(c) : TR
5% 10 Ix10~

© 1984 x 107" 3.5%107
400x10° 7x10°
125x10°

(g) S : (h)
Sx10°

Find the arca of a circle of radius
20 cm, giving the answerin standard
form (use n=3.142).

The distance of the Earth from the
sun is approximately 1,494 x10"
kilometres.Wrile this disltance in
decimal numerals.

The diameters of certain molecules
have been calculated as follows:

Wi

(a) Hydrogen: 2.47x10"cm
(b) Oxygen: 3.39x10cm

Represent the diameters in decimals,

8 Asalon has 4x10° clients in amonth.
If cach stylist works 2.0x10° hours
per month, how many clients does
cach stylist serve per hour if there arc
4x10' stylists? Give your answer in
standard form.

9. A farm has 2.5x10° acres which are

planted with maize. Each acre yields
1.2x10° kg of maize. The farm sells
2.0x10° kg of maize. How many
kilograms of maize are left?

10, A project requires 4.0x10" bricks at
Tshs 1.5x10" per brick. The project
has a budget of Tshs 1.2x10°. How
much money will remain after buying

the bricks?

[1.An intravenous drip  delivers
2.0%10' ml of fluid per hour for
6.0x10' hours, If the patient needs
a total of 1.5x10° ml of fluid, how

much more time is required to deliver
the remaining fluid?
_A construction site has two steel

beams. One weighs 3.2x10* kg and
the other weighs 4.5x10" kg. What

is their combined mass?

13. A doctor prescribes to a patient a
dose of 2.0x107 g per day. If the
patient has taken 5.5%10™ g so far,
how much more should the patient
take to reach the full dose?

14.An earthquake releases 7.5x10"
joules of cnergy. A smaller aftershock
releases 2.0x10" joules of energy.
What is the total energy released by
both events?




15. A factory emits 5.6 x10° kg of carbon
dioxide annually, If the factory
reduces its emissions by 1.4x10%kg

in a year, what is the new emission
level?

Concept of logarithms

When a number is expressed in power
form, it is written as a base raised to an
exponent. For instance, if @ = b* then ‘a’
is written in terms of bhase ‘b’ raised to an
exponent “x’ or ‘x" is the logarithm of a to
base b.

The exponent x is the number that shows
how many times a base is multiplied by
itself to obtain a product. Thus, x is called
the logarithm of a to base b. Symbolically,
this is written as log, a = x, where a >0,
b =20 and b =1, This notation is called
logarithmic notation. For instance, 64
in cxponential form can be expressed
as 64=2". The exponent 6 is' called the
logarithm of 64 to base 2, written as
6 =log, 64.

Consider the following:
(i) 25=5% is written as 2 =log,25
(ii) 1000 =103 is written as
3=log, 1000
(iif) - 0.0001=10"" is written as
 —4=log,,0.0001

64 =4’ is written as log, 64=13.
64 =8% is written aslog, 64 = 2.
In general, ¢ =b" is written as x =log, a

where a and b are positive real numbers and
xis arcal number,b =0and b #1.

Note: When expressing the logarithm of
a number, make sure to specify the base
to which it refers.

" ydent's Bopk Form Two
ARt 1
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Express each of the following equations
according to the given instruction:

(a) log,8=3 in exponential form.

% 1
(b) 57 =E in logarithmic form.

(¢) 0.1=10" in logarithmic form.

Solution :

(a) log,8=3 in exponential form is
written as 2* =8,

| . L. - ;
(b) 573 = ——in logarithmic form is

(A
ek [125]'

(€)~0.1=10" in logarithmic form is
~1=log,,(0.1).

Solve for.x ineach of the following
equations:
(a) x=Ilog,,100
(b) -5=log, (0.00001)
(c) loggx =2
Solution
(a) Given x=log,,100.
Whriting in exponential form gives
100 =10 Thus, 10> =10~
Equating exponents gives y=2,
(b) Given -5 =log, 0.00001,
Writing in exponential form, gives
x =0.00001,
But 0.00001=10".
Thus, x~ =107,
Therefore, x=10.
(¢) Given log, x=2,
Wiiting in exponential form gives 8% = x,
Therefore, x=64.




Special cases of logarithms
The following are some special cases on

logarithms of numbers:
l. If log,a=x, then a*=a' which
gives x=1,

Therefore, log_a=1.

Thus, log, 10=1 and log,2=1.

2. If log,(a)" = x for a positive number
a; then a' =a”, which gives x=n.
Therefore, log,_(a)" = n.

3. If @® = 1, then log,1 = 0. Thus,
logarithm of [ 1o any base is 0.

Base 10 logarithms

Base 10 logarithms are logarithms of

numbers to base 10, also known - us

common logarithms. The base 10 is
usually left out when writing common
logarithms 1o base 10, For instance,
instead of writing log, 315it is simply
written as 102315, In general, log,, x is
writien as log x.

The following are some logarithms of
numbers which are powers of integral
~exponents of 10:

log100=logl0* =2

logl0=1logl0"' =1

logl=1logl0’ =0

log0.1=logl0 ' = -1
log0.01=logl0* =-2

log 0.001=1log10™" =-3

In general, loglQ" =n

¢ Capture more

‘.
"
b

Drag from top and touch the back button to exit full screen.

1. Write each of the following
expressions in logarithmic form:

@) 2* =16 (b) 5?-25
© 3 =243 ) 4 =04
(e) 10°= 1,000,000 (f) ;373%
(® 10" =1 ()3 =13
ﬁ]104=&mn’1:6i10=ﬁ%r
(k) (%]:192 (1) 23‘1=2'_3

2. Write cach of the following
_-expressions in exponential forms:

(0) log, 121=2
(b) log,, 10,000 =4

(c) log,0.1=-1 >

1
0) m@[ﬁg)=3

3. Find the valuc of x in cach of the
following equations:

(a) log,x=2
(b) logsl=x
(c) loggx=I
(d) log,x=-3
(e) log,256=x
() log, 10=1

|
(2) lﬂﬂz[m)--\'

Student's Book Form Two




(h) log, 100,000,000 =8

7
(o) log,x=—
(i) log, 1,000=3 -

() log, 0.0625=x 4. Determine the number whose
7 logarithm to base 5 is 3.
(k) log,x= E- 5. Solve cach of the following:
(@) log (x+2)=2 !
) log, L -3 Es )
27 (b) log,l6=x+5 . :
\ ’

log, 256 = N/
(m) Tog; % logl25—=log5

log 25+ 1og5
g2 +ipg

m) log,l=x 6. Simplify

Laws of logarithms

The laws of logarithms, also known as logarithm rules, are fundamental identities or
rules that describe how to manipulate logarithms, The following are the key laws:

I. Product rule |ﬂg;(~(_1_-“.‘r'jf_‘= log, x+log, y
2. Quotient rule / ,Iﬁg:, (ﬁ] =log, x=log, y
/ M ly

3. Power rule or Rule of exponents ~— log, m" =nlog, m

mi -:- _i
4. Rools rule log, ‘j-"_—lﬂg.,-r = mlﬂg_ x, where n and

m are integers and m = (

5. Change of base formula log, x=—2—

— =

Derivation of the laws of logarithms
The laws of ldgarithms can be derived as  Expressing cquation (3) in logarithmic

follows: form gives,
 Product rule log, (xy) =log, a™™

“Letp =log, xand g=log, ¥ (1) =(p+q)log,a

' =ptq
Exprcslsing equation (1) in exponential Thus, log, (xy)= p+4. 4)
form gives,
x =a” and y=a* (2)  Substituting equations in (1) into equation

(4) gives

From the rules of exponents, a” xq?=a™". log, (xv) =log, x+log, y-

Therefore, log, (xy) =log, x+log, v.

It follows that xy=a”xa*=a"". (3)

‘__ n ., dent's fionk Farm Two

-
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S trpari: i

(b) log,,(0.01x100000)
Evaluate each of the following. = log, 0.01+ log,, 100000
ki " LLL

(a) log,(81x9)

=logl0~* +logl0’
(b) log,(125x625)

=2logl0+5logl0
é Solution =(=2x1)+(5%1) ,,__'l
(a) log,(81x9) =log, 81+log, 9 =245 N
E =log, 3' +log, 3’ =3 ) , vV
y —4log,3+2log, 3 Therefore, log,((0.01 x 100,000) = 3.
E =4+2 ——
= - Write each of the following as a single
logarithm:

Therefore, log,(81x9)=6.
erefore, log,(81x9) /(a) log, 2+log, 7

(b) log,(125% 625) =log, 125 +log, 625 |~ (b) log, 4+log, 5
=-Ing,5’+lugjs‘-f/ '

Ze i Solution
=3log, S+AWEST ) log, 2+l0g, 7=10g,(2x7)
=@xD+@xD . . o
=344 \€ » =log, 14
=7 (b) log, 4+log,5=log,(4x5)
Therefore, log,(125 x625)=17. =log, 20
. N J

Find the value of each of the following: If log,, 2 =0.3010, log,,3=04771,

l[_a}iﬁg, (4x8) and log,, 5 =0.6990. Evaluate each of
, /' (b}, log,,(0.01 x 100,000) the following:
<+ Solution (@) log,6
(8) log,(4x8) =log, 4 +1og, 8 (b) log,30
=log, 2" +log, 2
=2log, 2+3log, 2 (©) log,o43
=2x1)+@3x1) Solution
=2+3 () lnEmﬁ:lugmz""lﬂEmB'
=5 =0.3010+04771
Therefore, log,(4x8)=35. =0.778!




(b) log,,30=log,,3+log, 10

=log,, 3+1
=04771+1
=1.4771

log, 9" =2log,9

(c) log,,45=1log,,(3x3x5)

=log,,3+log,,3+log,,5
=2log,3+log,5

=2x0.4771+0.6990
=1.6532

Power rule
Power rule states that log, m" =nlog, m.

Let p=log, m. (i

Tt is derived as follows: :
Express equation (i) in exponentinl I'ni;n 0.
get e '
a"=m ) (ii)
Raise both sides :1fequaﬁnn_(ii] lo the power
n o get,

a™ =m" (iii)
Apply logarithm l{_!‘-hﬁ.‘.c a on both sides of
equation (ili) to obtain,

log, (a':) =log, m" (iv)

Simplify equation (iv) to get pn =log, m".

¢, But p=log, m.

It follows that, nlog, m=log, m"

Therefore, log, m" =nlog, m.

From this rule, it follows that |

log, ! —log, x
X

dear's Beak Form Twa

Therefore, Jog{9® =4.

FII'ILL the values of each of the following:
., 1 X(a) |ﬂg4(ﬁ4f
() log (100)”

(© log (0.1)°

Solution

Evaluate log, 9%

Solution

=2log, 3* —
=2(2)log,3 . ™
=41

=4 ( , .

b

-

(@) log,(64) =5log,(64)
= 5log, 4’
=5x3log,4
=15

Therefore, log,(64)° =15.

(b) log(100)™ =25log100
—25log10?
=25x2log10
=25x%2x1
=50

Therefore, log(100)* =50.

e ——————
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Example 6.14

(©) 1og(0.1)°=6log(0.1)
Find the value of cach of the following

=6logl0™ :
—6x(=1)log10 expressions.
=6x(-1)xI (a) lng,(z—?].
=6 9
Therefore, log(0.1)* =—6 (b) log,(9+243) )
(¢) log10+0.00D) . '
Quotient rule Y
Solution o~ N\
Let p=log, x and g=log,y (1) ( 7 - %
a) log [——,,.)=10g'2?—lng 9
Expressing equation (1) in cxponential YA ’
form gives W =log,3' —log, 3
x=a"and y=a". (2) N =3log, 3—2log,3
From equation (2), divide x by y to obtain T\ =3(1)-2()
=1
X _g” +a*=a""(by lawsof exponents} -
Y R4 "The:rel'un.. lag_,‘[ ]_1.
Thus, X =a"" “0) ?
y ,
) &, 43) =log, 9 - log, 243
Express equation (3) in logarithmic form (b) log, O k= Vs .
to obtain - =log, ¥’ ~1og, ¥
% = 2log,3-5l0g,3
1ug,,[ _]—log‘. N =2(1)-5(1)
=-3
= (p=a)l0g.@
| | Therefore, log,(9+243)=-'3-
Thus. lagu[ J p-9 () 10
Y (c) Ing{lﬂ+0 .001) = |ng[0 l]ﬂl)
Substitute (he expressions rﬂ; p and ¢ 02,410 Ing,uﬂﬂﬂl
SubstTY L tion (1) into (4) to b0 = loguo
from €q = mgmlu —log, 107
' < 10
;H;_)gmlﬂ—'f 3)10840
=lo t'lngn
lﬂgﬂ[J‘,J g =1+3=4
', =4,
Therefore. log,,(})"l“b x—log.) Therefore, log(10+0.00D
_‘__._.———'----—-
Ient’ - o Twit
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Roots law
The law states that log, #.F =£lng, a
m

It is proved as follows:

Let p=log, t¥". From the law of
exponents, %'j-'f—"=.t:

It follows that p =log_ x*

_nl
=—log, x
m

Therefore, log, Ja = % log, x.

Find the values of each of the following:

(a) log, V729 (b) log 4/0.000001
(c) log¥/100000 (d) m,& </
_ )V
Solution N
1
(@) log, /729 =log,(729)*"
R 7 4
== ]ng:‘lﬂi -
=‘l ‘K.:’;.]Dé, 9
k"
>3
)2

(ﬁ.‘i{emfnre. log, /729 = %
Z, (b). 10g 3/0.000001 = lug(ﬂ.ﬂﬂﬂﬂﬂlﬁ

» = log(10)*
=log 107
=logl0
==2logl0
=-2x]

Therefore, log /0.000001 = 2.

2 Capture more

" | 1
i
==log,| —
b 2 g’(z*:')

h the back button to exit full screen.

(c) log 100000 = log(100 000)*

log 100000

G| =

logl 0°

L

5
=12510g10‘\

s -

le___ w/

i

Y
1’ &
'I‘hcrefn?:,_ log 100000 =1.
Y

N e

Yy

\ - 1
dYN\ N\ ]
ﬁrl:' log, l = ]ﬂgj(i]z

3 ¥

3
=-2-:¢(-1} log,3
=-—-K1

= -

Therefore, log, JL= —?-.
27 2
Example 6,16 ]

Determine the value of x given that
log, x=log, 2-log, 3.

B | W




Solution

- log, (2] +1og, (3')

Given log, x=log, 2-log, 3. It implies
that, =log, 2+log, 3
|ug=_r= |031 [E] =]Dgu (213)

3 =log, 6

2 '~.

Thus, x= 3 Thus, log, x=log, 6. -

2 Therefore, x=6. /
Therefore, x=—. -

3

Given that log2 =0.30103 and

.. logh
Slmpl.lﬁhlogﬁlﬁ .

log3 =0.47712. Calculate the value of Solution’
log 48, ~ log 6 _ log6
‘ 7/ log216 log6°
Solution R¥S \ _ log6
logd8= lug(Z‘ 23] *'_,;,1 3 3logb
/ |
= ] 2* + II::I 3 L / = —
5 LS &g 3
=4log2+logd - —-— log6 1
NN Therefore, T —51¢ 3"
=4(0.30103) + 0.47712 log216 3
= 1.68124,

Therefore, log48 = 1.68124.

F 4 [l

- Find the value of x given that

l 1
=—log 4+-log, 27.
log, x 2 Ea 3 i

Solution

log, x= %Ing“ 4 +%lngil 27

1
]

!
=log, 4* +log, 27

1. Find the value of each of the
following expressions.

(a) log,(9%81)

(b) log,(5%25%625)
(c) log (100+0.0001)
(d) log, (49+343)

Calculate the value of each of the
following expressions.

!‘J

(a) log, 49’




(@) log, VB
(b) log,(5+125)
(¢) log /1000

(©) log+/0.0001
(M 1og0.001°

3. Simplify each of the following

6. Given that log2x = u and log2y =v,
wrile:

(a) 2 interms of x

(b) 2" interms of y

7. Find the value of x in each of the
following equations: il

(a) log, x=log, 5+2log, 3

o
#

expressions using the laws of (b) log, .1'=31?g‘15_—l~2|{}g,15
logarithms: (c) ]og,leuéjalﬂugjﬁ
log 64 (A
() logx=log2+1
g (dj; ugx -log2+log$5
+) log x =log 20— log 200+ log 50
(b) log,28-log,7 ..-f"m_] i i
©) log,10+log,8.1 : ;_', P ogx=log=log X +log>
", \8. Given that log 2=0.30103
d) Tog20+log50 P =
(9); log<Okiog 58 ' log3=047712,and log 5=0.69897.
() 1083‘4‘108[5) N Find the value of:
I (a) log90
I." _/
o ledt T 1, (V&)
logJa N\ % () Slog{ 3
“« \/
4. Without using a calculator, find the 9, If log y+2log.x=3, express y in
value of 2log5 + log36 - logY. terms of 1.

5. Use lugaﬁllhmic laws to expand each
“of the following expressions.

O

I

(a) lug,[xz'];

v )

v

-
= 4

)1

(b) lng[

e

(c) ]ng[(x—F

|

&

[ -

e o
! ECRRACH 2 =
W i

dent's Boak Form Two

Hn
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h the back button to exit full screen.

10. Express p in terms of g for each of
the following:

(a) logg—4log p=2

(b) log g +logm = log(m -bp)
11. Solve for x given

log(x—2)-log(x=1)=0_

12.Evaluate each of the following
(a) log9(81) (c) log2(16)
(b) log,36 (d) log8(64)

Hd Slantiaiiary Situsds




13. Given log,,2 = 0.30103, Solving for y gives,
log,,3 =0.47712, . log,x
log,,5 = 0.69897, - logb
log,,7 = 0.845098. But y=log,x,
Evaluate the following Therefore: log,x= :EE“;

- Example 6201
(c) log,S0 - T,

Evaluate each of the t'ull-uwilng:

(b) log,.8 .
i (@) log,32 b)), Tog,125
(@) log, {0 (c) log,81 _  (d) log,l6
Solution;
Change of base formula @) log;32= log,,32
The change of base for logarithms gives a . log,2
; log,,2’
way to convert a logarithm from one base p = I :
to another. This is useful when evaluating | ad Sfﬂggm 2
logarithmic expressions of any basehy' L = oz '“2 =5
translating expressions into  common i
logarithms (b) log,125= M
. - _ ’ log,,3
The rule of change of basc states that: _ log,,5"
log,x= log,.x log,,5
" log b _ 3log,,5 -
log,,3
It is proved as follows:
| ' (c) log,81= log,,81
Let y=log,x (i) 2y og,.3
iti ith ation (i) log,, 3"
By definition of logarithms, equation ( =
becomes: log,,3
BV = x (ii) _ 4log,,3 _4
log,,3
Taking the logarithm to base a on both o8, 16
- 53 - = '
sides of equation (ii) gives, (d) log,16= lug:,4
log, (j’;!): log,x (iii) _ log,, 4’
Using the power rule for logarithms, log,,4
equation (iii) becomes: _ 2log,,4 B
log,,4

L] el
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Given,
log,,2=0.30103, log,,3=0.47712, o

log,,5=0.69897 and log,,7 = 0.845098

Evaluate the following:

(a) log,7 (b) log,12
(¢) log,l5 (d) log,20
Solution
log,,7
a) lop,7=—1_
(@) log, log,,3
=w =1.77124
0.47712
log, 12 log, (2% x3)
(b) log,12= 202~ Dbul =2
08,y 3 O,
_ 2log,2+log,,3
- log,,5 :
_ 2x0.30103+0.47712 =-1;55396
0.69897
log, 15 Jog,,(3x5)
(c) log,15=—12—==
8105 logu? ~ log?
_ Tﬂgmiﬁ- log,,5
log,,7
= 0.47712+0.69897 = 139166
(0.845098

log, 20 _log, (2’ x5)
log,, 6

_ 2log,,2+logs3
- log,,2+log,,3

_ 2x0.30103+0.69897 _
~ T 0.30103+047712

1.67995

Logarithms of numbers

For many years, finding logarithms of
numbers 10 base 10 has been tedious
due to the use gf slide rules and tables
of common logarithms. For instance, to
use common logarithmic tables, it was
necessary o express a number in standard
form, followed by identifying a-mantissa
and a characteristic that are then used to
read logarithms of the respective numbers
from a table of common logarithms.

Engage in Activily 6.1 to explore about
logarithms of numbers.

~

Activity 6.1: Determining the
logarithm of numbers
using calculators

1. Explore the internet or other sources
and leam different ways todetermine
the logarithms of numbers by using
calculators (mathematical software
and calculator devices).

2. Determine logarithm values of
numbers in the ranges 0<x<I,
1< x<10, and numbers which are
greater than 10.

3. Record your results in a table,

compare the results from these

categories and  share  your
observations with others,

3.
_
;

R

Find the logarithm of each of the
following numbers, correct to 4 decimal

places:

(a) 1 (d) 356 (2)75,648
(b) 0.0253 (e) 2,534 (h) 64.667
(c) —3 (f) 62.94

Solution

To find the logarithm of a nun}ber.
enter the keystrokes of the logarithm




1o the base available in your calculator
and record the answer.

Answers

(a) 0 (b) -1.5969
(c) Does not exist (d) 2.5514
(e) 3.4038 (H 1.7989
(g) 4.8788 (h) 1.8107

Antilogarithms

An antilogarithm of a number is the
inverse process of finding a number
whose logarithm is known. For instance,
since 1.7989 is the logarithm of 62.94,
then 62.94 is called the antilogarithm
of 1.7989. This can also be read as
62.94 is the antilogarithm of 1.7989 or
1017789 = 62.94

In general, the antilogarithm of a number
xis denoted as log™ x. Engage in Aclivity
6.2 to explore about antilogarithm

'\
Activity 6.2: Determining

antilogarithms by using
calculators

I. Explore the internet or other sources
and learn different ways to determine
the antilogarithms.

2. Explore any available mathematical
software or calculating devices (0
learn how todetermine antilogarithms.

3. Choose different numbers and find
their respective logarithms.

4. Use the mathematical software
or calculating device to find the
antilogarithms of the results in task 3.

5. Compare the numbers you have chosen
in task 3 with those obtained in task 4.

6. Explain to others how you arrived
at your results and any patterns you

noticed.

Usc a calculator to find the number
whose loganthm is:

(a) 3 (b) 0.7

(c) -2 (d) 1.8810
(e) 3.7515 (H I.246ﬁ'
Solution

Enter the keystrokes . to. find the
antilogarithm of a_number based on
the available cal¢ulator and record the

ANsSwer.

Answers
(a) 1000. (c) 0.01 (e) 5642.87
_(b} 5.01 " (d) 76.03 (f) (f) 17.64

j perciscod 4

' | 1. Use acalculator to find the logarithm
of each the following numbers:
giving the answer comect (o 4
decimal places.

() 1.583 (b) 298
(c) 4.088 (d) 8.541
() 9.007 n 6

(g) 3.444 (h)y 7.5348

Use a calculator to find the logarithm
of each thefollowing numbers: giving
the answer correcl o 4 decimal

19

places.

(a) 0.682 (b) 0.008

(c) 0.74 (d) 0.0000449
(e) 0031199 (D 0.01478
(g) 0.125 (h) 0.00981

Srudent'y Hook Form Fwe




3. Use acalculator to find the logarithm  [Activity 6.3: Exploring applications B
of cach the following numbers giving of logarithms in daily
the answer correct to 4 decimal life
places. 1. Using various exploration methods
(a) 8725 () 20 such as searching through the internet,
(b) 700.1 (h) 1986 reading books and interviewing
i experts, explore the applications of
(c) 76 408 (i) 78085.9 logarithms in daily life, %
(d)4300000  (j) 354 2. Using logarithm laws, demonstrate 3
(e) 83.7 (k) 43.657 how real life problems are solved.
(O 111 327 (1) 493 000 3. Sharc your findings with others
through demonstrations and other
4. Determine a number  whose 4 methods of your choice.

logarithm is: (give the answer correct
to 4 significant figure)

(a) 3.6156 (e) 0.07783 - "
(b) 1.8937 (f) -3.8567 Salve the equation 7' =90. Give you
(c) 0.4515 (g) 1.2466 P “answer into 4 decimal places.
(d) 8 (h) —6.7515 _ 4 ~ " Solution:
" Given 7" =90,

5. ()If log x =3.1425, determine V-
(b) If logx= 2.5543,*d#téi:n1ine Vx.
(c) If logx= 4.32[7;61_1.{! the value

Taking logarithm on both sides gives
log (7*') =log 90

(x+1Dlog7=1log 90

log 90

ym B0

f 3 ¥ b - : x+l= 1 1
0 \f_ \ M log 7 log7
6. Find the.value of x in each of the  Using a calculator, x=1.3124
following:
() logx=2.9285 | Example 62508
| (\;} (b) logx=1.6990 The pH of a solution is given by the

formula  pH =-log[ H*]. Tf the
hydrogen ion concentration, [H']of
pure water is I1x107 M, calculate the

Applications of Logarithms

Logarithms are used in solving problems
involving  exponential  relationships.
Logarithms are widely applied in real-
life situations such as measuring pH in
chemistry, calculating compound interest
in finance, and detcrmining ecarthquake
magnitudes.

1 ﬁp{fﬁﬂf'.‘f fonk Form Twa o
i E':‘- - Drag from top and touch the back button to exit full screen.

¢ Capture more

pH of pure waler.

Solution
Given pH == Iug[H '] and
[H*]=1x107M.

13¢ 232
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Substitute the value of the hydrogen
ions into the formula to get

ﬂH=~lng[|x|u*‘]

Using the laws of logarithms or calculator
to determine the logarithm gives

pH =17

Therefore, the pH of pure water is 7.

The formula for determining a compound
interest is given by A= P(1+r)', where
A is the final amount, P is the principal,
r is the annual interest rate, and 7 is the
time in years. Find the number of years
it will take for the principal to double

if r=>5%.

Solution

Given A=2P, r=5%, A=P(l+ r)
From A= P(l+r),substitute the given
values Lo get

2P = P(1+0.05)'

2=(1.05)’
Apply logarithms on both sides and

simplify to obtain,

log2 = log(1.05)’

log2=rlog(1.05)

- log 2
log(1.05)
Using a calculator to find the valuc of 1

gives 1 =14.2.
Therefore, the principal will double after
14,2 years.

The Richter scale measures the
magnitude M of an earthquake based
on the energy released by using the

formula M =log g* , where E is the
4]

energy released and E is the standard

energy. Il an earthquake recorded a

magnitude of 8 with standard energy

E, =10" Joules, what was the energy
released?

Solution
; E
Given M = Ing{——} E, =10" Joules,
£y
M =8.

Substituting these values into the
formula gives

E
8=log| —
“g[m‘]

Applying writing into exponential form

>

gives,
_‘E"_lzm’*
10
E=10"x10"
=In12

Therefore, the energy released by the
earthquake is 10" Joules.

Whenever required, take e = 2.7183.

1. Solve each of the following
exponential equations  giving  the
answers correct to 4 decimal places.
(@) 3*=2""

(b) 4x1.5'=30

Far Tomse Bonk Porm Fun
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(c) logsn=log,2 9. The intensity level L of sound is
5

¢ - Calculate the sound intensity
(d] IDEHIS=3 ER C =12 2 .

I il I, =1x107" wats/m?, given
(ﬂ] 5r+1 _5.1‘ =20 f
() 2 -5x2°+6=0 -’~=””'-"’E[E]'

2. The pH of a solution is 7. Calculate 10. The population of a certain bacteria
the hydrogen ion concentration [I F] grows according to .the formula
using the formula [H i J =10, P(t)= F,e" . Il the initial population

3. Solve x given (log,v)? + 12 = log .+ is 200 and the population doubles in

4 A population srows exponentially 5 hours, calculate the growth rate r.
according to the formula P(r) = Pe", L1. Solve the following simultaneous
Where £, is the initial population, r equations
is the growth rate, unfl fis time. If @ 2" =8x2’
the initial population is 500 and the :

, o | log(2x-3y) =1
growth rate is 2%, how long will it | _
take for the population to reach 10007, | (b)

5. Using the compound interest formula” {Iug,{y +3)-l=log, x
A=P(l+r), calculate the time ¢ Inglt.r+4)+]ug1(x—4)=lng1(y—?,]
needed for an investment to double if
the interest rate » = 4% annually. —

' Chapter summar

6. Rearrangethe formula £ = 10 lug(—:-] P immary
0 solysaS 5 |. A number in standard form is written
0 solve-for, I, then cnl::ulme 1At as A x 10n, where 1 <A<10andn
L=80dB and I,=1x10™" waltls/mz2, IS an integer,

7. The decay of substance over time  |2- A number in ¢Xponential form can

(% Siven by N(t)= Ne™ where N, be exprlessed in Ingu.ritl*.lmic form as
is the initial quantity, A is the decay _S.ET_HEIEE}EEWEE lable.
constant, and ¢ is time, |f N, =500 Exponential Logarithmic
and N(1)=250 afier 19 years, form e form

; Eﬂculntc the value of 2, 1000 = 1¢? log,, 1 000 = 3

- Using the com inte [
. 2 fl Pound interest formy|g 1 =10° log,,1=0
= P(l+ry, caleulate the time {
necded for an investment 1o triple its 001 = 102 log,, 0.01 =2
mitial value if he interest rate js 5%
. annually, Generally, if x = 40 then log, x=p.

J
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3. The laws of logarithms are:
2. Determine the decimal numerals for

Logarithm of a product: cach of the following:
log, (MN)=log, M +log, N (@) 9.15x105  (b) 8x 1073
Logarithm of a quotient: © 1.06x10°  (d) 2.5x% 10!
M 3. Compute each of the followi
1 — =1 - hp following,
L o e [ N) o8 Mi=log, N give the answer in standard form:
- Logarithm of a power: (a) (3"‘ |U_5)"‘ (27~5__" |0l5]
:55.'. L
3 log,(M)" = plog M ) (125 104)x(8x107)
% Logarithm of identical power and (©) 8x10°
3 base: log, a =1 5%10°
~ ".l —
Logarithm of a root: mi 1728107
log, ¥x" = Llog, x T3, it
m

(@) (25%10")x(1.5%10%)—(2.0x10")

d"'\lf

4.The conversion formula from log, x-

L oz &0, (1.2x10* -6x107)
to log, x is given by log, x = loﬁ:b; (1 S0x10
5.The principles of calculating the
)
logarithms depend on. the Jaws of (g (1.2110 )X(Z_lxll] 1)
exponents, . . 4x10°

That is: f
(i) whenmultiplying, add logarithms,
(i) when-dividing,subtract, and

(h) 6.13x107"" +3.89%10™*

4. Find the value of x in each of the
following:
(iii) when raising to a power, multiply (a) log,x=4

5 " by, the exponent.

(b) log, [L) =ad

125

(c) log x=3
1. Write each of the following numbers
in standard form; 5. Determine the value of x in each of
(a)8419000  (d) 0.000123 the following:
(a) lug(.rE + 3.1:—44) =1
(b) 45.7 (e) 4 (b) log(2x+1)=0
(€) 716 (D) 0.005 6. Determine the number whose

logarithm is defined as follows:

;._..-
o 1 @ Snudrary oot Form Twe
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(a) base 10is 6
(b) base 6 is 6.

7. Given thatlog .x=8.0524, find the
value of log ¥x .

8. Given that log2=0.30103,
log 5 =0.69897, and log 7 =0.84510,

35
find the value of log [?J without

using a calculator.

9. Without using calculator, determine
the value of log5-log8+4log2,

10.Without using a caleulator, simplify
each of the following:

log /10

®) log 10
(b) log,176-log,11

x log 100 2

I1. Use a caleulator to find the logarithm
of each of the following numbers:
(@) 0.8008 (b) 724079
(c) 0.0002 . (d)23.9

12, Find the value of x if:
(a) logx=-4.3217

(b) logx=2.5543
e (¢) log, (x*+15x)=2.
*130f log, (x*y") =15 and

log, (.t‘y’) = 217, find cach of the

following:
(b)

14.Given that log, xy* =8 and

J.':
log, [T] =-6:
2 — ¥ -__ 1 }

(2) log,x log, ¥

¢ Capture more
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17.

18.

19,

20.

h the back button to exit full screen,

o .

(a) Write the two equation

comnecting log, x and log, y.

(b) Determine the value of log, x

and log, v.

(c) Evaluate IDEH(J‘U;)
The intensity level L in~decibels

(dB) is given by 'L=lﬂ'lug(fi].

;'_‘sil il

(TS

where [ is sound intensity and I, is
the reference sound intensity, If the
intcns..ili level is increased from 50
dB.to 80 dﬁ, calculate the factor by
which the intensity / has increased.

.. A certain radioactive substance has a
- decay formula N (t)= N,e™". If the

initial amount N, is 200 grams and
the amount remaining is 50 grams
after 1 years, find 1.

Given that log b=¢ and log,d = f,

express log [h!d ]in terms of ¢ and
\Vd
i
The amount in a bank account grows
according to the formula A= Pe” | If
the amount in the account triples in 5
years, find the annual growth rate r
assuming continuous compounding.
The population of species grows
according to the formula P(1) = Be".
If the population doubles in t years,
find the value of % in terms of 1.
Find the value of x for cach of the
following equations.

(a) log, (-"': _4) =2log,, (I—Z).
(b) 2*-2"-6=0




21. Find the value of x, if 25. Given that log,x = u, log, y=v.

log. (x—1)+log, (x+3)=4. , S _
8.2 ) o8, (x } and —= 3, express z in terms of u
:ilr

22. Determine the value of x if: and v.

(a) log, x +log, x +1=1log,12
) ' ' 26. 1If log2=0.36103, log3=0.47712,

(b) Iug.r=|ug[-%l+3lug2—lugl%] log 5 =0.69897, and log7 =(0.8451,
- evaluate each of the following:

(a) log.(18)
(b) log,.(45)

23. Find the value of xin the equation
log, x+log,(x+1) =log,12.

74. Determine the value of log xin the ©  log.(200)
=

equation x= . -:b if loga=1.2. (d) log,(27)

L (€)  log,(20)

logh=15, loge=05, logd =(.8.
(f) log,64
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Chapter Seven

els

,,- el l

Tntroduction

Objects exist in different categories and characteristics which semetimes may be
difficult to describe and understand their nature. Understanding the concepts of sets
simplifies the process of categorising and organising such objects based on their

nature. In this dmpreu you will learn the concept of a set fdu‘lurg;mh between types of
sets, perform operations with sets, represent sets in Venn diagrams, and determine the
number of elements in a set. The competencies dﬂdﬂped will enable you to simplify,
categorise, analyse, and generalise different pmb!ﬂm arising from real-life situations
niore systematically. ‘

v’

| — i

Think

Organising and categaﬁsmg dﬁm with little or no knowledge about the
concepts of sets. N

h hrl'.":rnml‘i'rtﬁjh‘!{.

Concept of a set <V Engage in Activity 7.1 to explore how (o
Asetisa collection of well defined objects | form sets in real life,

with common and distinct features. The % 5 : )
objects in a setvare.are called elements Agtivity 12 eioelingalams h::lwlnglhu
or members of, the set. The members of sdme ch“_r“ﬂ“'ﬁ"“
a set are uqually separated by commas | 1. Gathera variety of items such
and enclosed-within curly brackets { ). as exercise books, pens, pencils,
For. mﬂancc, il B is a sel representing erasers, rulers, notebooks,
:.ludanu in a class and John is a student in highlighters, and paperclips.
that class, then John is 2 member of set B | 2. Sort the items based on their specific
~ or is an element of set B. This relationship characteristics.
. is denoted by the symbol e, which means | 3. How many different groups of items
‘a member of” or ‘an element of". That is, have you created?
John € B. 4, Assign each group a letter: A, B, C,
Forexample,if C = {1, 2, 3}, then le etc.
C,2eCand 3eCwhercas 5 ¢ C(5isnot |5, Reflect on the similarities and
an element of C). The number of distinct differences between the groups.
elements in set A is represented by n(A). Consider the characteristics that
For example, if A={a,e,i,o,uf, then influenced your sorting decision.
n(A)=5. \,

‘_ S dent's Book Form Two o -
ir - Drag from top and buch the back button to exit full screen.
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Sets can be described indifferent ways. The
most common ways of describing a set are:
by statement form, by listing (roster form),
and by a formula (set builder notation). For
instance, if set A is a set of even numbers,
then it can be described as follows:

(a) Statement from: A = [even numbers)

(b) By listing: A=1(2,4.6,8, 10, ...}

(¢) Using a formula:
A={x:x=2n, where neN ) and is
read as A is the set of all x such that x
is an even number.

Given a set

A = [odd numbers between 1 and 10].

Describe the set A by;

(a) listing

(b) set builder notation

Solution

(a) A= 1{3,5,7.9]) _ ,

(b) A= {x:x=2n—1,whereneN
and 2<n <5},

Describe the following sets in roster

form.
(a) ‘The set of all letters in the word

*AGRICULTURE".

(b) The set of all letters in the word
“DISTINGUISH".

(¢c) The set of all vowels in the word
“EQUATION".

Solution
(a) Ttisobserved that the distinct letters

in the word “AGRICULTURE" are
A,C.E G, I, L,R, T, and U. Since
the order in which the elements are
written is does not matter and the

repetition of elements has no effect,
then the set of all letters in the word

AGRICULTURE is:
[A,C,E,G,],L,R, T, U}

(b) The word “DISTINGUISH" has the

following distinct letters: D, I, §, T,
N. G, U, and H. Therefore, the set of
all letters in DISTINGUISH 1s:

{D.1S,T. N, G, U, H}.

(c) The word “EQUATION™ has the

vowels: A_._E, I O, and U. Therelore,
the set of all.vowels in the world
EQUATION is:

{A.E 10, U}

.
1 m

, Tn questions 1 to 3, list the elements of

each of the following sets:
I. A= [x:x isan odd number less
than 10}

2. B = (days of the week that begin
with the letter S}

3. C = [prime numbers less than 13}

In questions 4 to 8, write each of the sets
in statement form:

4. A= (1,2 3 4,.:)

B=1{1.3 5 7.9 11}

C={a, ¢}

C=(2 3, 5 7, 11, 13, 17. 19}

el i S

E= (a e i 0, u}

In questions 9 to 12, write each set using
a sel builder notation:

9. A = {even numbers)

10. B = {numbers divisible by 5}

@ S ———




11. C = {natural numbers less than 20)
12, D = {perfect squares numbers)

13. Determine whether each of the
following is a set and provide a
reason for your answer.,

(a) {3, 5, 7, 11}

(b) {dog, cow, stone, goat)

(¢) {a, ¢, i, 0, u}

(d) {Asia, Africa, Europe, Australia

(¢) {January, Monday, Wednesday,
November)

14, List the elements of each of the
following sets:

(@) P = {last three consonants of
English alphabets)

(b) D = [months beginning with
the letter J} i |

(€) F = {prime numbers Icszﬁ than~
20) .

15. Describe the following sets in
set builder notation, - :

(d) The set of all letters in the word
“PROBABILITY".

(e) The set'of reciproc
numbers; -

(Hh B = [1,3,9)

als of natura]

16. Dcxc_ribe ciach of the follow

in roster form,
(@) [x:xeZ and |q<3)

(b) {x:x ig the letter in the word
I’RDPOKI‘IDN]
il a0

"1+landlg3,uEN}

ing sets

Types of sets

Sets can be cartcgorised intg different
¢ Number and natyre of

drnf'y Bonk | o T

]
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their elements. The categories include:
finite, infinite, singleton, and empty sets,

Finite set

A set is finite if it contains a countable
number of eclements. For instance,
A= {a, b, ¢, d, ¢} is a finite set because its
elements can be counted.

Infinite set

Asctisinfiniteifitcontains anuncountable
number of elements. When representing
infinite sets, a few elements are listed
followed by an ellipsis (---) 1o indicate
that the list does not have an end. For
instance, A = (2, 4, 6, 8, ...} is an infinite

set because the entire elements can not be
counted.

_ Empty set

An emply set is a sel which has no
elements. It is also called as g null or void
sel. For instance, the set ol prime numbers
between 31 and 37 is ap cmpty set because
there is no prime number between 31 and

37. An empty set is denoted by the symbol
{ }or @,

Singleton set

A singleton set is a set that contains only
one clement. For instance, H = {2).

Comparison of sers

Two or more setg can be compared and
classified as equivalent Sels, equal sets or
onc is a subset of the other,

Equivalent serg

Two sets are equivalent
ame number of elemeny
symbol "=" ig ysed lod
For instance, set A

if they have the
5. Nurmully, the
€note equivaleny,
=12, 4, 6, 8) and set
B={a b, d) are equivalent because
they have equal number of elements. Thay
15, n(A) = n(B)=4,




Generally, if n(A) = n(B), then the sets A
and B are said to be cquivalent. That is,

A= B.

Show that A= {4,6) and B={goat, dog}
are equivalent,

Solution

Since n{A) = 2 and n(B) = 2, then,

A =B.
Therefore, the sets Aand B are equivalent,

Viathematics for Secomineg

Equal sets

Two sets, A and B are said 1o be equal if
they are equivalent and their members
are exactly the same regardless of the
arrangement or order. For example, il

A=(1,2,3,4) and B = (3, 1,4,2)5

then A = B since all elements of A are
elements of B and all elements of B are
also elements of A.

Note: All equal selsfm‘;eﬁuivu]em but
not all equivalent scts are cqual.

..k "v

Example 7.4 8
IfP={x:x’-9=0) and
Q::!,ﬂ.er and 7 < x <10}, show that
P=Q.
- Solution
‘GivenP = {x:x’-9=0} and

Q={x:xeZand 7<x<10} it follows
that,

={[x:x*=-9=0)
={-3,3)

Thus, only =3 and 3 satisly x* -9=0,
ﬁence n(P)=2.

¢ Capture more
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Again, Q={x:xeZ and 7< x<10}
=18, 9}, thus n(Q)=2.

It follows that, n(P) =n(Q)=2.

Therefore, P=Q. |

-
-
Y
- Y ’,f
\ "

1. Which of the following sets arc finitc,

infinite or empty? ", N

(a) -[Nalmhi Dar es Salaam)
(b) —{2 4,6, ..., 36}
(c) < . =§{x X e N x>0}
J,(d:]'_ _ D =|All goats in your class}
“(e) E ={All mango trees in the
~ world}
(N F ={x:xisamultiple of 3)
(g) G ={x:xisaprimenumbers) \
) H={1,3.57) J
i I'=(]

2. Which of the following pairs of scts

are equivalent?

(a) A={ahb,c) and
B = (b,c,d)
(b) B={Rufiji,Ruaha, Malagarasi}
and C = [Lion, Leopard}
(c) D=|{a,b,c,d] and
= {a, b, c}
3. Which of the following sets are
equal?
(a) A=|ab,cd],

h the back butten to exit full screen,
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= {d, a, b, c),

C ={a, e, i, 0,u).

(b) H ={a,b,cdec],
1 =(d,c,b,a},

J = [a,e, b, ¢, d].

Stulent's Kook Form Two




4. Which of the following sets are finite,
infinile or empty:
(a) A = [Alrican countries in
Asian conlinent }
(b) B = [All the letters of the
English alphabets)
(e) D = [All months with 32 days}
(d)y E=|[2, 4, 6, 8, 10}
(e) F={x:x>20]
(D G=[(1,223.4,5,..)
5. Give three examples of finite,
infinite, and empty sets in real life
situations.

6. Show that the set of letters needed
to spell "CATARACT" and the set
of letters needed o spell "TRACT"
are equal.

7. Which of the following sets are |

emply? a
A=[x:x —5=0 andx is rational}",
B = {x:xis an even prime numbv_.:r}'
C={x:6<x<7,xeN} ,
8. Find the pairs of cqual sets from the
following sets, if any:.
A={0}, _
B = {x>7andx< 4),
C=(x:x-5=0),
D= ({xv%=4},
E= {a:xis a positive integer
which is u root of the equation
X’ =2x-15=0},
F = [x : x 1s the letter of the word
REAP)

Subsets

Set A is a subset of another set B if all
clements of A arc also elements of B.

For example, if A={a,b,c,e} and

B={a b,c,d c} then A is a subset of B

Stuwdent's Book Form Two

because all elements of Abelong to B, If A
has less elements than B, then A is called a
proper subset of B, denotedby Ac . IfA
is a subset of B and the two sets are equal,
then A is called an improper subset of B,
writtecn as Ac B. If A=D, then ACB
and ACB,

Therefore, a subset of a set can either be
proper or improper.

Note: The empty sct is a subset of any
set, and a set is a subset of itself.

Example 7.5 ¥

List all the subsets of A= {a, b).

Selution
The subsets of A= [a, b) are all

. possible sets which can be obtained by

taking some or all elements of A.
Therefore, the subsets of set A are: { },

(a}. (b]. (a. b].

What arc the subscts of B= (1, 2,3]?
Solution

The subscts of B ={1. 2, 3] arc all
possible sets which can be obtained by
taking some or all elements of set B.
Therefore, the subsets of set B are: { |,
(1) (20 (35 (1.2 (1, 3] {2, 3}, {1,
2,3)

The number of subsets of a given set can
be obtained by using a formula 2", where
n is number of elements of the given sel.
The formula is obtained by observing
the patlern in forming subsets ol sels as
shown in the following table.




M

(l =20

) (. (1) 2=2 -
(2, 3) [ 1. 12), {3}, (2.3) 4=2x2=
||_I,2,3|

Therefore, the formula for finding

B

What is the tota] number of subsets that
can be formed from the set

A=(1,2,3,4
Solution
Since n(A) = 4, then 27 = 24 — 16.

E &

Therefore, set A has a total of 16 s'uh;ets..

Universal set

A universal sef s a set that contains (he
elements of all sets under consideratjon,
Itis denoted by the symbol H or . For

instance, the se(*of integers contains )
clements of-seqs ol

Numbers Jegg

UL A2), (3), (1,2), (1,3, (2,3),(1,2,3)
“.2.3, s :"} l ]- l‘]l {112}1 "',{Ilzl"‘ln} 2"

"Dt List all the subsets of each of the
L

8=2x2x%2=23

the number of subsets of a set with n elements is 2",

scts A and B do not have any elements in
common. Therefore, A and B are disjoint
sets. Otherwise, they are joint sets.

E

following sets:

(@) A={1)

b) B=g

(c) C= [Tito, Juma)

Find the number of syubsets of each of
the following seys,

(@) A={24,6, 8)

(b) B={a,h.c,d,e.f.g}
© [}

In questions 3 1o 5, whic

h set in each pair
is a Proper subset of

the other? Use the

Symbol .
3. A:In,b,c,ie.f,g.h] and
B=(d,e, f}
4, A=[2,4} andD={2,4,5}
5 A={l.2.3.4....} and
C=[2,4.ﬁ,8....}
_.'i:u_;;n."tlh

ik Py T-H._:
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6. What is the total number of subsels
that can be formed from a set with
seven elements?

1. Foreach of the following statements

write T if the statement is true and F
if the statement is false:

(@) Il G={4,5,6} and
H = (5,6,7,8), then G<H.
(b) If K=1{) and
L. = {tree, house, eggl, then
LK
(e) If A={s,t,u,v) and
B = [s,t,u,v), then AcBand
B c A.
(d)

Wl={}2:% 4 ... ) and

10.

12

13.

i
| -

1= 4,6, 8 o hthen,Jesll o | )

If G =|[cities, towns, and regions

in Tanzania ), which of the follow
Sets are subsets of G2

A= {Nairobi, Dar es Salaam )

B= {Dodoma,Mombasa, Mwanza)
C=p

D = {Arushy, Iringa, Bagamoyo)
E = {Mbeya, Tundury, Ruvuma)

ing

9 Which of the I'nlluwiug sets
\ of K, where, K =

(a)
(b)
(c)

(d) D= yp, B NS L, v, w)

(¢) E= {a, b, c,d)
N F= |5,v,qi

ire subsels
{p.q,r,s, Lu, v, wj
A={p, st x}

B = [q.r,:l,ll
PRl W

" Bonk Ferm Twa
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14,

15.

e —

What is n(A) if:

(@ A=}

(b) A= (2,3.4,5,6)

Write in statement form the universal
set of the following sets:

(@) A= [a,b,c,d]

(b) B={1,2,3,4)

How many subsets are there in each
of the following sets?

@ A={1,234,5)

(b) B = [a,b,c)

©, . C=Tr:xe N,95x<13)

Using sct notation, show which sel is
asubset of the other:

(@) A= {Countries in East Africa)
and B = {Tanzania, Kenya,
Uganda)

(by C= (P.q. s, 1, u, v} and
D={s,t u, v}

State whether or not the follow
Sets are disjoint:

@ A= {(ab,e, d, c)

ing

B = {h,i,j.k]

b) A= {x:.r£3,.tEI“~‘l|
B=0)

) A=

x0<x<d xe N ]
Y-22x<l,xe? )
LetA = (1,2,3,6, 7.9
each of the follow
whether it is true ¢
() 2eaA

(ii) (1,23} 5
(iii) & cA

(V) {6,9)¢ A

B =

ing statement
T false:




Operations on sets

It is possible to combine two or maore sets
under specific conditions to obtain a new
set. Engage in Activity 7.2 to experience
set operations in real life.

~

Activity 7.2: Exploring sct operations
in daily life
I. Collect simple household items such
as lids of bottles, coloured buttons,
and fruits.

2. Organise and compare sels of ilems
by combining them. Identify common
items and items which are not in the
whole set, and then distinguish the
sets.

3. Representthe sets in amethod of your
¥ choice and justity your categories.

In Activity 7.2, one has perforned
sct operations in different” ways by
categorizing and comparing, combining
and identifying common items.

Set operations are categorized into
four types namely: “union, inlersection,
cnmplcmqnt, aﬁi_i set difference. These
ﬂpcrnlitlns,_i__rL\;ulve identifying elements
in each set and determining the number of
elements involved.

Union of sets

The union of two or more sets is the set
that contains all the elements of each set,
without any repetition. The union of sets is
represented by the cup symbol "U", Thus,
AUB denotes that an element x belongs
to AuB ifandonlyif x€Aor xeB or
x is in both A and B. The keyword for the
union of sets is “or",

< f
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(-keyword for intersection is “and”.

p ‘B=[1,3,5], then AnB={(1, 3, 5}.

Drag from top and uch the back button to exit full screen.
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Example 7.8

Find AUB if A= [a,b,c,d,e,f} and
B = {a,e,1,0,u}.
Solution

GivenA = (a,b,c,d, e, f] and
B = {a,e,i,o,u). It full?ws that,

AuB={a,b,c,d,e,f i o0 u}\
Therefore, AUB = (a, b,¢, die/f. i, 0, u}.

Intersection of sets

The intersection of sets, A and B is the set
which contains all the elements that are
common 10 both sets. It is denoted by the
cap symbol *~". Thus,the intersection of
sets Asand B is written as ANB, which
means, xe AB if xeA and xeB. The

For example, ifA= (1, 2, 3,4, 5) and
ERD
Find AmB if A={a,e,1,0,u) and

B={ab,cd,e,f) and swte if A and
B are disjoint sets or not.

Solution

GivenA = (a,e,i,0,u} and
B={(a,b,c,d,e,f],itfollows
that AnB = {a, ¢}

Therefore, A and B are joint sets.

Find AmB if A= {a,e, i} and

B = {b, ¢, ). State if Aand B are
disjoint sets or nol.

Solution

Given A = {a.e,i} and B = {b, ¢, [].
The sets A and B do not have common
clements. Thus, A and B are disjoint

sets. Therefore, ANB=0@.
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] nt of a set Number of elements in a set
Compleme L

I A is a subset of a universal set, then The number olj clemenlslm nnl:ril:t:hiest (:lls
the complement of set A is the set Ihli“ 'l;:md blj:] Eg:l::;ns :lz:::::nt:s cin:Ea et s
contains all the elements that are in the € nu men . -
i in A, Itis denoted by known as the cardinality of the set. Fo
uAn'“:rrs:I‘ .sclt':: IHI;T;I:E: iI'tU = [a, b, 3 example, you.mighl wnlm o 'I‘md lhf: r}umber
d....z) and A = (a, b), then of elements in the ufuon. mtc_rsectm'nl. or
. complements of finite sets. If the set is
A= lede .z, infinity, then its cardinalil'y.isf_inf‘mities.
Engage in Activity 7.3.10 explore how 1o

Given Jt = (15, '45‘ 135, 275} and determine the number of elements in a set.
A= {15, find A", Activity 7.3: Exploring the number )
Solution of elements in a set
A" = (45, 135, 275) 1. Consider the universal set

— “={x:x<10, xe N},

A={xisa prime number}, and

Given U = (a,¢,i, 0, u}and N B={xisan odd number}.
B = {c, i}, find B, <, L List all the elements of M, A, B,
Solution

)N ANB, AUB, ANB AUB,
The set T T 9 h and A'nB.
o =, Coiaims:all eys ,Wh'c Explore different sources
are not in B. . .

N

such as

to leamn

offline and online libraries
the number of elements

i i how to find
B’ = {a, o ul),, in a set,

Use the knowledge acquired in tagk
2 to _ﬁnd the number of elements of
RE 11.2,3,4,5,6,7,8 0, 10, o ek ),

M, 12,13, 14), 4. Study the number of elements of

| the scts A, B, AnB, and AUB
A E=12,3,5,7, 11, 13), ang o lask 3, i

N B=12,4.6,8,10,12, 14), g Eﬂmﬂfh’p'
@) AR (1) Anp' A and A
Solution relationship,
' St;'m: the number of
110,12, 14) A'NB, ANB, and A, and deduce

(11, 13) any reIaUnnshjpbg[w

e of elemenys of
Based

Therefore,

-

-

Given

A

of elements iy u,
and deduce any unique

3
=2
2
=
&
=

the seqs,
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o
o
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o
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From Activity 7.3, one may have learned
that, the number of elements of a set can
be obtained by counting elements in the
given set. The number of elements of a
sct A is denoted by n(A)and read as “the
number of elements in setA ™,

For any two sets A and B, the following

are the relationships between the two sets.
I. n(AuB)=n(A)+n(B)-n(AnB)
2. n(g)=n(A)+n(A")
3. n(A)=n(AnB)+n(ANB)
4. n(AN=n(A"nB)+ n(A'nB’)

Eranri T

A total of 40 people attending a seminar
were asked to describe the source of
energy between gas and charcoal they
use in cooking. Among them, 16 said
they use gas, 25 use charcoal and 6 use
neither gas nor charcoal. How many
participants use both gas and charcoal?
Solution

Let u = {people attended the scminar},

G = {people who use gas} , and
C = {people who use charcol}.
Thus, n(j) = 40, n(G) =16, n(C)=25,
and n(GuC)'=6.
Required to find n(GNC)
From n(GuC)=n(u)—n(GUC)
=40-6
=34
But n(GuUC)=n(G)+n(C)-n(GNC),
Rearranging the equation gives,
(G NC)=n(G)+n(C)—n(G wC)
n(GNC)=16+25-34
=7
Therefore, 7 participants used both gas
and charcoal.

In a community of 500 people, 300 are
in the climate action group and 250 are
in a poverty alleviation group. If 180 are
in both groups, how many pcople are in
each of the following categories?

(a) Climate action group only.

(b) Poverty alleviation group only.

(c) At least in one group.

(d) Neither of the two groups.

Solution
Let: ¢ = | people in a community}
C = {people in climate action group}

P ={people in poverty alleviation group}

Given n(y1) = 500, n(C) = 300,

n(P) =250, and n(Cn P)=180.

¢ (a) Required to find n(CnP).

From n(C) = n(CrP)+a(CnP’).
Thus, 300=180+n(CNP’)
n(CNP')=300-180
=120
Therefore, 120 people are only in
climate action group.

(b) Required to find n(C'NP).
n(P)=n(CP)+a(C'NP).
n(C'NP)=250-180
=70
Therefore, 70 people are in poverty
reduction group.

(c) Required to find n(CUP).
n(CuP)=n(C)+n(P)- n{CnP)
=300+250-180
=370
Therefore, 370 people are at least in
one group.




(d) Required to find n{(CUP)'.
n(u)=n(CUP)+n(CUP)
500=370+n(CuPp)
nCwP) =500-370
=130
Therefore, 130 people are in neither of the
the two groups.

In a village with 400 households, 240
have access o clean water and 220
have good sanitation, If 90 households
have no access 1o clean water and good
sanitation, how many households have:

(a) Bothclean waterand good sanitation.
(b) Only one of these services.
Solution

Let u = {houscholds in a village} ,
W = [houscholds with acces to clean water),

S = {households with sanitation} .

Given n( ) =400, (W)= 240,
n(S) =220, and #(W uUS)'=90.
(a) Required to find {;{WHS].
n(p)=n(WuUS)+n(WuS)
400=n(W wS)+90
n(WuUS8)=400-90
=310
Bul (W uUS) = + n(W) +n(S)=n(W nS)
310=240+220-n(WnS)
n(W nS)=240+220-310
=460-310
=150
Therefore, 150 households have both
clean water and good sanitation.
n(W)=n(WnS)+n(WnS")
P 240=150+ n(WnS")
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n(WnS§')=240-150
=90 (have clean water only)
But n(S)=n({WnNS) +n(W'nS).
220=150 + n(W'nS)

n(W'nS)=220-150

=70 (have sanitation only)
Households with only one service = clean
wilter only + sanitation only

=90+70

=160"
Therefore, 160 have only one of these
services.

From _iiucéﬁ:m 1 to 10 find the union and

)
l intersection of the given sets.
re
A= (5,10,15), B = {15,20)

2. A=} B= {14,106}

3. A= {first five letters of the English
alphabet}), B =(a, b, ¢, d, e}

4, A ={counting numbers}, B = {prime
numbers }

5. A ={cup,spoon}, B =(cup, plate}

A = {All multiples of 5 less than 30},
B = [All multiples of 10 less than
30)

7. A=[All prime factors of 42},
B = (All prime factors of 15}

8. A =[Alleven numbers less than 10),
B = { All multiples of 3 less than 12]

9. A= (64,81, 100, 121},
B = (64, 81, 144].

&= 155/232 [N



10,

11.

13.

14.

15.

16.

17.

A =[n, b, ¢, d},
and C ={ )

Find the intersection of the sets,
A={ab,c,d}and B={1,2,3.4).

If j=1{1,23.4,56,7.8}
A=(1,234), andB ={1,3,7},

find A" and B". 19,

If y+ = [mango, orange, tomalo,
cabbage}, A’={mango, tomato],
list the elements of A,

If A= {1,3.,578) and
B =(2,4, 6,8, 10), list the clement

of AUB.

If u ={red, green, blue, black,
white}, find A’ if A ={green,
white, black]). p
Given that st ={1,2,3,4.5.6,7]
andA={1,2,3,4)and B = (3.4,

5. 6}. Find each of the following:

(a) A'mB (h) n(AM )

(¢c) B'UA’
(e) (AUB)

Given the universal set
p=10,4.2,3,4,56,7}. Ir
A={0,1,3)and B=(5,06,7).
Write T for a true statement and
F for a false statement in each of
the following:

(a) A'=8B

(b A'UB’'=[1,2,3,4,5,6,7]
(¢) A'mnB’ =(AuB)

(d) n(AnB) =1

(e) m(A'UB') =9

() n(ANB') + n(ArB) =n(A)

faca.}

B = (d,¢). 18.

I:Cﬂ BUA' 22,

23,

For each of the following pairs
of sets. find their union and

intersection:

() A=[2,4,6),F=(4.6,8 10}

(h) ¥= [x:2<x<8,xeN]
W ={x:7<x<l1l;xe N]

Given that g = {a, b)c, d,e. f),
A= {a.h.c]ﬂndB={u,d,c,F|.

Find cach of the following:

(a) AnB (b) AUB
) A'nB. (d) AnB’
(e) “A'nB' () A'UB

Suppose p = (1,2,3,4],
A= (1,2}, and B = {2,4]. Find

(a) A'uB (b) (A"

() (AnB)
Suppose A = {2,4,6, 8] and
A’ = (5,9}, list the clements of .

Two sels A and B are subsets of a
universal set & such that n(g) =135,

n(A) =6, and n(B) =4. Find:
@ n(A’)  (b) n(B)

" .”':{_4|_.31_21_ ].|ﬂ._. || Eu
3,4,5 A={-2,0,2,4,5}, and
B={—4,—3,-2,0,13}:

(a) List the elements of each of the
following sets:

(i) A (ii) B'
(iii) A'uB’ (iv) AnB
(v) AnB




(b) Find:(i) n(A'UR') Aand B in a Venn diagram is as shown in
Figure 7.2.

(i) n(A'nB)
(iii) n(A N B) P—"

24, In a certain street with 200 houses, A ——t— 0) .
170 houses have electricity and 145 [

have tiled floors. How many houses )
have both electricity and tiled floors? Figure 7.2: Joint sets in a Venn diagram

Assuming that each house house has .

a tiled floor or electricity or both. I the sets are disjoint, the circles or ovals
do not overlap. For instance, if A= {a, b}
and B = {1, 2},-Ij1c Venn diagram for the

Rk o g

Mathemanes fop.Secomn

Venn diagrams

twa disjoint sets is shown in Figure 7.3,
A sct can be represented by a diagram w? JOIG! 5675 15 shown In Higtie

called a Venn diagram. A Venn diagram e
is named after a British Mathematician, \
John Venn. In drawing Venn diagrams, .= 4|

rectangles represent universal sets, while o
ovals or circles represent subsets.. For
instance, the set A = (a, b, c_l"c““ be Figure 7.3: Disjoint sets in u Venn diagram
represented in a Venn diagram as shown
in Figure 7.1. y Representation of the complement of a
y sct in a Venn diagram
— If A is a subset of a universal set j, then
the complement of A may be represented
in a Venn diagram as shown in Figure 7.4,
_ S—— where A’ is represented by the shaded
’ y, region.
‘ e——H

Figure 7.1: Venn diagram for set A
A=
= . —= ﬁ'
In this case, u represents the universal set : : >

and A is a subset of pu. If two sels have

elements in common, their ovals overlap.
Forinstance, if A = [a,b,c) and B = (a, Figure 7.4: Venn diagram showing complement
b, d}, then the representation of the sets of a set.

‘ i dent's Book Form Tun
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Example 7.17 (b) Determine n(A), n(A') and n(p).

If A is a proper subset of B, represent the (c) Find n(A) + n(A’).

two sets in a Venn diagram, (d) Comment on the result in n(u) and
Solution n(A) +n(A).
Since all elements of et A are in sel : {

% Solution o}

B, then A cB. Therefore, the Venn  The Venn diagram representing the given

% diagram for A c B is as follows. data is shown in the following figure.
=% lmw — |
g e
- =

(b)Y From the Venn diagram n(A) = 3,

. MI(AY =2, and n(u) = 5.
%%~

S nA)+n(A) =5
Represent AUB ina Venn diagram, . (d) The number of elements in a

given that -3 universal set is equal to the sum of
A=(1,2} and B= {1, 3,L5}: the number of elements in set A and
Solution " ' the number of elements in the set
Since 1 is a common element to both Al

sets, then the sets are represented in a

Venn diagrantas follows, Thatis, a(u)=n(A)+n(A).

Example 7.20

Giventhe sets, u=(1,2,3,4,5,6,7, 8},
A={3,4,5}, and B={l,2,4,6}. Show
that (AwB) = A’ B’ by using a Venn
diagram,

Solution
Given that

n=(1,2,3,4,56,78), A={3,4,5),
and B={1,2,4,6}.

Givenp=[a, b, c,d e)and A= {b, ¢, ¢}.

(a) Represent the information in a Venn
diagram.

w @ .'j-fldrfrﬂl"l' ﬂrlrll F' o r“ e
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Example 7,22

The complement of the two sets A and B
are; A'={1,2,6,7,8} and B'=(3,5,7,8).

If Aand B are two sets with some common

But Au3={1,2, 3.4,5,6}. elements, represent each of the following
sets in a Venn diagram.,

Thus, (AUB) ={7,8} (@) AUB

Theset (AUB)’ is shownin the following = () A~B .1

Venn diagram. N

-—H Solution

.
8 N N
- (a) AUB N
= o B -. . :
; _—_(AUBY '

Similarly, A’ B'={7,8). Theset A'nB’ _
is shown in the following Venn diagram. ~
-—H

o
8 PR The shaded region represents AUB.
“-@“—v Lo A
7 i —

o

From the two Venn diugl:z_inls. it'folluws 5
that (AUB) = A'nB'." G

Therefore, (AUBY = A’ B,
L N

et o e
;[mr.'lathe required region.

L7
.'E...
Gl ||
I
Ly
§
b
o
=
L
—
-

' Solttion If A and B are two sets such that
The set AN pis represented in in the n(ANB) =4, n(AUB) = 6, and n(A) = 4:
“followingVenn diagram, (a) How many elements are there in B?
e—p1 . (b) Between A and B, which set is a

subset of the other?
|
O —A . Solution

| Using a Venn diagram, the two sets can
be represented as follows:

Pl "Gem s

|F§~Jﬁemrnm, Anp=A.
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-— n(ENK")=n(E)-n(ENnK)

=40-30=10
A— Therefore, 10 students study English
& a only.
(b) The number of students who study
(a) ElementsofBonly=6-4=2. Kiswahili only is given by:
Therefore, B has 4 + 2 =6 elements. n(KEY=n(K)-n(E A K)
(b) A c B, This is because all elements =60-30=30
in set A are contained in set B. The number of students who study

English or Kiswahili or both are:

In a class of 120 students, 40 study Therefore,.the number of students
English, 60 study Kiswahili, and 30 Wirgesudy ueither Kiswaldlt, nar
study both Kiswahili and English. Find English are:
the number of students who study: 120 - 70 = 50 students.
(a) English only.
(b) Neither English nor Kiswahili. " In a certain school, 50 students eat
meat, 60 cat fish, and 25 ecat both meat
and fish. Assuming that every student
eats meat or fish, find the total number
E = {All students who study English) of students in the school.
K = {All students who study Kiswahili}]  Solution
Let g = [All students in the school },
M = [All student who eat meat}, and
F = {All students who eat fish}.
=— B The Venn diagram representing these
information is as follows:

Solution
Let ¢ = (All students in the school ]

Representation of the three sets in a
Venn diagran is as follows.

Al

i : = 1) = 40, and
Given mENK) =30, n(E) an From the Venn diagram, total number
n(K) = 60. of students = 25 + 25 + 35 =85.

(a) The number of students who sy, Therefore, there are 85 students in the
English only is given by: school.

— — m Caee A #®e Woad Fowm Tun




In general, the number of elements intwo 2. Use the following Venn diagram to
sets 1s connected by the formula:

describe the relationship between
nAUB)=n(A)+n(B)-n(AnB) the sels A and B,

The formula can be verified using a Venn
diagram as follows:

—H

Tl

Figure 7.5

%

3. By using sel notation, write the set
represented by the shaded region in
the following Venn diagram.

Let the number of elements in each region

be x, y and z as shown in Figure 7.5. The o [ * -—q
following equations can be obtained: e

A)= ' «
MA)=x+y | qu_
H{B]::+_}' ===y
nANB)=y

NMAUB)=x+vy+;

MAY+n(B)=(x+y)+ (y+ 2) 4,

=@+y+2+y
n(A) +n(B) =n(Aw B) + n(A N B)

Therefore,

n(A\UB) = n(A) + n(B) - n(A A B) .

S :

|. Represent each of the following in a

Venn diagram: 7.

(@) A={a, b, c, d)
(b) A={a, b, c} and
B={a,b,c|
() A={1,2,3) and
B={4,6, 8}

__ dent's Book Form Two @

Assuming that the sets A and B have
some clements in common, draw

a Venn diagram to show the set
A'mB,

If A and B are joint scts, represent
A"UB' in a Venn diagram,

In a Venn diagram, shade the region
representing the set AUA',

If n(AUB) =30, n(A) = 14, and
n(AMB) =6, use a Venn diagram to
find n(B).

Draw Venn diagrams and shade the

regions representing each of the
following sets:

T




(a) AUB study History but not English, and 1
(b) AmB studies neither English nor History.
(c) AUB' How many students in the class

study History?
9. Ifn(B) = 4, n(AUB) = 4, and

n(AmB) = 0, how many members
are there in set A?

6. There are 24 men at 4 meeling, 12
are farmers, 18 are soldiers, and 8
are both farmers and soldiers..,

10, If n{A) = 8 and n{AnB) = 8, what :
is the relationship between the sets
Auand B?

(a) How many men are either
farmers or soldicrs?

(b) How many.-men arc neither

11. Given n(AnB) = 6, n{AuB) = 10, :
and n(B) = 6.

farmers nor soldiers?

) ) 17. In-a. class ol 30 students, 20

(a) Find the number of members in students take Physics, and 12 ke

seLA. both Chemistry and Physics. How

(b) Between A and B, which setisa | “. many students take Chemistry, if
subsel of the other? s | %

8 students take neither Physics nor

12. Given n(AnB)=0and n(AUB)=4. Chemistry?

What is the relationship between 18, In a certain meecting 30 people
sets A and B? drank Pepsicola, 60 drank Coca-
13. Inaclass, 15 students play basketball, Cola, and 25 drank both Pepsicola
11 play netball, and 6 play both and Coca-Cola. Assuming that each
basketball, and netball. How many person took Pepsicola or Coca-Cola,
students are there in the class if how many people were there at the
every student plays at least one meeting?.
game? 9. Every woman in a certain club
14. In a school of 160 students, 50 owns a landrover or a bicycle. If
have bread for breakfast and 80 23 women own landrovers, 14
have sweel potatoes. Assuming that own bicycles, and 5 own both a
none takes both bread and sweet landrover and a bicycle, how many
potatoes, how many students have women are there in the club?
neither bread nor sweet potatoes for 20 A qurvey of 160 households, showed

15.

hreakfast?

In a class of 20 students, 12 students
study English but not History, 4

that 95 kept cats and 80 kept dogs.
How many households kept both a
cat and a dog?

Studenr's Book Form Tao
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21. A survey among 90 men who had
spent a day in volleyball or football
showed that 60 played volleyball
and 22 played both volleyball and
football. How many men played
foothall?

In a village, all the people speak
Kiswahili or English or both.
Among them, 97% speak Kiswahili
and 64% speak English.

(a) What percentage of people

speak both Kiswahili and
English?

(b) What percentage ol people
speak English only?

. In a class of 36 students, everyone
studies Biology or Physics or _bdth.'! |
9 students study both subjectsand
12 study Physics but nel Biology,
how many students study_Biology
but not Physics?.

. L

Chapter summary

I. A set-is a group or collection
‘of -objects that have common

characleristics.

2. A set is finite if it has a countable
number of elements.

3. Asetis infinite if it has uncountable
number of elements,

4. An empty set is a set with no
elements,

5. Equivalent sets have equal number

of elements.

Equal sets have the same elements
and an equal number of elements.

A subset of a set contains some or
all elements of another set.

A universal set is the set which
contains all elements of all sets
under consideration, i

A complement set consists of all
members which are not in the given
set, but are elements in a universal
sel.

A Venn ﬁingmm is a pictorial
representation  of  sets  or
relationships between sets,

A union of two sets is a set which

" is formed when the members of
the two sets are collected together
without repetition.

11.

The intersection of two sets is a set
formed by taking all elements that
are common in both sets.

12,

13.
3

A singleton is a set that contains
only one element.

I. If A = {a, b, c], which of the
following statements are true?
(a) AeA (b) deA
(c) ceA (d) beA

If A= [a,b,c,d}, whichof the

following statements represents the

set A?

(n) A set of four letters of the
English alphabet.

9




(b) Some of the sets of the first four
letters of the English alphabet.

(c) The set of the first four letters of
the English alphabet.

(d) The set of the four consonants of
the English alphabet.

 Describe the set A = {1, 4, 9, 16,
25} in statement form.

_ List the elements of the set given by
A = [x:x isacounting number
less than 8.

 Which of the following scts is an
empty set?
(a) A=[9]
(c) R=0

(b) B=(0}
(d) S={1

. Which of the following sets-are. .

equal or equivalent?
A={1,234,5]

B=1{14,710,15])

C = {cars, ships, aeroplanes]

D = {cars, ships,. acroplanes)
Which of the following sets are
finite or infinite?

A=

B'={all letters of the English alphabet }

{x:x isa prime number}

C = {all students in your school}
D=1{1.4,916,..}
E={1,4,9, 16,25, ..,81)

IfA = (a, b}, use symbols to write
a and b as elements of A.

How many subsets are there in
A= {a,b,c,d, e[ g}

10.
11.

12.

13.

14.

15.

16.

18

List all the subsets ol A = {& = U
In the following pairs of sets, name
the set which is a subsel of the other:
(a) A= {a.b, ¢} and
B = [e.d, b, c, a)
(b) C = {Tom, John, Idrisa) and
D = {John, Tom}

If A= {a,bc)].B= |4.4a, 1), and
={b, a}), which of the following

statements are true?

())AcB (b) BcD

(¢) AcD () DcA

if A={a,b,c,d} and B={ } find:
(a) AUB

(b) AmnB

Let A be the set of the first ten
counting numbers and B be the set
of the first four prime numbers.
Find:

(a) AUB (b) AnB

Ifp ={1,2,3,4,5} and

A’ = (2.3, 5] list the elements of A.

If u = {a,b,c,d, e}, B = (e, d],
and A = {a,b,c}, find the following:
(a) A'nB’

(b) Aw(BNA)

. Draw a Venn diagram to show the

region representing each of the
following sets:
(a) A'UB
(c) AMB

(b) B'mA’

(d) pU(A'mB)
If A={All even numbers} space
and B= { All perfect squares }, draw

a Venn diagram to illustrate the
relationship between A and B.



19.

21.

A

22,

Draw a Venn diagram to represent
each of the following sets, if A and
B are joint sets,

(ay A'UB
(by A'NB
() AnB
(dy A'NB
e) (AuB)

. In a group of 29 tourists from

different countries, 17 went lo
Manyara National Park, 13 went to
Mikumi National Park, and 8 went
to neither Mikumi nor Manyara
National Park. How many tourists
went to both places?

Study the following figure and.

answer the questions that follow.

B
s

(a) List all members of sets A and
B.
(b) Find n(AUB) and n(ANB).

(¢) How many elements are there
in A only?

In an interview at a railway station,
50 travellers reporied that Jast
month they had been to Tanga, 48
had been to Arusha and 36 had been
back to Arusha and Tanga. Using a
Venn diagram, find the number of

.‘. :

travellers that were interviewed.

23. In a survey of a certain school,

80 students had participated in a

vaccination program only, while 60

had participated in a health program

only, and 120 had participated
in both, It was further found that

90 had not participated in either

program. Find;

(a) The total number of students
who were vaccinated.

(b) The number of students who
participated in the health
program,

(¢) The number of students who
participated in vaccination or a
health program or both.

(d) The total number of students in
the survey.

24. Aschoolisassessing the participation

of students in sports and academic
club extracurricular activities, Qut
of the 120 students surveyed, 70
are involved in sports and 80 in
academic clubs, The school's data
shows that 50 students are involved
in both activities. Calculate the
following:

(a) The number of students involved
in either sports or academic clubs.,

(b) The number of students involved
in sports only.

(c) The number of students involved
in academic clubs only.

(d) The number of students not
involved in either activity.

L fly Alaudiiin Nfiialy




25. Out of 31 women participants in (b) When two classes meet at the

a gender cquality seminar, some same hour.

said they advocate women's rights — »¢ . \workforce of 80 employees,
and some have received higher 15 have undertaken a skills
education, If 22 participants development program and 25
advocate women's rights, 20 have are currently employed. If 10
received higher education and 5 employees have undergone skills
neither advocate women’s rights development training and are
nor have reccived higher education. employed:

Calculate the number of participants

= (a) Draw a Venn diagram
who advocatc women’s rights and

to represent the given
have higher education.

information.
26. Ina group of 60 people, 27 like coflee (b) Use the Venn diagram in (a) to
and 42 like tea and each person likes find:
at least one of the two drinks. How (i) The number of employees
many people like both coffee and tca? who have undertaken
27. There are 35 students in an art class a skill development
and 57 students in a dance cluss, program and are not
Find the number of students who are currently employed.
either in art or dance clusses: (i1) The number of employees
(a) When t(wo classes meet at who have cither have
different hours and 12 students taken a skill development

are enrolled i both activities, program nor employed.
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Chapter Eight

Trigonometry

Introduction

Accurate measurements such as distances, angles, and nm'ignr‘l{on ﬁ-a;:.’d he difficult
without having the knowledge of trigonometry. In tﬁfs c.'.-ap.'er you will learn
Irigonometric ratios, trigonometric ratios of specru! cmgies and perform calculations
that imolve angles of elevation and depression. Tl’!ecrmq;ve.rm cies developed will enable
you fo solve various problems related to bmfd;r}g canstructions, designing, navigation,
and many other applications. NV

Think .
Imagine what w ”aufd fmppfn in a world without glohal jm-l'ﬂ'ﬂnfﬂg)

systems and other navigation technologies.

Trigonomelric ratios

Sine, cosine, and tangent are the basic
trlgnnnmctnc raﬂos abbreviated as ‘sin’,
‘cos’, and Lan ‘These are referred (o as 2. On a sunny day, place a long stick

their real life applications.

ratios. bm:ausc they are defined by ratios vertically on the ground, then
of the sides of a right-angled triangle. measure the height and length of its
Dlher Urigonometric ratios derived from shadow.

</ lht‘:.‘nﬂ 1151[.'. mll{JS arc secant, cosccanlt,
“and cotangent. These are reciprocals of
the three basic trigonometric ratios.

3. Measure the shadow of a tall object
such as a tree or building and use
similar triangles to estimate ils

T ; ) height.
Activity 8.1: Measuring heights using
shadows 4. Share your findings with the
1. Explore the basic trigonometric f:las.s, f:xplaiﬂing your process and
ratios (sine, cosine, and tangent) and | | justifying your results.

= W dent's Bonk Form Tua 0

< i ¢ Capture more

h the back button to exit full screen.



Consider the right-angled triangle ABC

shown in Figure 8.1. Similarly, E:E—:E—E:;,
C AC AE AF

where s is a constant ratio. This constant
ratio is called the sine of the angle at the

-',‘Hj vertex A and is written in short a sinA.
m i

i G% Likewise, at, = A__D = E = &

: AC AE AF

where c is a constant ratio. This constant
ratio is called the énsi?c ‘of the angle at
Figure 8.1: Right-angled triangle ABC vertex A and is written in short as cosA.

A Adjacent side B

From AABC, in Figure 8.1, CAB = x, From Figurc 8.1 and 82, it can be
AC is the lenght of the hypotenuse side, deduced llii'.lt. the lengths of the sides of a
with respect to angle x, AB is the length right-angled triangle are used to define the
of adjacent side, and BC is the length of [_!_lfigunnmclrir: ratios as follows:

opposite side. e —
Consider similar triangles shown in Figure ' tanA= Length of oppositeside _ BC

59 Length of adjacentside AB >

Length of oppositeside
Length of hypotenuse side

sinA=

Length of adjacent side
Length of hypotenuse side

cos A=

Bl BIE]

AT B D G The following mnemonic is a useful way

- of remembering these definitions.
Figure 8.2 Similar triangles

SO TO  CA

From Figure 8.2, since the triangles are  H A H
_ .~ similar, it follows that

Using the mnemonic, it follows that,

YR N EG 0O
C_—B= E—_D- = .E, =1, S= H is a definition of sin A,
AB AD AG
0 . -
where f is a constant ratio. This constant L= A is a definition of tan A,
ratio is called the tangent of the angle A
al the vertex A and is written in short as C= E is a definition of cos A.

tan A.

o Stdent's Book Form Tan

Drag from top and touch the back button to exit full screen.

e
< V4 ¢ Capturemore FTEERRS



Study the following triangle and answer

the questions that follow.
C

-
A B

(a) Use angle C from AABC to label
the hypotenuse, opposite, and
adjacent sides.

(b) Use the triangle to write the |
Irigonometric ratios for angles A
F

and C.

Solution

(a) With reference to, ang]i:;.C. the
triangle ABC «is. labclled as
shown in the following figure.

From the figure, ABis the uppr:siite
side, BC is the adjacent, and AC is
the hypotenuse.

BC AB
| i A. = =, COs A = =—
(b) #in AC ; AC

by
(¢)

B
— cosC= =C_ and
AC

—

!  YZ
Gi that sinX=—=—,draw a
wen E{ xz

right-angled triangle that represents this
illl'ﬂ{ma!ﬁdn,and determine each of the
following ratios:

(a) sinZ
cos Z
lan Z
cos X

tan X

(d)
(e)

Solution

The respective triangle is shown in the
following figure.

7
.
X Y
XY XY
(@) sinZ==—  (d) cos X==—
sinZ= o c —
YZ YZ
(h.] | p— [E} tan }{:—_.-—-
cos Z= = XY
(0) s 2
YZ




In a right-angled triangle ABC,
AB=3cm, BC=4cm,and AC=5cm.
Find the value of each of the following:

(a) sin A (b) cos A (c) tan A

Solution
The given information is summarized in
the following figure.

From the figure, triangle ABC is a right-
angled triangle such that, ABC =90°.

Tt follows that:
length of opposite side

(a) sin A=I ngth of hypotenuse side
_BC_dem
_AC._ 5S¢

4
Therefore, sin A= E

length of adjacent side

(b) coBA= length of hypotenuse side
AB _3cem
~AC “5cm
3

Therefore, cos A =—-

Ln

length of opposite side
length of adjacent side

(¢) tan A=

218
g

W
)
=

Therefore, tanA = i
3

I+
|

Example 8.4 \

In atriangle PQR, angle PQR is a right-
angle. If RP=4cm and PQ=2cm,
find the value of cach of the following:

(@) QR (b) anR  (c) cosR

Solution
Consider the following figure.

2¢m

Q

(a) Apply the Pythagoras theorem as
follows:

QR +2° =4
QR =16-4=12
ﬁﬁs\{]_1=1\"ri

Therefore, EIE = 2J§ cm.

Length of opposite side

(b) tanR>= “Length of adjacent side
_PQ
QR
_ 2cm 'j"
Therefore, tan R =-‘—§—

Seufent's Hook Form Twe

__—#



A herefore, cos x = 12

Length of adjacent side
Length of hypotenuse side

_Q—R-=2J5r:m
" PR 4 cm

_B
i

(¢) cosR =

Therefore, cosR = 1{2_:1

If tanx =%, find the value of COS X.

Solution

By definition, tap y = > can be " »

o

represented as shown in the fullu\!-'iné 4

triangle,

-

12 B

. (Using Pytnq

R goras’ theorem, the | |
lhE h}'pnmn Eﬂglh Q‘f

use side is given by;

I'E‘-*\u‘lrfl-f-st

= |69=|3unils.
Th'-'—“k COsxy = -__;_A_E__ - _l_g"
AC I3

T
13

i Tfr,l‘,’l”ll'ﬂﬂl'llj"'_

Example 8.6

If XYZ is a that
XYZ =90° ZY=5 cm, ZXY = 30°, and
ZX =10 cm, find the value of sin30°,

triangle such

Solution

Consider the following figure. Em}n the
figure, it implies that that

Y

g b EiHSUn - =
£X
Scm

me————u5

10¢

=

'I‘hererure, sin30° = 5.

e

Mathemahcs j"rrr' e



(BC)Y' =17*-¢

BC=4I17* -8

=15¢cm

3 But, DC = BC - DB.

Thus, DC = 15cm —9cm

=6cm

Thus, cosx= E ’
AC
15
COSX = —
17

From AADC,apply Pythagoras thcorem..

AD =6 +8'
AD =100
=10cm
Thus, sin p=2C.
AD
Si"l’——ﬁ-
“ 10
=3
5
Hence, cos x+sin '—I—-+-:i
P ESETEYEE TS
_126
85

126

[

, Cosx+siny=—.
Therefore, ¢osx+sin a5

1.

PF\“ ]

{a) TR

A‘

In a triangle LMN, LNM =90° ]
LM = 10cm, MN = 6cm, and
LN = 8 cm. Find:

(a)tanM (b) sinM (¢)cos M

In a triangular plot ABC,

BAC =90°, AB =8'm, AC=15m,
and BC = 17 m.-Find the value of
each of the following:

(a) sinC (b) tanC (c)cos C

In a triangle RST, RST=90°,
RS=4cm, and TS=3cm.. Find:
(bycosR (c)sinR

A rectangular field is 100 m long and
50 m wide. If onc of its diagonals
makes an angle x with the length,
find the valuc of tan x.

Use the following figure to find:
(a) tan.x
(b) siny

I

Bem [

If sin.r:%, find the value of:

(a) tanx (b) cosx

If cosx= %. find the value of:

(a) sinx (b) tanx




10.

11,

12,

13.

14.

Given that sin 30°= -:!‘:. find the
value of cos 30°.

In a trangle ABC, AB = ¢,
BC=a, AC = b, and ABC=90°.
Find in terms of a, b or ¢ each of
the following:

(a)sinC (b)cosC (¢)tan C
sin C
() cos C
(e) The relationship between tan C
sin C
and cos C

In a right-angled triangle, the length
of the hypotenuse is 10 ¢m and one

- ¥ I
of its angles is 70°. Calculate the
¢ Trigonometric ratios of special

length of the shortest side

(use cos 70° = 0.342),

In a right-angled triangle, the
tangent of one of the acute angles is
1. How are the measures of the two
legs related to each other?

If @ is.an acute angle and
sing=075; find the values of
cose and lana.

Given that sinf = g— find the valucs

of cos® and tang.

In a right-angled triangle ACB,
ACB=90°, AC=4cm,

and BC =3 cm.

(a) How are the angles A and B
related?

(b) Find the value of sin A, cos A,
sin B, cos B and deduce the

=

relationship between the ratios
of different angles.
(c) Find the valucs of
sin A+cos” A and
sin® B+cos’ B and make

a conclusion about these
relationships.

15. In the following ﬁgurc', evaluate

sin x + tan y.
A 1
: v\
= fiem
@
|+ [
Ji1 8em

-

angles

Special angles are angles whose

trigonometric ratios can be found by using
simple ratios. The special angles are 30°
45°, 60", and 90°.

Consider the equilateral triangle ABC in
Figure 8.3. Let the length of each side be
2 units. The altitude from vertex A bisects
BC at D.

B N, 60° - 60 C
1 D 1
Figure 8.3: A triangle with speciul anglexs 307
and 607

.T.!h"'i ls




ﬂ E
_{-'.':'n: ey ;

From Figure 8.3, it follows that Using the Pythagoras' theorem, it implies
BD = DC = | unit. that, PR = VIZ + 17 = 2 units.

Apply the Pythagoras' theorem:

—_— —2 —2 The following trigonometric ratios are
BD +AD =AB

obtained.
E+AD =22 0 1
— lan 45" ==—==-=1,
AD =4-1=3 RQ 1
AD = V3 units. e PO_1 V3
: o P = _ 2 »
Thus, the following trigonometric ratios __R_ V2
are obtained. R N_A2
cos 45° === —=—
AD 3 PR N2 2
sin ﬁﬂa=ﬁ= T i
D 5 Values of sin'90°, cos 90°, and tan 90°
tan 60°=—=2"- f3 Consider the right-angled triangle ABC in
BD 1
i Figure 8.5.
BD C
cos 60° = i_D— = L .
AB 2 r

A

B

A
cos 3()°= -_..._.AD =£ i Tri |
ABS o Figure B.5: Trigonometric ratios of angle 90°

. In Figure 8.5, i AC : AC
Consider an isosceles triangle PQR in approaches A C,

. R then Cﬁ!..h a o
f Ell'ld PQ = R =I u 't. . i * e GPPOS"E
. Q ni P side BC overlap so that I@:EE Also,
the adjacent side AB = AA; =0. Thus

sin90° — _ Lengthof Opposite side
Lengthor hypotenuse sige

S 0 BC BC
Figure 84: 1 ) “BC
e Dsosceles triangle wig special AC BC

angle measuring 450 1

Studeny's Hook Form Ty

iy
[T T S S
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Trigomomelry s
i i 0
cos 90° = Lengthof adjacent md_e _9
Lengthof hypotenuse side AC
— - ﬁ
__AA,
C BC Therefore, sin 0°=0,
M L]
=3¢ % ifBC=0 %0 .
cos 0° = Lengthof adjacent side
o 00° — Lengthof opposite side ~ Lengthof hypotenuse sidc
Lengthofadjacent side — -
_AB _ W
BC BC AC »
AB AA, Therefore, cg«s'{)“ =1.
BC Similarly,
e undefined \ ) b
0 2 072 Length of opposite side
Lengthof adjacent side
~
Values of sin 0°, cos 0°, and tan 0° _ i
Consider the right-angled triangle i;‘qf‘ g _ [f"

Figure 8.6.

e In this case, the opposile side shrinks lo
zero so that the hypotenuse overlaps with
the adjacent side.

Therefore, tan 0° = ().

The results for all special angles are
summarised in Table 8.1.

Tuble 8.1: Trigonomeirie ratios of special angles

P 4 o — X sinx cos x tan x
" Figure 8.6: Movement of AC towards ACo -
/ N 0° 0 | 0

\ == . 1 b

In Figure 8.6, if AC collapses to AC,,, 30° 3 ES

then CJE.:CD bccur.ncs{]'“. The hypolcnusfc i i I |
and adjacent sides overlap, that is 2 5

J‘\_C=ﬁ. This means lhithc opposile . ) ﬁ il G
side becomes zero, BC = CCy =0. Thus, 3 2

<in 0° — Lengthof opposite side 90° 1 0 undefined

Length of hypotenuse side

-‘ dens’s Book Form Two
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Example 8.8

Solution

that;

V3

sin 60° =—3 and cos 30° = —.
2 2

Thus, J’j JB_'

" =2 X —t—
2sin 60° + cos 30 > 2

:3J'

Therefore, 2cos 60° +

B

that PQR =45°

Solution
Consider the triangle PQR.,

" From the APQR, it follows that

- 6
45° —
coS )
o= 0
"~ cos 45°

6
2
2

Find the exact value of 2sin 60° + cos 30°.

Using the values in Table 8.1, it follows

3J'

<+ C0S5 30° = —.

An isosceles triangle PQR is such
and RPQ=90°,

PQ=6cm, find thc lcngth of RQ:
giving the answer in radical form.

¥

=62

Therefore, RQ = 642 cm.

Find the values of a, b, and cin Lhe
triangle LMP.

10 em

M l0em N & P

Sﬁlt_{ lin;'t
! “In ALMN, apply the Pythagoras'
' theorem. That is,

a’ =10 +10°

a’ =200

a=10y2cm
In ALMP, it implies that,

But MP =10+b.
10J3=10+b

Thus, b= 10(J§-1) em

In ALMN, it follows that,

Srudeni's freseek From T

e ——



1 ] Hmnnnrf-

sin30° =M 6. Evaluate each of the following
LP expressions:
mu5,l= m‘:‘"_ (a) sin 30° + cos 60°
2 c 2
¢c=2x10=20cm (b) (sin 60°) cos 60°
Therefore, ¢ = 20cm .
(c) sin45°+2cos60° ;

m 7. Find the value of x in the fc_:llo;ving

1. Find the exact value of each of the figure.

following expressions:

(a) 3tan 60°

(b) Jf(cund-i"'—l—cusﬂ"]

(c) 2(sin 30°+cos0°) -

(d) £c05 30° - 2tan45° {
3

P
b

Fd
o j
+

F—10cm—" T

If sinx=—;-,ﬁnd the l‘n]lowin'é: —

2

F

(a) The valueof x. < 7 8. The diagonal of a rectangular plot of
land is 4 m long and makes an angle

of 30° with its length, Find:

3. A ladder leans against a vertical wall (a) Thelength and width of the
rectangular plot.

and makes anangle 60° with the wall. )
(b) The length of a wire required to

If the highest point of the ladder is O
4 m from the ground, find the length enclose the plot.

(b) tan.x, given that xis an acule
angle.

9. The roof of a godown is placed on

of the ladder. ]
7 , ' o top of the walls 7 m high as shown
4. Without using a calculator, simplify in the following figure.
““each of the following: o

(a) cos45°sin 45
(b) sin 607 (tan 30° —cos 30°)

5. Find the value of eachof the following: h
sin 60° A 307N

@ cos 60° I .
sin 30° im _
) cos 30° pli E

T

T o -
& - ._I i '_':._ ——

L sise Y dent's Rook Form Twa | l 1 :



(a) Find the length of the slants () of
the roof,

(b) How far above the ground is the
highest point of the roof?

10.One end of a rope of length 38 m
is tied to the top of a flagpole and
another end is fixed to a point on the
ground. If the angle the rope makes

with the flagpole is 45°, find:
(a) The height of the flagpole.

(b) The distance between the fixed
point on the ground and the base
of the flagpole.

11. Find the value of the unknown in
parameter each of the following

figures.

4 » Capture more

h the back button to exit full screen,

(d)

m

6/

=]

12. Use the following figure to express y
in terms of x

Srudent's Book Form Two
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Trigonometric ratios of any angle

To understand trigonometric ratios of
any angle, it is important to go beyond
right-angled triangles. By using the unit
circle and the Cartesian coordinate system,
these ratios can be defined for any an gle,
making it easier to explore relationships
between angles.

i =10 cm.
2. Calculate —E- —f—__[—i-..m ﬁ
PR AC MT
3. Calculate 2&._ E,aﬁd g
PR “AC MT
4. Calculate =P=g_—, —iE_-,and -ﬂ.ri
QR BC NT

, Lh

5

Activity 8.2; Intruducingtherelatiunship_‘
of sides, lengths, and
angles of a triangle

1. Using a scale, draw three right-angled

tnangles PQR, ABC, aund MNT
such that E =4cm, QTE =3cm,

Fﬁ:s::m. Eﬁ--ﬂcm. ﬁE:IScm
E=I?cm, —hﬁ:ﬁcm,

Usea protractor to measure FEQ N
ACB, and MTN -

6. Calculate the values of sine, cosine

and tangent of angles in task 5 and
compare the results with the ratios

in tasks 2, 3, and 4, respectively,
Use a protractor
QPR,and NM

Repeat task 6
obtained in

1o measure BRC.
8. % .
using the angles
task 7.

orm Fyn

4

]
+ Capture more

hthe haat o o

9. Comment on the results obtained in

tasks 6 and 8,
10.Share your observations on the
relevance of the relationship

between angles and sides of a right-
angled triangle.

L

Consider a circle of unit radius subdivided
into four congruent_sectors by the
coordinate axes whose ‘origin is at the
centre of the circle as shown in Figure 8.7.

v

Y

Figure 8.7: An acute angle in a unir circle

Let 6 be any acute angle (W{ﬂ{gn“)

located in the firgg quadrant and P pe »
point on the circle with coordin

ates (x, y),
where OP iy

the radius of the unit cirele.,
The trigonometric ratio

S in this circle
can be obtained by usin

g the sides of g

nght-angled triangle OPQ as follows:
sSinf = —{—}__—_E = —: =¥
P 1




il

Figure 8.7 shows that all the trigonometric
ratios are positive as per comresponding x
and y axes.

In Figure 8.8, @ is an obtuse angle
(90° < @ < 180°) located in the second
quadrant. The trigonometric ratios of 0 are
related to the trigonometric ratios of acute
angle 180" -6,

Moy

i
¥
(180r-0)
Wy -r (¥

g

L |

i |

Figure 8.8: Reflex angle in a unit circle

The trigonometric ratios “in the second
quadrant can be nbtamed by using the
sides of a nghl-angl:{l triangle OQP as

follows:

—

sin9=9_£_.T_y—smuan 8)

" g mgﬂ:E-:_—x:—x:—CGS(lﬂﬂ—ﬂ')
- or |
mﬂ:%:};:—mnuﬂu—ﬂ)

From Figurc 8.8, it can be obscrved that,
the trigonometric ratio of sine in the
scocond quadrant is positive, while those
of cosine and tangent are negalive as per
corresponding x and y axes.

In Figure 8.9, @ is a reflex angle
(180° < @ < 270", which is in the third

quadrant.
v

L i

Figure 8.9: Reflex angle in a unit circle

The trigonometric ratios of # are related (o

!'lhc_tﬁ;gnnunlctric ratios of an acutc angle

6 - 180°. The trigonometric ratios in the

" /third quadrant can be obtained by using

the sides of the right-angled triangle OQP
as follows:

inf= 2 = X =y = ~sin(6-180°)
or 1

cosf = 92 _ "X _ . __cos(6-180°)
or "1
QP -y _ ¥

tanf = =— = —= = = = tan(0~180°

ian OQ —x X an{ )

Figure 8.9 shows that, the trigonomeltric
ratios of sinc and cosine in the third
quandrant are negative, while for the
tangent is positive as per corresponding x
and y axes.

In Figure 8.10, # is a reflex angle
(270°<f8<360°) which is in fourth
quadrant. The trigonometric ratios of

arc linked to the trigonometric ratios of an
acute angle 360° — @.

Smdenr's Book Form Tun




v vy
QUADRANT Il | QUADRANT I
Sine v positive Sinc is positive
Cosine is negative | Cosine is positi
- ﬂ{' ‘\I T Q - Tungent is pegative Tm;:_umII i!n;.l.lltirll.:c
'l\l‘,:,'l_ [ WP - 8 I ——— : =
Ed QUADRANTII | GuADRANT IV x
Sine i hegative Sine is oegutlve
Pz 1) Caosine is negative | Cosine is positive
I, ¥ Jangent |5 positive Tangent is negative
]
Figure B.10: A reflex angle in a unit vircle
Y
The trigonometric ratios in the fourth Figure 8.11: Signs of trigonometrie ratios
quadrant can be obtained by using the
sides of the right-angled triangle OQP as W
follows: ' :}\'[ité the signs of each of the following
op trigonometrical ratios:
sinﬂ=$=Tj=—y=—sin (360°-0). (1) sin170° (c) tan310°
56 : S (b) cos240° (d) sin300°
X F e
cusﬂ==Q.-=—=x=cus(360°—9) :
OP |1 - Solution
OP - (a) 170° lies in the second quadrant,
ang = 2 = -2 —sian (360°-0) A S
0Q - . hence sin 170° is positive.

(b) 240° lies in the third quadrant,
hence cos 240° is negative.

(¢) 310° lies in the fourth quadrant,
hence tan 310° is negative.

(d) 300° lies in the fourth quadrant,
hence sin 300” is negative.

Figure 8.10 shows that, the trigonometric
ratios of sine and tangent in the fourth
quadrant are ncgative, while for the cosine is
pc)siﬁve as per corresponding x and y axes.

 Signs of trigonometric ralios
- Trigonometric ratios can be positive or _
negative depending on the size of the angle m

or the quadrant in which the angle is found.  Express each of the following in terms

. . an acute angle:
The results obtained are summarised in of a g

Figure 8.11. These results are helpful in  (a) cosl65° (c) tan95°

determining whether sifn‘; cosine, ?nd (b) sin317° (d) tan258°
.ngent of an angle is positive or negative.

J._ .:_i‘:: _:1." :.a:'.'..-
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Trironometry &

Solution

(a) 165° is in the second quadrant, then
cos 165% = — cos(180° - 165°)
= —cos 15°
(b) 317° is in the fourth quadrant, then
sin 317° = —sin (360° - 317°)
= —sin 43°
(¢) 95° is in the second quadrant, then
tan 95° = —tan (180° — 95°)
= —tan 85°

(d) 258° is in the third quadrant, then
tan 258° =tan (258° - 180°)
= tan 78°

Positive and negative angles
Angles may be posilive or negative

depending on the direction in_which/

the angle is measured. Figure 8.2
gives the clockwise and anticlockwise

measurements of an angle.
HIL 11
¥ Illﬂ
T ONL—g —r
| | Q

Figure 8.12: Measwrements of angles in a dlockwize
and anticlockwive directions

InFigure 8,12, itcan be deduced that, angles
measured in the clockwise direction from

the positive x-axis are negative. Angles
mecasurcd in the anticlockwise direction

(=~

Figures 8.13 and 8.14 illustrate how
positive and negative angles can be located
in the four quadrants. The corresponding
positive and negative angles whose
trigonometric ratios are the same can

easily be found.

a0

anticlockwise
dircction

270°

" Figure 8.13: Positive angles in a unit cincle

—270°
—~ 180° — 360"
m
clockwise
direction
—a0°

Figure 8.14: Negarive angles in o unir circle

If € is positive, the negative angle
corresponding to @ is (-360+0). If ¢ is
negative, the positive angle corresponding
o @ is (360+0).

Noie: sin(—f)= —sinf), cos(—8)=cos®f,
and tan(—0)= —tan#f.

| SO (he positive x-axis are positive.

-
O

G o T
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Srudent's Book Form Fwo




s
m (c) sin (=70°)=sin (360°-70°)

FFind the positive or negative angle =5in 290°
corresponding to each of the following =-sin (360°-290")
angles: = —5in70° =-0.9397
(a) 273° (c) 304°

cos (-=70°) =cos 70°=0.3420

(b) -210° (d -115°

Solution tan (=70°) =~ tan 70°= 27475 ]

(a) The negative angle corresponding (@) sin (310°)=—sin (360°-310°) -
0 273° is (-360° + 273°) = -87°, = —sin 50°=-0.7660 5

(b) The positive angle corresponding to cos (310°) = cos 50° '
=2107 is (360° - 210°) = 150°, '=0.6428

(c) The negative angle corresponding
to 304° is (=360° + 304°) = =56"°.
(d) The positive angle corresponding to .

el g
M -/’H ' 1.  Write the signs of each of the

. . ) . following trigonometric ratios;
Find the sine, cosine, and tangent of &ME

tan (310°) = —tan 50°
: =-1.1918

; (a) cos 1607
each of the following angles: (b) sin310°
(a) 144° (b) -231° (c) =70°.(d) 310° (c) tan75°
N _ (d) sin220°
Solution (¢) cos355°
(a) sinl44°=sin'(180°—144°) () tan 190°

=5in36"=0.5878 = A
2. Express each of the following in

cos 144" =—cos (180" -144%) terms of sine, cosine or tangent of
=—c0536"=-0.8090 an acute angle:
() cos 308°
tan 144°= —tan (180°-144°) (b) sin217°
=—1an36°= -0.7265 (¢) 1an 175°
(d) sin 333°
" (b) sin(=231°)=sin (360°-231°) () cos268°
=5in129° (f) tan 103°
=sin (180°-129°) 3. Express each of the following in
—sin51°=0.7771 terms of sin 50%
(a) sin 1307
cos (~231°) = —cos 51°=~0.6293 (b) sin230°
tan (-231°)=—tan51°=—1.2349 (¢) sin310°




4. Express each of the following in
terms of cos 20°;

(a) cos 1607 (b) cos 200°
(c) cos 340°
5. Express each of the following in
terms of tan 40°:
3 (a) tan 140° (b) tan 220°
(c) tan 320°

6. Without using a calculator, find the
value of each of the following:

sin(—150)cos315
tan300

e Trr'r-:'ﬁ'f.;"r.

(a)

Wathemah

tan(—30)cos60

(b) -
sin(—45)

Relationship between lrl,gunmnetnc /

ratios
Consider AABC as shown in Figure 8.15.

R

Eigi.l re 8.15: Right-angled triangle ABC

* In Figure 8.15, the angles A and C are
" complementary. That is,

A+C=90°
Thus, C=90° - A.
) a a
But sinA=—and cos C=—,
a b b

Thus, sinA=cosC= cus{gl']“ —A).

-t,lcncc. sin A = cos(90° -

¢ Capture more

h the back button to exit full screen.

Ttherefore, the sine of an angle is equal
lo the cosine of ils complement and vice
versa. From Figure 8.15, it follows that

sin A _4 ¢ _a
cosA b T p ¢
But lnnA“E
c
in A )
Hence, =tanA. . N\ »
cos A . 4
_ @ S o
Also, sin’A= 3 and cos’A =—.
1 2 2 2
. c a +c
EIHIJ&I. + L'I]SIA = =t = 3
b b b

Buta” +¢’ =b*(Pythagoras’ theorem)

2

| Thus, sin’A + cos’A =b—=1.

b

Thercfore, sin“A + cos’A =1,

Generally, for any angle @, the
carresponding trigonometrical identity is

sin"@ + cos’0 =1,

>

Given that sin @ =%, find cos # and
tan A for 0° < #<90°

Solution

Given sin 8 = S

From sin’@ + cos'@ =1,
cos’d =1-sin’d

But sin’g = E
81

cos’d -I—E_-‘E
81 8l
Hence, cosf= +J—::? i@.

Sewdfenss Mook Form Two




Since 8 is acute, it follows that

cosd = —ﬁs~

_sing _4 ‘Jﬁzdﬁ

cosf 9 9 65
J65 E=4JE

Therefore, cos@= —— and tan
g9 65

Given that & and /#are complementary

tan @

angles and sina = 13’ find tan g.

Solution

Since x and fare complementary
angles, it implies that

x +f = 90°
x:gnu_ﬁ_ 4
Hence, sin & = cos(90° - ox) 0
: y -
=cosfil=—.
ﬂ 13‘ 4 z"‘ P
But sin’ f=1-cos* B, .
25 -
in? A=1-—
sin” /1 169
14
169

Thus, sin g =i%. Since / is an acute

, ﬁng[:. then sin g =%.

"Hence.tan # = snp
lﬂnﬁ:giﬂi_
13 13
12
s
12

Therefore, tanf = B

< Capture more
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Example .17

If 5sin@=0.9397 and cos@ = 0.3420,

without using a calculator find the value
of tun 0,

Solution {
Givensin#=09397and
cosf =0.3420 .
sinf
cosf’ '
09397

. 03420
“=2,748

Therefore, tan @ = 2.748.
W o

From, tan@ =

Exercise 8.4

Without using caleulators, answer the
following questions:

1. Given that cosf = 5 find the value
of sinf.

2. Iftan x= %. find the value of
sin (90° = ),

3. If = and f# are complementary angles
and lanx=

tan .

4. If sinA = 09733 andcos A = (1.2250,
find the value of tan A.

5. Given that cos =0.9272 and

tan # = (0,4040. Find the value of
sin £,

6
3 find the value of

6, If tand = g, find the value of sin 0.

7. Given that tan@ = 0.75, find the
value of cosf,




14.

15.

16.

17

" 18.

19.

20.

_ If A and B are acule angles, and

P r
cus | fu— -_——
If X g and tanx po

find the value of sinx.

Js

p
If tan f=—= and tana = —,
Vs r
show that cos f = = where
r+s

ox and fF are complementary angles.
What will be the sine and cosine of

an acute angle whose tangent is 2%?

If <and g are complementary
angles and sina = -2—3‘ find the

value of sin /.

If sina = % . find the valuc of cosa.

F i

Given that cos 4 = g, find thefva].uc'

"

of tan A. 4
Y s
Given that sin.tzf—s-,“'ﬁnd the

value of cos.x. | -

-

If cosox = ;—'—;-. find the value of

tana. \
If sif# — 0.9848, find the value of

—
cosf.

’Fi_ml'lhc value of tan A il
'sin A = 0.8192,

If cosP =0.37406, find the value of

sin P.
Ifcos Q= 0.9063, find the value of

tan Q.
Given that cos 0 = 0.3090, find the

value of sin & and tan .
=90°

sin A = cos B, show that A+B

")

¢

!
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Calculating trigonometric ratios
using a calculator

For many years, mathematicians have
been obtaining values of trigonometric
ratios from trigonometric tables. This
method is tedious and may (lead to
errors in calculations. With- emerging
technologies, the values of trigonometric
ratios are now easily obtained thﬁmgh the
use of calculators and other mathematical

softwares.

~

Activity. 8.3; Calculating values of
trigonometric  ratios

using calculators

such as

1. Use various sources
the internet, offline libraries, or
interviews to learn how todetermine
values of trigonometric ratios from
calculators.

Study the calculator and record the
main steps required to find values of
trigonometric ratios.

Use a calculator to complete the
following table with values correct
to 4 significant figures.

tan &

L

:nglc g | sin@ |cosl
.DG
15°

[ 23.6°

|

45°

T

130°

| —

90°
263°

Srudent's Rook Form Fun
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4. Study the values and record the
pattern you have observed from
sine, cosine, and tangent values in

sinx=0.5 X=
cos x=(.5344 xX=

the table. tan 0 =1.4071 =
5. Justify  your reasoning by == 084 | =
demonstrating how you have 3sina =2 a=
\_ amived at your answers. cos f#=2.0784 = |
tanJx=4.3260 | x=
Inverses of trigonometric ratios cos & =tan25° =/
Given a trigonometric ratio, say x, Lhe 3. Explain the p’mcess ynu have used

corresponding angle can be found using the  \_ (o arrive at your conclusion,

inverse trigonometric functions, denoted
as sin™', cos™', and tan™'. For example,
if cos0°=1, then cos™'(1)=0°. I is read Il'tan.r—114ﬂ?l find the value of x.
as “the inverse of cosine 1 is zero”. This
applies similarly to other ratios, such as the £
inverse of sine and the inverse of mngen!_.

Example 8.18

Sﬁluubn
glven tan x =1,4071, it follows that;

. ) . e ¢ x=tan"'(1.4071)
The inverse (rigonometric ralos ' can
be determined using a_ calculator, =54°3¢'
graphical methods, 1\.‘!.I:l.g;‘,z other Therefore, x = 54°36",
techniques. P.micipnlc- in‘Aclivily 8.4
to learn how to dct:nmnc the inverse of
trigonomeltric ratios uamg a calculator.

Note: The values of sine and cosine of
an angle cannot be greater than 1, but
~, |values of tangents of angles can be

Activity."r‘I;.'{: Determining inverse reater than 1.
; " trigonometric ratios
4 using a calculator Example 8.19
V4 l Explore different ources Find the values of x and y, correct W
N including the intermettoleamhow | | 3 gjgnificant figures in each of the
" to use a calculator to determine || following figures.
inverse trigonometric ratios. (a)

2. Write all the necessary steps to be
followed and use the knowledge
obtained in Task 1 to complete
the following table.

>

|

‘.._.__ = dent's Hook Form Twao
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(b)

Solution
(a) From the given figure, it implies that

=sin37°

32 cm
x=32cmxsin37°

xr=19.2580 cm

Therefore, x = 19.3 cm.

(b) From the given figure, it follows that |

=cos 78°
24 cm
y=24cm X cos 782 o
y=4.9898 cm

Therefore, y =4.99 f:m.-

Aladder 7 m long lcans against a vertical
‘wall'so that the distance between the
foot of the ladder and the wall is 3 m.
Find the following:
(a) The angle which the ladder makes
with the wall.
The height above the ground at
which the upper end of the ladder
touches the wall.

(b)

Solution

ﬁ'?unsider the following figure.

A o i =] =
! dm B ;
Let AC be the length of the ladder and
AB be the distance along the horizontal
ground.
From the figure, AB =3 m and

AC=Tm

e

m

= ——

Al
-1 | w

(a) sinx =

x=sin"(§-]
7

x=25"2%
Therefore, the ladder makes an angle
of 25° 23 with the wall,
(b) cos 25°23' = ==
AC

-]

CB = 7m xc0s25°23 = 6.3245m

Therefore, the ladder reaches 6.32 m up
the wall (3 significant figures).

1. Use a scientific calculator to find
the value in each of the following

trigonometric ratios correct to 4
significant figures.

(a) sin 56° (d) cos 6415’
(b) tan 36° (e) sin 26° 11’
(c) cos2° () tan70°

Seudent's Book Form Two




2. If y is an acute angle, use a calculator
to find the value of’ y in each of the

following:

(a) cos y =0.2034 (d) sin y =0.8952
(b) sin y =0.5975 (e) cos y
(c) tan y =1.5000 (f) tan y =
3. Find the values of x and y in cach

of the following, giving your answer
correct to 1 decimal place.

(a)

(d)

34°

Wik i:-'-:".‘
gl I

_Q drnt's Book Form Twao
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(e) —

2

4. In each of the following triangles, find
the values of the unknown letters:




(b)

4.23 em
s

(c)

9 cm

(d)

Juma’s house by walking 100 m
North and then 30 m East. Find the
bearing (direction) of the water tap
from Juma's house.

6. A river with parallel banks is 20 m
wide. Find the distance PQ if P and
Q are two points on either side of
the river as shown in the following
figure.

16.8 em

20 m

40

{ Lhem |

| 2cm

. = < 4 ¢ Capture more
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7. An inclined iron rod AB of length
15 m has a wire tied at A so as to be
vsed to lift loads at point C which is
11 m from B as shown in the following
diagram. Find the angle that the iron
rod makes with this wire,

A

16 m

B Ll
m

8. A 30cm long pendulum swings back
and forth through an angle of 20° on
cach side as shown in the following

(b) Find the horizontal distance
travelled correct to the nearest
metre.

11. The depth of a straight underground
mine tunnel is 240 m, The end of the
mine tunnel is 200 m horizontally
from the entrance. What angle does
the tunnel make with the horizontal?

12. A technician is designing a ramp to
load a heavy machine onto a platform.
The platform is.1.5 m high and the
ramp needs to be at an inclination of
20° toensure safe loading. Determine
the length required and the horizontal

_distance it will cover.
L L]

figure. Tow high does the lower end | Phe angles of clevation and depression

of the pendulum rise?

9. ‘The diagonal of a rectangle makes
¢ un angle of 39° with the longer side.
__Find the width of the rectangle if its

length is 50 cm.

10. A car which was originally at sea
level traveled a distance of 400 m
uphill inclined at an angle of 28° to
the horizontal.

(a) Find the height the car attained
above sea level after travelling
400 m.

< Vi ¢ Capture more

; - Drag from top and touch the back button to exit full screen.

191,232

“./" , When observing an object, you can either

observe it horizontally if the object and line
of sight are at the same level. Observing
it downward if the observer is above the
object and observing it upwards if the
observer is below the observed object.
To experience these scenarios, engage in
Activity 8.5.

~
Activity 8.5: Studying different angles

formed when observing
objects

1. At your place, choose an object 10
observe which is at the same level
as your eyes. For instance, a person
whose height is the same as yours

and you look at his eyes.

2. In the sccond sccnario, observe
an object which you need to look
downward. For instance, looking at a

coin on the floor while standing.




3. In the third scenario, observe an
object which is at a position which
you neced to look upwards. For

instance, looking at the top of the
building,

4. Study and reflect on all three cases
and discover features such as
angles formed, and possibilities of
determining distances between the
observer and the objects without
measurements.

3. Use the intemet or other relevant

sources 1o study and justify your
observations and share your

\ findings through visual diagrams.

In Activity 8.5, it can be deduced that
observing an object below or above
the horizontal level, the line of sight
forms an angle below or above.: An
angle formed between a horizontal
level and a line of sight by observing
an object downward is called an angle
of dcpression. The angle formed by
observing an object upwards is called an
angle of elevation. Figure 8.16 illustrates

the angles of depression and clcvzuim;!.

Observer's ove A

Figure B.16: Angles of elevation and depression

In Figure 8.16, if B and C are objects 10 be
observed, CAD is the an gle of depression

and BAD s the angle of elevation. The
line AB and AC are lines of sights and the
line AD represents the horizontal level.

From the top of a tower, the angle of
depression of a point on the ground 10 m
away from the base of a tower is 60",
How high is the tower?

Solution

Consider the following figure.
A ' ?

Let A be the top point of the tower, C
be the point of observation and B be the

base of the tower. Thus, tan60° = A8

It follows that, 10 m

AB = 10 m  tan 60°
AB=10m x 1.7321

AB=17321m

Therefore, the height of the tower is
17.32 m.

Two pegs, P and Q are on level ground.
Both pegs lie due west of a flag post.
The angle of elevation of the top of the
flag post from P is 45° and from Q is
60°. If P is 24 m from the foot of the
flag post, find PQ.

Srwdent's Book Fivm Tuan




It follows that,
PQ=(24-8V3) m
A =8(3-—J§) m
=10.144 m
Therefore, PQ=10.14 m.__| 3

Solution
Consider the following figure.

Example 822390

%

A mobile phone Fm"asf ‘is erected on a
P B hilltop. The angle of elevation of the
| e basc of the'mast from a point on the
ground ..00 m.from the base of the hill

is 35°%] while the angle of elevation from

Let AB be the height of the flag post. It the same point to the top of the mast is
420, Fmd the height of the mast.

Yiath rmrirfﬁ_'r-l*. eenml

_

implics that | s
— V. “Solution
ﬂ=m45= 2 <\ '.‘The given information is translated into
24m & v the following figure.
AB =24mx| P S o
i / =
=24m N\ V
By using the tnanglc AQB it follows v
that N/
""‘_st tan 60° ¢ 200 m A
4 In AABC, it implies that,
\ mand2® = ——
:Thus; 13—:= V3 200m
/ BC =200tan42°m
@: 24m =180.08m
? In AADC, it implies that,
_243m (a0 35° = o
3 200m
¥ DC =2001an35°m
=hven) = 140.04 m

P | denr's Baak Form Twa o
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Height of the mast, DC is given by; Example 8.298
Petro starts from point P, travelling 19.8
DB=BC-DC
km in the direction N 41* 22"W. How
= 180.08 m—140.04 m far has he travelled west and north,
=40.,04 m respectively?
Therefore, the height of the mast is Solution
40 m correct to 2 significant figures. The information is presented in the

following figure.

A )

A man who is 172 em 1all, notices that
his shadow measures 158 cm in length. &
Find the angle of elevation of the sun. 9 TR
Solution ¥
. _ 19.8 km\ 0 5
Consider the following figure.
X - .
; , W -E
» P
z', 172 em v
,-' F 5
’ N i, Let x and y be the distances in km due
158 em

wesl and north of P, respectively.

From the figure, XZrepresents the Using a right-angled triangle PRQ, It

height of 4 man, YZ represents the follows that
Iength of his shadow and @ is the angle
of elevation of the sun. It follows th sin 41° 22" = 2
- s R M, 19.8km
tan @ = i_z. x=19.8 km x sin 41°22'
YZ
_ 172em = 109k
158 cm Similarly,
= 1.089 cos 41°22" = 2
0 = tan™(1.089) 19.8km
= 47° 26 y= 19.8 km x cos 4]°22'
= 14,86 km

Therefore, the angle of elevation of the
sun is 47° 26" Therefore, Mr. Petro travelled 13.09 km

west of P and 14.86 km north of P.
A




Bl

From point A, Fatuma observes the angle
of elevation of the top of a church tower
to be 32°. Moving 30m further away to
point B on the same horizontal level as
the bottom of the tower C, she observes
the angle of elevation to be 22°, Find the
distance AC and the height of the tower.

Solution

Present the information as shown in the

following figure. o

==

B | o Al i s i i e
30 m A x c

Let i be the height of the tower and x be

the distance AC as shown'in the figure. It
follows that,

h h
tan32° = — and tan 22° =
an X p: x+30
Thus, k= xtan32° (1)
Similarly,
h = (x + 30) tan 22°

h = xtan 22° 4+ 30 tan 22°
» Equating equations (i) and (ii) gives,

“xtan 32° = xtan 22° + 30tan 22°

(i1)

x (tan 32°-tan 22°)= 30 tan 22°

30 tan 22°
tan 32°-1an 22°

30 x 0.4040
~ 0.6249 - 0.4040

X =

s B

B ———— e —

12.12
T 0.2209

= 54.88

Substituting the value of x in equation
(i) gives,

h

= 54.88 x tan 32°
= 54,88 % (.6249
= 34.29

Therefore, the distance ‘AC is 54.88 m

and the height of the tower is 34,29 m.

2

1

A man whose eye is 180 cm above
the ground is standing 8 m from a

© tree 7 m tall. What is the angle of

elevation of the top of the tree from
his eye?

The length of the shadow of a 16 m
tree is 8 m. What is the size of the
angle of elevation of the sun?

. Find the height of a tower if the

angle of elevation of the top at a
point 20 m from its foot is 34°.

Atree casts a 60 m shadow when the
angle of elevation of the Sun is 25°,
How tall is the tree?

. The angle of elevation of the top of

a tree from a point on the ground 30
m from the base of the tree is 37°,
Find the height of the tree.

6. From the top of a cliff 80 m high,

1wo boats are seen in a direction due
wesl. Find the distance between the
boats if their angles of depression




R sy s

10,

12,

from the top of the cliff’ are 45° and
30°. Find the actual distance of the
boat which is furthest from the top
of the cliff.

The angle of elevation of the top of
a building 24 m high is observed
from the top and from the bottom
of a vertical ladder, and found to be
45° and 60°, respectively, Find the
height of the ladder.

From point P on the level ground,
the angle of elevation of the top of
a flag post is 60°. If the height of the
flag post is 39 m, how far from the
base is point P?

From a balcony of a building

10 m high, Mwaka observes a persons
moving away from the base of the

building at an angle of depression
5042, After 5 minutes, the angle of
depression was 2°20', Calculate the
speed of the man in m/min.

From the top of a building 20 m high,
4 man watches people walking along
the street. 1f the angle of depression
of the foot of a passer-by is 50°, how
far is the passer-by from the foot of
the building?

_The angle of elevation of the top of

a tower from a point on the ground
70 m from the foot of the tower s

60°. Calculate the height of the tower.

Sarah is looking at a stone on the
ground from an upstairs window.
The level of Sarah’s cyes above
the ground is 5.2 m. The stone is

14.

15.

16.

17.

18.

2.5 m horizontally from the wall of
the house. Calculatle the angle of
depression of the stone from Sarah's
eyes.

. Musa stood at the top of a vertical

cliff 60 m high and observed a boat
at sea level at an angle of depression
of 40°. Calculate the distance of
the boat from the base of the ¢liff.

A crime investigation officer
discovered a bullet embedded in the
wall 3 m above the floor. It was also
found that the bullet had entered the
wall at an angle 13°25°. How far
{rom the wall was the bullet fired if
the gun was held 1.5 m above the

floor?

Masanja is building a wooden ramp
lo allow people who use wheelchuirs
casier access to the public library,
The ramp must be 3 metres tall. Find
the angle of clevation if the ramp
begins 30 m away from the library.

At a point 182 m from the foot ofa
tower on a level road, the angle of
clevation of the top of the tower is
36°44". Find the height of the tower.

From the topofacliff 35 m high, the
angles of depression of two boals
lying in a linc duc cast of the cliff
are 27° and 23°. Find the distance
between the boats.

The angle of depression of a boat
from a cliff 25 m high is 12°. Find
the distance of the boat from the

bottormn of the cliff.
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Chapter summary

1. Trigonometric ratios

: Length of opposite side to angle A

$in A= Length of hypotenuse side
Length of adjacent side to angle A

0081\ = Length of hypotenuse side

Length of opposite side to angle A
A= Length of adjacent side to angle A

2. Trigonometric ratios for special

angles:
X sinx cosx fanx
o’ 0 1 0
w |1 BB
2 2 3
o | 22 L <
2 2 i’ |
-Ji | - | i
60° ? o \ﬁ
90° I ‘0 ,l undefined
180° 0. " -1 0
270° | =1~ 0  undefined
360° 0 | 0

3 P;:lalinnship between trigonometric
@ ' I?ttius for angle o.
“(a) sina =cos(90°-a)
(b) cosa =sin(90°-a)
sina

cosa
(d) sina+cos’a=1

(c) tana=

(e) sin(—a)=-sina
(N cos(—a)=cosa

(g)

4. Angle of elevation and depression:

(a) Angle of elevation is the angle
obtained when the line of sight
1s above a horizontal line,

(b) Angle of depression is the
angle is obtained when the line

tan(—a@)=—tana
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I. Usea culculafu[Ld lind each of the
following: .
(a) sin60%
(b) - cos 28° 28’

_~(c)., tan 63° 48’

2. Use a caleulator to find the value ofy

+  ineach of the following:
]

(2) any=09036
(h) cos y=0.2554
(c) siny=04971

3. In the following figure, find the
values of a and .x.

4. A pendulum bob is hanging at the
end of a string which is 18 cm long.
Find the vertical height through which
the bob rises and falls as the pendulum
swings through 30° in each side of the
vertical.
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w1 thp the angle of elevation of the
sun is 30° the shadow of a post is
6 m longer than when it is 60°. Find
the height of a post.

6. The angle of elevation of the top of
a church tower from a point due East
and 96 m away from its base is 30°,
From another point due West of the
church tower the angle of elevation
of the top is 60°. Find the distance
of the later point from the base of
the church tower.

7. A point A is 289 m from point C on
a bearing N32°W, point B is 450 m
from point C on a bearing N58°E.
Find the distance from A to B,

8. When the angle of elevation of the
sun is 55°, a tower casts & shadow 20

m long. Find the height of the tower. |
directly over as |

long. The nnlglé

kite from onc

_if the angle of

from the other

how high is

9. A kite is flying
straight path 100 m
of clevation of the
end of the path is 35"
elevation of the I-gilc
end of the path is 85™
the kite? '

Aboy findsth

of the top of-a trec _
the ground is 25°, He walks 1n a

straight line 30 m closer 10 the foot

of the tree. The angle of elebvali.nn of
the top is NOW 50°, How high 15 the

tree”’

11. Find the values of th
of the following figures.

10. atthe angle of elevation

e letters in each

from a point on .

(b)
20

47° .

(d)..

(e)

N e

[ |
50 cm

An observer is at @ point A on
the bank of 2 river. The foot of a
coconut tree is al point P directly
on the opposite bank. A distance
AB of 27 m is measured along the
bank so that BAP is @ right_anglc
and ABP=42°% aS shown in the

following figure.

(a)

52"




13.

14,

15.

Find:
(@) The width of the river,

(b) The height of the coconut tree

if the angle of elevation of the

top of the coconut tree is 22°
from A.

(¢) The angle of elevation of the
top of the coconut tree from B.

(d) The distance from B 10 (he lop
of the coconut tree.,

A ladder of length 12 m leans
against a vertical wall.

(a) If it makes an angle of 28° with

the wall, how far up the wall
does it reach?

(b) If it reaches 10 m up the wall,
what angle does it make with
the horizontal?

Juma notices that the angle of

elevation of the top of'a mango
tree is 32° Walking. 11 metres in
a direction towards- the tree he
observes that the angle of elevation
is 45°, Find the height of the tree.

Anna wishes to find the width XY
of the river as shown in the following
figure. She measures a distance AB
= 100 m along the bank of the river.
She observes that a point X on the

other bank of the river is such that
XAB = 49° and XBA = S58°.

e ______|

——

What widih of the river did Anng
obtain?

16. Two boats, A und B are due south of »

cliff. The two boats are 890 m apart,
The angles of elevation at (he top of
the cliff of the two points A and B
are 26°14" and 17°56', respectively,
Find the height of the cliff’

I7. Aboatat pointR is observed fromiwo

points P and Q which are 3 km apart
as shnwn in the ﬁ:ﬂlnwmg figure, If
PQR—B‘I“ and POR = 67° , find:

—

(a) PR
(b) QR

R

I8. A railway signal SP is supported by

two chains SQ and SR of length 6
m and 9m, respectively as shown
in the following figure. If the angle
of elevation of the top of the signal
from point Q is 48°, find:

(1) SRQ.

(b) The distance QR.

(c) The height of the signal SP.
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20,

Evaluate each of the following
expressions without using a
calculator:
@ tan ﬁ!]" sin 30°
sin 45°
sin 30° cos 60°
b
(b) tan 30°
sin 45° tan 60°
(c)
cos 30°

(d) 2 cos 135°-sin 30°
(e) tan (=3007)—tan 120°
() sin 225" +cos 45°

Il a and f are complementary

angles and sina = —3 find the
value of:

(b) tan

(a) cos a

. Using a calculator, find the valuc of

each of the following:

(a) sin 192° (d) sin(~15%)
(b) cos 224° (e) cos (= 129°)
(c) tan 321° (f) tan(-=310°)

. Find the angles between 0° and 360°

which satisly each of the following

equations:
(a) sin #=-0.2468

(b) cos =0.3579
(c) tan a=-2.3506.

. Find the angles between — 360°

and 360° which satisfy each of the
following equations:

(a) sin@=0.1234
(b) cos )= —-0.5678
(c) tan & =0.3546.

24,

26.

If P is the point (=3, 8), find the sine,
cosine, and tangent of the obtuse
angle between QP and the x-axis,
where O is the point at (0, 0).

. Express each of the following in

terms of an acute angle:
(a) sin 238"

(b) cos (-263")

(c) tan (- 236°%).

From a centain.point X, Hamisi
observes that the angle of elevation
of the top of a tall building to be
40°. Moving 50 m further away o
a point Y on a level road, he notices
the angle of clevation to be 29°
Find:

(1) The distance of Y from the

bottom of the building.

(b) The height of the building.

.The angles of clevation of a

balloon from two points, A and B
that are 0.3 km apart are 62° and
48°, respectively, as shown in the
following figurc. If the balloon is
vertically above the line AB, find its

distance above the line AB.

Ballown

\ 62°

187/

_

0.3 km




