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Chapter One

Coordinate geometry

Coordingre geometry s the snudyv of seomery which describes the Iink
banwesn seametry and aigebra through sraphs imaolving cueves aud limes. It
iz the mart of seometry where the posifion of popds on the plane = locared by
urims cooradinares. T rhis chaprer vou will leam Row 1o locars the coondimate
af @ poinr on the Xy — plane, find the sradienr gf a straighr [, derive a
determine the coordinares of a midneinr ofa line sepmeny, and solve problems
mepiving midnoius. Jou will alzso learm how o derhee a distawce formula
calculare the distoce between two poods on a piane, aad solve problems
imepiving parmiiel mad perpendicuiar fines. The competencies developed
wili be appilied in variows real [ sitweions such @ load surveving, map
e projection, locarion of @ir trevisport, forecasting [t duildieg comstructions,
HLMAR PECOLYCE MUTMATEMEHT, RErming, @id Moy other annlicarions.

Cradient of a straight line
Activity 1.1 Naming the fisure. quadranis, and finding sradient of the
straizht lime
Alaterials: Graph papers, pencils, rulers, and marker pens
In 3 zroup or individually, perform thiz acinvity using the following steps:
1. Giventwo pomts AL, 5) and Bi4, 5), locate the points on the xy —plane. Then
2. Draw a vertical line which iz perpendicalar bisector to line AR, then name
point C in the first quadrant at any point on the drawm vertical hine.
3. Draw the straizht lines joining points A and C, and E and C.
{2) "What iz the name of 3 fizore formed?
(b) Inwhich quadrant does the fizure drawn belone?
4. Uzmg the same v — plane, locate the pointz IV, -, (-2, -7), and I3, -I).
5. Jointhe points ghven in step 4.
(2) What iz the name of the fizore formed?
(b} Inwhich quadrant does the figurs drawn balons?
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4. Oive a conjechars between the figurs fonmed in 3(3) and 5(3).

7. Uking the fisure formed in 5(a) find the sradient of the straight line joinmg
points I and E.

8. Share vour findines with vour neishboars thronsh discuzzion for more inputs.

Consider the siraight line joining the pointz Afx,, v,} and B(x, ¥,) as shown in
Figure 1.1

i
=¥

Fizure 1.1: The sraieds (ine joining Do paine:

The movement from point A to point B 1= equivalent to the horzoaial movement
from point A to poimt C followed by the vertical movement from point C 1o
point B.

The vertical movement iz often referred to as a3 vertical change (or rize), and
the horizontal movermsant referred as 3 horizontal cheanes (or man). The steepness
of the straizht line is called the sradient {or slop=). It = the ratio of the vertical
chanze {or rise} to the horizontal change {or rom).

Therefors, from Fisure 1.1, the sradient (or slope) m of a siraight line AR 1= the
ratio of the vertical change to the honzontal changs. that is:

Vertical changs changze in v — coardmates _ rize
T Horizomtal chansze ~ change inx —coordmate: T nm

Howto M eifenrdoy Por i Pl
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Exnmgle11 o
Find the sradient of the sraizht line joining the points A{4, §) and B3, -2).

Solution
Let, (x, ¥,)=(4,8) and (x, ) =(5,-2)
Using the formmula for the sradient of a straizhe line:
_ chanzeiny—coordinates ¥ — W
change in x —coordinates X —x
-1-8
-4
=_10
1
- =10
Therefore, the eradient of the straight lme AR 1= —10.

% L

Calculate the gradient of the line BQ in the following fizurs.
' 8 |

o FIL, 3]

[ e

I
=
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Soluton
From the given figare, choose the points B(1, 3) and Q{—3, -2}
Let, {x,, ) =(1,3) and(x, 3 =(-3,-2)
Usingz the forrmla for the sradient of 2 siraight line;
= Change iny-—coordinates ¥ - 1
change in ¥ — coordinstes X, — X
—-2-3 5
T3-1 3

—_F
3

5
Therefors, the sradient of the line B0 iz e

Equation of a straight lme
Suppose that two points Plx, ¥} and Qx, ¥.) lie on a straizht Ime. Then we
want 1o kmow the exsting relationship between x and ¥ coordinetes of 3 point

& Hli.r.y}mch&ﬂtastmighﬂineﬁnmp:-i.utﬂix.y}jntu_ﬂ.ﬁ.l.fx._;x],men,mim
M will join line P to form straight line only if the gradient of PN i the same as
: the aradient of PQ) (See Fizure 1.7).
-q'
- vl
:E gl Pttt
3 P2 N kel BERINE RRENE BN
e |
-g |
q |

3 Prasgssey taay auet
sy

=y
Fizure 1.2: The srreanois [ine joining the points

e 2
— ) : i wn
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'I'IlegmﬂanufP'Q-I_xl - (L
The sradient of P = 221 mm @
x-x,

Equations (1) and () zives the sams remltz.

From equation (I} ¥—F, =mix—x,)

hIakingz 1 the subject gives,

¥=mix—x,)+¥

On opening bracketz, resultz to ¥ =mo—m, + 1,

On introducing the brackets, resaltz to ¥ = mix + (¥, —mix,)

Ifweletc = 1 —mm,, then v=mx = ¢. Here m iz the gradient and ¢ 1= the
& ¥ —intercept. Similarly, using equation (1), the same results can be obtained.

The x — imtercept i= found by seting v =0 and solving for x i the equation
¥ o=mx+c.
0 = mor = ¢ which gives,

==
M

Thus, the x — irercept is — %
Therefors, the equation of a straight line joining pointz P{x,, %) and Q{x., ¥.)

2 V=X —X)}+ ¥ T ¥V=ME+C.

= LW 4 T R T @ _
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2{y+2) =3 x-3]
pening bracken zives
¥y +4=ix-13

2¥ =3x-15-4

I¥ =3x =18
2% 3x 19

2 2 12

Thersfore, the equaton of a siraight

3x 190
lime iz ¥ -%—T-

Find the equation of the straight line which passas throush the pomt {3, I}

Let, F{x, ¥) be amy point on the straight lins.
Let, {x,, ) = (3, —2) be a particular paint on a straight line, and m= =.
Using the formmila for sradient of 3 sraisht line:

3
2
Alternative solation
3
Let, (£.3) = (52 and m=%.
Uzing the fornmla for the equation of
a straight lins;
F=mXx—X)|+¥
Cm substinming the vales give:;
¥ —%fl—j:l+f—1}
= ¢
2 2
.
- 2 2
Therefore the equation of a straizhi
lineis ¥ =k —1o
2 12
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Verify that ¥ — 7 = 3(x — 3} reprazents an aquation of the straizht line through
the pownt (3,7, then, detenmine Itz gradient and v — imbercept.
Solotion
Check whether the equation v -7 = 3{x — 3) pazzes thronsh the pomnt (3, 7).
Substnrtng the point (3, 7) inbo the equation
¥=T=3(r-3) gives; T-T=3(3-3)
0=0

Therefore, the ziven equaton passes throush the point (3, 7).
From ¥—7T=3{x-3)

ya3r=3)+7

Y=3x—2
Comparing ¥ =3x—2 with ¥=mx+¢ giesm=3andc=-2
Therefors, the gradient of the straight line iz 3 and s ¥ — mtercept 1= -2,

Find the equation of 2 sraizht line joirine the points A(1, &) and B( 3, 9.
& Solution

Let, Pix, ) be amy other point on the swaight line joining points 4 and B,
Let, (x;, ) =(1, @) and (x,, ¥,)=(3, 9.

Uzingz the forrmba for the Then u=zing a point P(x, 1) and the poimnt
gradient of a straight lina; (x;. ¥) = (1, §) the equation of the straizht
PO St line iz given by o
Xr—-x L=
i_v-4
m=3T Fr=sy
5-1
_3 v—f - —(x -1}
m= :
o
Vi —ix=1j+&
)
3 3
-—f——+0
i
3 21
=—X+—
4 4
: e 3 il
IhﬂEﬁIE:ﬂmﬂquanmnfﬂEﬂmghthEE;me—T.
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The zeneral eguation of the straizht line
Consider the equation of the straight line joining the pair of poinfz Afx,, v,} and
Bix,, 5. Let P(x, ¥) be any other point on the straight line joining the points
Afr,.¥,) and Bix, ¥;). Then

H—Ei'_—‘u‘- of m=ﬂ

- X=X
Thersfors,
Y—5 Y —h .
r-x  L-x
: A wm-x
which iz the required equation of ¥ =X — X | __;_ .'-r |—Jr'._
eI T M

or (F-Ri[o—% |=(x-x {3 —-R”])
or ¥ —% |-Ri(G-n)=x{¥-®|-5(¥-L)

or —{):—R )X+ -5 | ¥y+x(k-K)-K{a-—x)=0

Since x,, ¥, X, and ¥, are given real mmbers, then —{ v, — ¥, j.(x, —x ), and
(¥ —-k)-% (% — x| are real numbars too. They can be replacad by
constani= g & and ¢ respectively. Then the squation becomes: ay = &y = c=10
where @ = —{}; -k}, b= —x, a0d ¢ = (k- R)-Fln -x5).
Therefors, the general equation of the straizht line is ax = v + c= 0.
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RCT
Skeetch the graph of the straight line presented by 3x — 43 — 24 0.
Solution
The x—intercept can be found by The ¥ — intercept can be found

setting ¥ = { in the equation. by setting x = 0 in the equation.
That is; That is;
Ix-4{0)—-M4=0 3(0) -4y —-M4=0
3ix—24=0 -4y - 12=m
Jr= M -2 =24
x=8 ¥ =i
Tz, the coardinete of intercepts are
(E,0) and (0, —€). The graph iz as
showm in the followine fizure.
&
o !
_-_;! !
: V/"’r
i WA S, : -1:-|/l 0w
Ll | - | i | ! ! ! [N - - |-
" vt
Fa -~
) /[- 'I:.?.l' g
_‘I ;’,"
- vl
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CGradient for the parallel lmes to the v — axis
When valies of x do not change: that is x =x, =k where I iz 3 comstant, then,

.'-.'—.'-.',=III.

"‘D‘” iz not defined In this case the sradisnt is indefined

Therefors, ™ =
Creometrically, me: which have undefined sradients are parallel o the v — ams.
The aquations of the lines ars determimed by the x — imtercept. If the ¥ — mtercept
1z 4, then the squation of the ine is x = 4.

In general the equation of a lme whose gradient 1= undefined 1z x = &, whers

E iz the x—intercept For example Fisure 1.3 shows graphs for the equations
x=1,x=2,and x=3.

4-—-:\-\1'1-
B -
=l =]l K=
2 ;]
4
1
2
-
L] e -
3* JJ‘%[JJI
% ............... —H
[}
i
i
Yo r vy v

Fizmre 1.3: Graph of ins: parails] fo the ¥ — axis

e °
_ . : ' & |
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CGradient for the paralle]l limes to the x — axn
Sirmilarly, the values of ¥ corresponding to values of x, may not vary, so thet
¥ = X = where ¢ iz 2 constant then ¥— 3. =0

Thersfors, -

= . The gradient of the line is zero.

Creometrically, lines which have sradient zero are parallel to the x — axis and their
equarions are determined by the y—intercept.

If the y—intercept iz 3, the squation of the line iz ¥y =3,

In general. the equation of 3 line whose gradient i= zaro iz ¥ = ¢ where ¢is the
¥ = mzercept.

Figure 1 4 shows graphs for the equations ¥ =1 and ¥ = -1

iy | ,
2
v ¥=1
=} l -
T 2 1N I & 8
=1
5 y = —2 |
'

Fienre 1.4: Graph of Lines parailel to the x— axis
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Answer the followmg questions:

1

LAy

Find the zradient of the sraisht
line: joining each of the
falloming pairs of points:

(2) (1,4) and (3, 7)

) (3, 2) and (7,-2)

(€} {(3,4) and(§, 1)

(d) {-1,—4) and (4, 3)

|I"1 ll"
o (1) m (]

|lr_1l - _ l‘“.l
@ (g7 ma {74
Find the aguation of the straight
line whose gradient iz 2 and
paszes through the point (3, 3).
For each of the followins
condition:s, find the equation of
the straight line in the form of
¥=mx+c:

{2} Pas=zing through the point
{4, 7} having gradient 3.
(b} Paszing throush the points

(4, 7) and (-2, -3}
() Pazzng throush the point

A{#.—:‘}uﬂmaegrﬂmisg-
Verify that the points (-2, I) and
(=4, 0 hi= on the lne joinine
pointz= A{—4. 1and B {2, 4).
Find the equstion of the straight
lme in the form of ax + v +=c =0

jomming each of the following
pairs of podrts:

(a) (1,6 and (5,9)

) (3,2) and (7,-1)

© 3.4 md@E D

)y 1,4 mnd (4, -3)

-

.I"l 7 1
=) |—=:] and |3, <
L2

Sl o) f 11
(£ | 237 and (8 -2
£

Find the equation of each of the

following straizht lins: i the

form: ax + by +e=0.

(3} The straizht Ime joming the
pomtz (1, 4) and (-3, 1.

(b} The straight line through the
pni:!lﬂ,l}lm’ihgmﬁa!—%.

(c) The straight hine throush
the pomnt (3, —F) and which
ha: the zame gradisnt as the
straight line Sx — 2y =3.

Dretermune the value of £in
arder that the straizht line whoze
equation iz kr—y¥ =35 passe:z
through the podnt (3, 5).

Whar should be the value of £ to
allow the straigh line represerted
by the equation 3x — v = 16 1o
pazs through the podnt (3, —4)7
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2.

10.

11.

13.

14.

| )
L

JOTER_TEET = =y,

Draw the sraph of the siraizht
lime reprasented b each of the

following equarions:
(g} l4r+Ty=215
by Jy=4dx-12
() 15=3x-5y

Plot the eraph of the straizhi line
whoss equation is 4x+ ¥+ 4=0.

Find the x and v — imtercepts of
the straight line 3 — 2y + 10 =0.

Find the =quation of a siraizht
g
line with _Emdia::ti and having
the zame v — imfercept a: the
straight line 2x — Sy + 20=10.
Determune the values of m and ¢
=0 that the straight line v =mx + ¢
will pazs through the point:
(-1, 4) and (3, 3).
The poimts (4, -2} and (-2, —5) Lie
mﬂ:ueﬂnjg]::tltne§+% =1
Find the values of gand &.
Deetermime the eguation of the
majgmlimmhmegmdimisi_
5
and pazses throuszh the intersacton
of the straight limes 3x — 2y =2
and Ir-3v=3.

B ST T

16.

17.

15.

15

20.

Tl

Find the equations of the straight
limes subject to each of the
following conditions:
(a) m=—%,n:=4
) m=0,c=-1
: & :

(c) gr:adlazt=—3 and pazzing

through the point (2, I).
Find the aquation of the straizht
line throush the paint (0, 5) with
gradient zaro.
Find the eguation of the lime
through the point (1, 0) with
undafined sradient
- : e and
the v — imtercept for each of the
following hines:
(a)
(&)
()

i

Jx—y=12

Tx—2¥ +3=0

o + b = e=0

£+£=1

a b

Find the equation of the sraizht
line joining the points (0, 4) and
(3, 0.



The midpoint of a line segment

Activify 1.2: Finding the midpoint of a line segment
Alaterials: Graph papers, ruler, pencils, and erazer
In a zroup or individually, perform thiz actvity by uzing the following steps:
1. Locate points A¢5, 3} and B{-1, 5} onthe graph paper Draw AE .
2. Hold the paper up to the hne and fold the paper so that points A and B
match exactly. Creaze the paper slightiv .
3. Open the paper and put 2 point whers the crezzs mterzect AB . Label] thiz
midpaint C .
4. Pepest the first three steps using points Xi{—3, 3) and ¥{1, 7L
Lab2l the midpoint £. Then answer the following questions:
{2} find the coordirates of the pomt C.
(b} find the coordinates of the point Z.
{c} stady the coordimates of pointz A B, and C. WWiite a rule that relates
theze coordinates and them usa pointz 3 Y, and £ to verify voar
ANETWErE.

5. Share vour findings wath vour neishbour for more ingats.

The midpoint of the line sezrment is a poimnt which dividas the line seement inio

&
oo equal part=. Let P be a point with coondinates (x,, ¥,) and B with coordinates
(X, ) It is required to find coordinates of the point Q) (x, ¥), where () iz the
midpoint of PE. (S2e Fizure 1.5}
2 )
2
L
L
g &
i
[ -] ]
l'r|.
i (1] I, + ¥ E-
¥

Fignre 1.5 The midpeber of @ straighr e

e © s
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Considering amzles of APCO and ACQDE.
APCO ~ AQDE (FHS — Similanity Theorem}

PC_PQ_QC

QD QR ED

PC_PQ yx _BG
U —_— = e I.'f|=_
Tl E IR

Then 2C = PQ € _,
D BQ Q

x-x 1

_'r__—:c_l

o ¥,—¥=Y¥—%
W+ ¥, = 1¥

H ,F.=JF-;J*'-I_
X, + X Js.—}'ﬁ"
Th&rdmeﬂlemnnimat&uf@arel L2

Gmaaﬂt‘&emduﬂpnﬂfumﬂsnfﬂeﬁn&amtjnﬁhglﬂ&mﬂPﬁ:y;}
m:lRli.th}L-.m'enh'-l _I* 1’:1}

-
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Find the coardinates of the midpoint of the line joining the poines (4, 7} and (1, -18).
Solotion

n+x % 1"'&"
mmmﬁ:mm:smmm{ : | whare (x, 1.0=(=4, 7}
and {x,, ¥)=1{1,-18)
[IﬁIz ¥y =+ ¥ ] f—4+l "—{—IE}]

, 47

L

-(2.-9)

(3 1
Therefors, the coordinates of the rmidpoint are [—? 'T)

s

Find the eguation of the straisht line m the form of ax+&v+¢c =0 pazame
throush the pomt (5, 3) and the midpoint of the lne joming the points (-2, —4)
and (-4, —3).

Solution

¥ _'I.l_-t

The midpoint formmala iz given by [% -5 whers;
(.3} =(-2-4) ad (x5 =(—6,-5]
L+ ¥+ -2-4 -4-E
[l1= 3]'[ Z ) 1_]
= (~4,-6)
The gradient of the swwaizht line joinmz pomts (—, —6) and (3, 3}
-8 o

is M=z =g =1

) e : ; . ¥—3
The eguation of the straight line paszing throush the point (3, 3) ;_;
V-3 =x-5
Xx—¥—2=0-

Therefore, the equation of a straight line is x—F—2 = 0.
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3 the following questions: 5. (dven that the vertces of the

IIi.HIIglE are {_4: 1}: {_:“}: _ﬁ.}:

and (2, -3). Find the coordinates
of the midpoints of each zide.

6. A parallelogram has  vertices
A2 4), B3, 1), C(6, 4), and
Ix1, 7). Find the coordinates of
the mudpoint of the diasomals
Hence, show that the diasonals
bizact each other

1. Find the coordinates of the
midpoint joining each of the
following pairs of points:
(@) (8 1) and (1,5)

(b {0, 0) and (12, 3)
() (3,3) and (9, 1)
(dy (=i 8) and-—4 -1}
(g) (0, 3) and (3,-2)

' 1]_ _"-_ - 1
® |237jmale-2;]

]

Three vertices of a parallzlosram
ABCTy are A(-1, 3). B(1, 7}, and

2. If the line from the point (4, 3.) {5, -7). Find the coordinates of

to the podnt (x,, —3) is bisected at vertest I using the principle that
2 the point (1, 1), find the vales the diasomals bizect each other.
ofy, andx,. 5. Show that the lines joininz the
3. The mudpomt of a line sepment 15 midpoint of the opposits zidss
(-2, 7) and one of 1= end point iz of the quadrlaters] ABCD with
(1, 7). Find the other and point. vernces A5, =), B3, 4), Ci=2. 3).
and -5, —7) bizact each other.
4. 'ﬂ&emﬂpumtuf:imuﬁuf: 0 Tind the o of the line
t:'ulglem{:'.,l}},;f:—EE_‘LEu] through the point (2, 3) and the

Ll ]"!.

Lﬁ: 7 |- Find the vertices of the
trianels if one of them i= (4, 3).

.

JOT RS TEET = TN T

midpomt of (1, 2) and (3, 2).
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Dntance between two poinfs on a plane

Alaterials: Fope meter mler, pencil and writing pad.

In 3 zroup ar individually, perform the followine tasks:

1.  Mezzors znd record the distance betaeen the edze: of the backboard on
top, at the centre and at the bottom.

2.  Grve the comjecturs about the answers obtained in tasik 1.
3.  Share vour finding= with vour fmends for more inputs.

InFigure 1.6, suppoze Pix,, ¥,) and Q{x,,¥,) are two points so that the distance

PQ iz to be determined in terms ofx,. 1, x.,and 1.

vk
e :
4 1)
o
i
|
I
|
i
i
= ' ! i -
0 X e
| 1

Fizure 1.6; Diztance Penwesn pomis o tae X¥ — piane
Toin PQ and draw dotted lines to join AP and AQ as shown in Fisure 1.6 and
then, PA — . —x, and QA = ¥ —J,. APAQ is a right — angled triangle.
Apphans Prvthasora:’ theorem to APACQ sives:
{_.JPQ T =[P T, I,.'H_"IA.QJ:
o (RQ) =(u-x)’ = fa=)
Therefore, B =, [m-x)" + (-5
Generally, the diztance () betwesn two pointz Pix,. %) and Q (x. ¥,) onthe
plane iz given by the fonmula =.l|||::c:—:c._:|2 + [}':—Js._]:.

e ©
I 7] . @. T
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Find the distance between the points (-1, 7) and (4, -3).
Solotion
Taking (-1, 7) as (x,% | and (4, —5) as (x;, ) |, the required distance dfis:
d=yf(x -x )"+ (% -5)
={E-EDF -7
=y (4 =1+ (=57

=I5y - (-
= /B8
=Ji6

=13.
Therefors, the distance betwwesn the poimts 13 15 units,

% L
Determine whether the wianzle with vertices O(0, 00, A(—6, 8), and B({-14, 2) 1=
equilateral, izosceles or zcaleme.

Solnton
. Y il
f’{t o :
il il
f"'i | u
I N N S
=" o l."'-u'f-ll 1:: =
— 1 =1 =1 | = —d) -1 —_ | 2 1.1
-
¥

= [ LW 4 T S T T @ _
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Let A B, and O represent the vertices a3z shown mn the fizare.

A0 = [6- 0] +{8 - 0f mits
='q| 36+ 64 = 10 umits
BO=J{14-0] +(2-0) mt=  AB = Y-M—(—6F (28] umirs

=4f196 + 4 =102 umits =4 64 + 36 = 10 units

Thus, AE = AQ=10 units_

Therefors, the triangle with the vemices (0, 03, (-6, &), and (—14, 2)yiz an

e 2000

Find the coordinatas of the pomt P on the ¥ — axiz, winch = the same distance
& from pointz O3, 4) and R(1, 2.

Solution
Since Pis 3 pomt on the v — &xds, its coordinares are of the form (0, ¥} (refer the
figure that follows)

= [(0-3] + (34

Q) =3 + [5-4)
-0y —Ep =18
- -Epe2

Howto M eifenrdoy Por i Pl

(BB} = - 1R+ (r- (-2t
=1 ¥+2)

=1+ 4y =4
=1 +4v+3



—
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Since, QF = P, then (QF)" = (FF)°
@ ¥V —Br+25=F +4¥+5
it R e O g A

—~12y =—-20

0L 4]

%
Therefore, the coordinates of the point P are |[l]', 13].

U ER TR ET = S TN )
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Answer the following questions:

1. Find the distance of the line
segrnent joining ach of the
following pairs of points:

(@ (32} and (214)
® (L3) ad(4,7)
) (p.gq) amd(r,s)
@ (L2) and (52
() (-%-3) and (-6 -8)

'::ﬂ ' 1 md -"E: 1 1'“.
-2-,-11 -1
lu 4 ] |~. Ll

Find the distance of the point
(=12, 8) from the crizm.

The point: P, (), 2and F. have
coardinates (5, —3), (-6, 1}, and
(1, &) respactively. Show that
POF. 15 an 1zosceles tnangle.
determine whether the triansles
with the following vertices ars
izpzceles, equilsteral, scalens or
right angled:

@ (L0), (-L0). (3.34)

& (4.5): [0,-2) [3.])

10.

© (2-2).({L35).(-L-1)
@ (-3,-2).(-L6}{%1)

The distance betneen the points
(=3, 5) and (x, 2) iz 5. Find the
vahie of x.

The lme joming the pom: (2, 8
and (&, 21z the base of an isosceles
triangle. If the r—coordinats of the
verex iz —3, find itz y—coordnate.

Find the coordinates of the point
an the v —amis which i= equidistant
from the points (3, 4) and (5, 8).
Find the coordinates of the point
an the x —ams which i= equoidistant
from the points (-8, 3) and (1, 4).
Find the coordinates of the vertex
D of the quadnlateral A{0Q, 4],
Bi—4, 7)., C—-7, 3), and D if
AD = BC and D iz om the x — axis.

Show that each of the following
vertices form a nehi-ansled
ransle Hence defsrmime its area.
@) {4, 4),(=1) and (2.4}
&) {10, 3). (3, I), and (§,-3)
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Paralle] and perpendicular lines

Paralle] lines

Two lmes which do not mest when produced mfimitely are called parallel Imes
and the anzle betvvesn them 1= zero.

Suppose in Figure 1.7, L, and L., are parallel linez:. Then from amyv point Coa L, .
CED iz dranmn perpendscular o x — axis so that it ootz L, 3t point E and x — a0 at
[point I )

Since ABDE and AADC are equiansular, then

ABDE -~ AADC (FHS — Simidlarity Theoram)

/
ED ok T
L fﬂ/ﬂ &
cD .

B _—=T:tE§]'Edlﬂtﬂ'le=ﬂfl ¥

AD Fizure 1.7: Paraiiel lins:

Thus, the sradient of I, =the sradient of L. or m = m..
Therefors, if two lines are paralle]l thev have the same gradient. The statement iz
alzo true, when two distinet Imes have the zame sradient, then they ars parallel
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Find the valie of x so that the peinrs A1, 3), B(=2, —3), and C{x, 7) li= an the
Solution

Because points A, B, and C are collinear, it implies that BA and BC have the
zare gradisnt.

The sradient of BA =%[jjl_§ -3

== _ T3 I
The gradient of BC = L -
I_[._:"] x+2

Then, the gradient of BC = the gradient of BA
10 -2
x+2
10 =2{x+3)
2x=10-4
x=056
x=3
Therefors, the value of xis 3.
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A line through the point (3, 1) is paralle] to the Iine 186x —4¥ = 25 Find the
equation of the line.
Solution
Find the sradient of the line: F — X
INow, using the formula mad &
16x -4y = 23 X—x
MAake v the subject: nhﬂg{xj:yl}={3:l}:m=4
—4r  —l&x - .o v =1
3 4 4 =
4 23
F=5 - 4 cross multiphication gves;
Parallel line: have equal gradients. ¥-l=4{x-3)
Lzt the eradient of the first Iine be m, V—1=d4x-12
and of the other line ba m, respectively, Vo= dx—12+1
then m, = m, which gives; ¥ o= 4x-11
& — Therefors, the squation of the line is
y=4x-11

—_— ; L B4 N T R e T

Answer the following questions:

2. Showthat A(-3, 1), B{1,2),
{0, —1) and D{—4, I) are vertices

1. Determine whether XF iz paralle] of 2 parallelozram.
ﬁmﬂﬂfﬂ“ MEEE 5 P fhe eqmien of fhe skt
' line through the point (6, I} and
(a) E&;II:B{&#):PEH: il i e e wadanre eem et

is x+3y-13=0.

—2. 0), B(1, 0), B2, 5),

() Eﬁ?ﬁ (1, 00, P2, 5), 4 Ome veries of & eram s
_ 3 (5,5) and the squations of its two
(<) &53 %B{II, 3), B(L, 1), cides are 2x + 3y = 7 and x - 3y
o - +4 = ). Find the equations of the
l:d} :;:;;:E{':I}:H J::::I: ather too sides and coordinatss

of the verticas.

°
®
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Find the squation of a siraight
A(—3_ 4} and iz paralle] to the line
with equation 3x =4y - 13=10.
Show that the following squations
rapresent the sidez of 2
parallelosram:

ir +4v - 11=i,

2x =5y - 10=0,

Ox + 8y +13=0, and

x —15¥ + 25=0,

represented by Ax+ By +C =0
should:
(@) pass through the origin.
(b} be parallel to the x — axdis.
(c) be parallel to the ¥ — axa=.
(d) cutoff equal Intercepts on
the ames
The midpoint: of the adjacent
sides of the gquadnlateral with
‘m"!"'l::j _I:I': B'D: 4} ‘:{_1: 3}
and D0, —3) are joined.

10.

11.

By comparnz sradientz of the
resulting fizre, givethe peometrical
identification of the fizure.
Find the coordinates of the point
on the x — =ads so that the line
joining it and the podnt (5, =) iz
paralle]l to a line whose sradient
is 2.

4
Witz m a simplified form the
condition that the line joining
poinis A(3, 1) and Pix, v} iz parallel
io the line joinmg the points
Bi{-1, -3) and Ci{4, 7).

Find the valoe of ¥ =so that the
pomis A{3, 3, B(0, 4), and
(-2, £} are collme=ar,

Find the vahie of x so that the
(x,—5)and (1, 1}is parallsl
to the straight lins joining the
points (1, 3) and (-2, -1).
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Perpendicular hines

Two hines are perpendicular if they mterzect at rizht anels. Supposs that two lmes

L. and L. with slopes my and m,
2= shown in Figure 1.8,

respectively, are perpendicular to each other

T i
: !.
ety o
o g =
hR ¥l
- - - : -
E - ik . I =
é T4 71
| e s :
i T, 3 |-
| - | .
w 81 HAERAREITR[NRE] | R L 41 e
H'r,l' i Ill FI-.ILI.‘!.‘J;-P.‘I%"'\-.H% LT
i -H'“H-\.
J T
[ ] L | H

Fizure 1.5. The grapi of perpendicular iines

Choose points B {x, 1 |, Po{x, 3

:I:l PEII_IE'. :"-i :I: F-'::-"-:, .:l'::l E.I:Hi Q {Ij.'. J":;;l .I."‘aan

ce, fi, and v are the Greek letters for alpha beta and sarmma respeciively which
reprezant: the desres meazures of the anslez. Then

& + F = O0F (complementary « 5}
&+ ¥ = O0F {cornplementary )
Thuz, F=r.

Hence, AR.QP, — APRE,

JF. PR

X5 —X

¥,

X,

s ;
- (L

& — K

JUTER_TEET = TN

KL

V. —F.
But, gradient of L =™, = “i—= (1)

T — W
And the gradient of Ly = my, = =—= (3)
L=
Then, substituting (2) and (3} in (1) gives,
- -—t, of 1=—mm,
m

Hence, :ut,m. -1

Thersfore, 1f tovo lmes with gradient= m
and mi are perpendicular then mope. = —1.

°
; _
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Example 114 = |

Find the equation of the straight line throush the point P{—2, 3} and parpendicular
to the line whose equation is 6x — Ty = 4.

Solution
Iheaqﬂ-mafﬂte;ﬂaigh]iuﬁx—?y-#mtemiﬂmasy-gx—;-
'I'J:Eguﬂianut'dleljnﬂjs%-

Thzz, M_-E

Zmce, MM - -l

1]
then, =, =—1
,,1__;'.
Since the required line paszes through the point (-2, 3} |, it= aquation i=:
¥=5 7 Crozz multiplication sives;
& x—(-2) 4 6¥ — 30 = —Tx — 14
¥-3 7 6y +Tx= 16
x+2 6

of TXx +0F —16 =0

_% Thersfore, the equation of a

2 straight lime iz Tx + §v = 14,

L

§ Show that A(-3, Z), B{3, 6), and C{(7, I) are vertices of aright — anzled trianzie.

-g Solotion

- Cradientof B8 272 0% 1) Grgiemof Bo=20-F -2
3+3 8§ 12 T-5 12

Since the gradients of AB and BC are negative reciprocals and their product
=ives -1, then_ trisnsle ABC i= risht-aneled at B.
Therefore, A{-3, 1), B(3, €),and C(7, ) are vertices of aright —angled risngle.

e © s
I *h . @. T
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Answer the following questions:

1.

JOTER_TEET = =y,

State the zradient of the line
which iz perpendicular to each of
the straizht limes with sradients:
{a) B} 5
) A
(<) (d} _E
Find the coordinates of a point
having mz y—coordimste —I so
that the line joining it to the point
(=3, 1) iz perpendicolar to the lme
ﬂEIEH-E.hﬂJEPDﬂ f.l T.:'mil:i _1}'
For each of the followins rizhi-
angled triangles having vertices
at A B, and C, determine tao
sidez that are perpendicolar to
each othear
() A3 2), B(3, -4),and
C(L -2)
(&) AT, 8), B(7, 1), and C(1. 1)
(€} A{0,9). B{-=, -1, and
Find the equation of the siraizhi
line pessing through the point
(6, 1) and perpendicular to the
line joininz the poimtz P(3, -1)
and -2, 1)

-
a
4
.

=5

B e e

LAy

10.

Tl

Find the aquation of the straisht
line which iz a perpendicular
bizactor to the line joiming the
pomiz (2, U) and (4, 0.

Find the coordinates of the foot
of the perpendicolar Ime from the
poirs {4, ) to the line 2x—y—4 =0

Show that (4, 7), (0, 4), (3,00,
and (7, ) are the vertices of a

square.

Find the eguatiom of a lme
perpendicalar to 3x — 1y —4 =0
and pasznz throush the point
=, 9.

Find the eguation of the lne
which passes through the point
A(l 7} and 1= perpendicular to
the line joining the points B{4, 4)
and C(-2, 3).

Find the coordinatez of the
foot of the parpendicular lime
from the pomt (4. 3) to the line
H.].'—ﬁ:l.i:ﬁ.
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Chapter Summarn

Gradient or slope m of 3 Iime i= the
szepness of the line seament
It is the ratio of chanze in
1—coodmate: and chanse in
x—cmd:mtesﬁrdlegmm
points A(z,, ¥,) and Blx;, ;)
Thar iz

¥.-F ¥-¥
o e

X—-% X—X
The midpoint formula of 2 line
mhgir.mh
|_'I.'--|1-I:'I.-+T |ﬁ[l!'ﬂ'.‘EEI1.-'E:I|
points A{x,, h}n&[ﬂr,t;_ o)

The distance d betoreen Do

point= Alx,. ¥) and Bix, ¥) is
amven b the formmla

d=qx -x) +(x - 5]
Parallel limes have the zame
gradient. That i= s = m, whers
my 1= the eradient of line 1 and
. is the sradient of Line 2.
The product of the gradiensts
of two perpendicular limes iz
negative gne. That = m m = -1
where m, iz the gradient of line 1
and we, is the sradient of line 2.
The equation of a straight line
joining the poimts Pix, 1) and
Qlxy, ¥y) is ¥=mlx—x )y, ar
Y=mo e

The penera] equation of the sreigit
line joining the poimts Plr,. v,)
and Qix,, ¥, ) is ax+ iy +e=0.

Eevicion exercse 1

Answer the following quesfions:

1. In which quadrantz are each of
the following points kocatad?
@) 2,9 &) 4,-0)
) 2.3 d) .1

2. Find the equstion of the straishi
line joining the pointz (6, 3) and
3, 5

3. Show that the point= (5, ) and
(6, T) are equidistant from the
pomz (=2, 0).

4. Find the sradient of each of the
following pairz of points:

() (3,3} and(l,4)
B (=4, -3) mnd (4, 4)

5. Find the equation of the straizht
line through the poimt (3, -I)
which is:

(2) paralls] to the line whoze
equation iz 2y + 3¥ = 17.

(b perpendunilar to the line whose
equation iz 2y + 5¥ = 17.

6. Find the aquations of the
following straight line:_ in the
formr ax + bv +6=0.

(a) The line joining the point:
(2,4 and (=3, 1).

by The hine throusgh the point
{3, 1} paralle]l to the lme
whose equation is 3x + 3y =>4
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10.

11.

(c} The line through the point
{3, —4) perpendicalar to
the line whose egquation 1=
Sx—-2y =3,

The point: A B, and C have
coardinates (7, 0, (3, -3), and
(=3, 3} respectivelv. Find the
coardinates of the point Q. B and
5 of the midpoint of BC, CA
and AP respectively.

Prove that the four points (4, ),
(7,3} =1, -1}, and (-5, 1) are
the vertices of a parallelogram
and find the equations of its
diazomals.

Find the eguatom of the
straight line which iz parallal
to the line whose equation is
X+ 4% —l=0 andwhich pazszaz
throush the point (4, —3).

Find the distance of a straight line
joaning the points (=2, L) and (€, 7).
A perpendicular line from the
pomt (-1, 1) imtersects the lne at
the point (-1, 3). Find it= distance
to the line.

Show that 3 quadrilateral with the

FIIIIIIE Ml, —:'Il B{ﬁ _2]': ':':3: 4:':-
and D2, 3) iz a parallelogram.

JUTER TR ET = — TN

13.

14.

| )
Ly

16.

17.

Tl

The point (3, —7) iz the vertex of
2 meght angle of a rght — anzled
tnanesls whose hvpotemuze lie
along the line 6x — 13y =30 A
second vertex of the mamzle
iz {0, —3). Find the remaminz
VETTEN.

Find the coordinates of the point
gn the lme pressnted by the
equation. 3x — 3y + 7 = 0 which iz
equidistant from the points (-2, —8)
and {7,-1)

Find the coordinates of the point
on the x — axizs such that the line
joining it to the poimt {3, -1}
forms a nizht angle with the line
through the pomtz (3, -1} and
(-3, =50

The wvertices of a triansle are
A2, 4), B(-3, 1) and C(3, 7).
Find the coordinates of the foot

of the perpendicular drawn from
Atothe lime BC .

The poimtz A(l, -1}, B{4, -1}
and C(1, 3) are the vertices of a
right - anzl=d manzle. If the right
anzle 1= at A find the area of the
miangle.
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1. Plane A is paralle] to plane B, and plans B iz paralle] to plane C. I3 plane
A paraliel to plane C7 Explam vour answer.

2. Desmbe objects in buildings around vour emviromment that illusrates
VOUr response in question 1.

Howto M eifenrdoy Por i Pl



Chapter Two

Areas and perimeters

Area iz the surface ocowmed by a fiar shape or surface of o object. Perimeter
is the lengh gf a closed shape. In thiz chaprer vou will learn how fo devive and
aoply the formula of the area of oy trigrigie, rhombus, parallelogram, sguare,
reciagle, aad trapezium v sohing problems. Touwidl also learn how fo derive
and quply the formula of fiuding a length of a ride of a regular polvgon, find
the perimerer and the area qf @ regular polvgow, the circumyference avd the
area af a circle from pucribed resular polveon. Furthermors, vou will learm
Ao ro find the ratto gf areas qf similar polveons and sohee problems relmed
to patio or similar polveors. The competencies developed will be appilied
variows felds such as in huriness, hdldng corsructions, cooking whan the

2 valume gf contaimers for carmiies liguik, solids or sameows musr be Bawown
The compefencies developed will also be applied in fencg off an area,
building a swinmning pool, and magy other gopiications.

Areas of anv triangle

Acﬁrit}'I_I:Fi:-:lilgtlu.;u-ui:luingi

In a zroup or indinvidually, perform the followins tasks:

1. Use a graph paper to draw a right-angled triansks of am comvenient size.
{2} BEvooumtng squares insids the triangle estirmate the area of a triangle.
(b} What iz the length of itz height?

{c} What is the length of itz baze?
{d) Caloolate the area of the friansle.

2. Driscus:z with vour friends how the surface area: and vohumes of varous
things can be used in raal life.

; ”
= LW 4 T T RS e X @ e




.

Conzider a nzhi — angled mansle with base & and heizht & as shown n Figure 2.1,
A

.

B 5 C

Figare 2.1: Ths ricis — aegied ik

The area of tnangle ABC Eg’iﬂb}'ﬂ:%ﬁh

Thiz iz the fonmula for findme the arsa of any right — aneled mansle with bazs

& and beight A

Another type of a triangle is the one with altrade which lies within the tnangls
2 32 shown in Figure 2.2,

B

g
2
S c
|--]|:'-|| -
E b i o
£ Figure 2_}: Trioteie with aiiude [Ving within the rimgie
= Area of AABC = Area of ABCD + Arsaof AADE
1
< 2
1
=—||:EIFE +|:i_|
2

1
There&::e:ﬂleareaufiﬂ.ﬂﬂ=ibﬁ?ﬂm:ea+d=b.

e © o
I 7] . @. T
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The case where the altitude of a tnanzle hes outzids the tmanzle (Fizure 1.3), the
ar=a can be found a= follows:

E

5 L B
£ : .|
Fignre 1 .3: Trimeple with altingde (ying owurnids (e rimsis

Areaof AABC = Areaof ABCD - Areaof AADE

1 1
-EE'.FE—EI:ﬂ:l
i
-E g - :;i':|
1 .
5 -Eﬁl.i:,smce-s—d--!r.
Therefors, the area of AABC = %ﬁﬁ:.
In each case the formmila 1= the zame.

Therefors, the forrmula for the area of a tiangle with base & and comespondine
height & is TIEIM.

The knowledze of trisomometrical ratios can also bs uzad to find another formmils
for the area of anv mangls. Too mangles with altiude hving within the triangls
and outzide the triangls respactively are sthomn i Figares 2.4 and 2.5,

B B
]
‘ b & A ¢ { Cp
= - | b _I
Figure 2.4: Triongle with aitifude vy Fizure 1.5: Iriangle with aitituds [ing
Wilkin Ths Irimgis purride rhe rimmgie
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Usinz Fizurs 2.4,

i&:%;h:m:iﬂi:

1 1

Area of AABC - E.w: - :.&azinf_',

Therefors, area of AABC - %aﬁﬁnﬁ'.

Similarty, using Fizwe 2.5, sinC = 2*: k= gsin®
o

1 1

Aresof AABC = — B = SbasmC

Therefore, areaof AABC - %ﬂﬂnﬂ'.

By uzing zitwilar method it can be shown that the area of oiangle ABC with
sides @, &, and ¢, (Figure 2.6) is given by

&
A 1 | -
Ares of AABC = cacznB
: 'f E'
1 . . =
-E Areauf.ﬁ.Eﬂ.ﬂ;-Eﬂﬁ'ﬂﬂ':
= B c
a
3 1,
é Areauf.ﬁ.EA.Ef-Ebcmﬁ
= Fizmre 2 6 4 triavgie wizh ider and aagies
[ -]

Crenerally, the arsa of a triangie i= half the produoct of the lengths of tvo =ides
and the zime of the mcluded amaile.
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Calulate the ares of a mangls shown in the following fisare:

P Splotion
Let, height (k) =20 cm
baze (5)=17am
1

'ﬂ&eare:nf.ﬂ.PQR-E!lh

=%ul".’|:|ﬂriﬂcm

=170 cm®
Thersfore, the area of APQE =170 am®.

Caloulate the area of a mangls shown in the following fizare:
X

Evm

7
v 0=

Solotion
Let, x=10cm y=§cm and YZX=30°

T =aliL
Amanf-.‘l.‘fﬂ-;{ﬁmi.’
-%xlﬂ:mxﬂmx:iniﬂ“

_i:-cll}:-cﬂxl o
3 -

=20 om*
Therefors, the area of AYZXK =20 am’.

—_— WL H 4 (1P AT R VN 3 @ _
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Area of a traperinm

[
1

ia)
{b)

{c}
(d

(e}
& b

(e

Activity 2.2 Estimating the area of a traperinm and a paralkelogram

In a zroup ar individually, perform the following tasks:

1. Draw and labsl trapezimm ABECD on grid or sraph paper. The bases and
altrtude of the traperium can have amy comvenient measure of vour choice.
Draw the heisht and Iabel it 1. Label] the bazes as & and & .

conErent to traperium ABCD.

Armrange the rapezimms ABCD and FGHI =0 that tovo of the consroent lags

are adjacent to each other. Then:

deduce the length of the parallslogram in tenms of & and b, .

darmve the area of trapezium ABCD.

darnva the area of trapeziom FGHI.

find the =um of areas of the trapezums obtam in {b) and () above.
darive the area of parzllelosram

what iz the relatonship between the expressions for the area of
trapezimm: znd parallelogram.

zhare viour finding: with vour neizhbours.

hezo

Howto M eifenrdoy Por i Pl

Figure 1.7 represents a trapezium ABCD where b, and . are bazes and 4 i= the

b,

[J|:

Figure 1.7: 4 trapesium

To find the area of the trapezmm_ first dnvids it mio toro riangles ABD and BCTD
with the zame height b

e © s
I *h . @. T
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The bazes are AB =5 and CD'= &

The area of AABD=—8 &

b e

Bk

ba]

The area of ABCD =

Thearea of 2 trapezium ABCD = Areaof AABD +Areaof ABCD

1
i+ bk

(8, = bk

b s g e

Thadme:memufawm=%iﬁ+b:jh

Cenarally, the area of 2 rapesiun 1= equal to half the product of the sum of the lensths
of paralle]l sides (bazes) and the perpendicular distance between them (height).

Caloulate the heizht of 3 traperiom with area 54 square units and bazes of
16 unitz and B unitz az shown in the followine fizore:

B units
Y —— L
L
Solotion
Let, b = 16 units
b. = & umits
A= B4 zquare units - C
B 14 it -

Areanftrq:-a::iun:i{a, + &)

% = 2 (16+ )k

11h =84, bence A =7 umits
Therefors, the height of the trapazim is 7 units.

= LW 4 1 T R e T @ _
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Ciiven that the heizht of 2 trapezium iz 16m and the lensth of one basa is 28 m.
Calculate the dimension of the other bass if its area is 430 m®.

Solution

Given h=16m_ 3 =28m A =430m"and b =7

Area of the trapezium =%{a._+ )

1
40 =-(28m+5,) = 16m

480 m* = (28m+p | = 8m
IZm+b=060m
b, =80 -28)m
=3Im
Therefors, the dimenzion of the other baze iz 32 m.

Ares of a parallelogram

The formmila for the arsa of 3 parallelogram can be obtained from the formala for
finding the area of 3 raperium. The lensths of the bazes for a paralisloaram are
equal. Conzider the parallzlosram ABCD showm in Fizure 2.5

Ae——F mie ——— B

Fizare 2. 8: Paralisiogram with bases and perpendicwiar Aslgats

(AE - E}F:Eqmre arits.

k| e

The zrea of 2 parallelosram ABCD =
Since, AB = DC = b umits, then
ﬂleareaufaparallelu-gmm_-ﬂ:'lm-% (2w Bunits)i units

= bh square units
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Hence, the area of parallelogram ABCTY = M square umits.
Therefors, the area of a parallelogram i= equal to the product of the lengsth of the
base and the perpendicular height

e

The basze of the parallelogram is thrics itz height. If the area 1= 675 ow®, find:
{2} ths height of the parallelosram
(b) ths haze of the parzlielozram
Solution
Let, ¥ and # denotss the baze and heizht of a parallelozram respectively.
() Giventhat b=34 and A=4§675 om® (b} Given that =3k
Area of the parallelogram = baze » height =3=150mn
A=k =43icm
s f:";:ﬁ Therefore, the base of the
== parallslogram is 45 an.
e 675 om®
& E
=125 om’
A=15om
Tharefare, the baight of the parsllelosyam i= 15 on.

Ares of a rhombus

The area of a rhambos can be obtained by nmg the fonwula for finding the ares
of a parzllelogram becauss a rhombus 1= a special ©vpe of parallslosram whose
zides are equal. Fizure 1.0 shows a rhombos with basze b and heighr 4.

D - E C
/ h
A - ] il
| b |
| |

Fipare 29 The height aad bave af a raombus

= LT ER [ EY _TERT = g BN @ _
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The area of a thombuz ABCD =base = heizhi.

Anpiher formmla for the area of 2 rhambuos can be obtzined by uzing the lenoths
of the diazonalz. Conszider the rhombusz ABCD with diasonalz: AC and BD as
shown in Fizare 2.10.

Since the diazonals of a rhombus bizect sach other at right ansles. area of a
rhombus ABCD can be found as follows:

D g C
[ =~
Areaof AABC = Areaof AADC _ = I."Illr
1 1 . '_. . .._.
-— = S\DEBE Ny,
3 ‘::I 3[ } ?.*
lp . — A N
Areaof AABC -Il:'l’“: :-:DB]- I,I"II. e |"I
. | =,
Araa of 2 rombuz ABCD = : =
= (Arez of AABC) = I Fipmre 2 10: 4 ragmbus wiza hares
£ e
lo— —
- EI"A':: = DB] % 3

1, .
& = ~{AC = DE) square units
Therefors, the area of a rhombus 1= aqgual to half the product of the lensths of the
diagonals.

2
E L
. Find the area of a rhombu: whose diasonals heve lensthe 15 30m and 155 on
3 _
= Let, /=135cm and . =185 cm
= Ihﬂm-nfﬂﬂdlmhﬁ=%f_:m¢rmfﬂﬂlmgﬂﬂnfﬂ1ed'mgnm]5}
-]

=1

—511.?:

1
=E x135am = 185 cm

=124 875 am®
Therefors, the ares of the rhombus = 124 875 o,

e 2
— ) : i e
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If the area of a rhambus is 125 an® and its camrespanding height is 12.5 cm, then
calculate the comresponding base.
Solution
Giventhe area A=125 ar®, the height k= 12.5 on and the base b="7
The area of the rhambus = base = heisht
125 *=b = 125 cm

_135aw

1Z25cm

h=10 cm

Therefors, the corresponding base is 10 am.

b

Area of a rectangle
In Fimare 211, the ractangls BPORS i= divided into two consroent riangles
& PQS and RS0 by the diazomal 5Q.
3 E.
T ]
: ¢ )
u ]
! ..

Fizare 2.11: A recramgle with it digeonal

Areaof APQS - Araof AR5Q=—(PQ = B5)

Areaof rectansis PQRS =%ﬁﬂ:—5}h:=ﬁhﬁ-

If BQ) i= lensth [ and PS 1z width w, then the area A 1= equal to the product of the
length and width. That means:

A=hs

= LW 4 1 T S e T @ _
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Calulate the ares of a rectangle shown in the following fizure:

= L
_ 25 om
7 om
1 C
Solution
The lenath DC of arectansle can  The area of the rectansle = lenath = widdh
be foumd by using the Pythaporas =Mom =Ton
theorem: = 168 am*
Theresore. the area of the reotangls iz 168 o,

(3DJ +{DC) = (AC)
Given AD=7Tcm and AC=25am
(Temf*+{BC) = (25 )’
(DE)" =(625 - 40)
=576 cnt
DC = M4 om

Ares of a square

Since 3 sguare 1= 2 special rectangle m widch a1l the sides ars eguoal if: ares can
be determined by the fomrmla for the arss of 3 rectangle.

Therefors, area of 3 sguare 1= lensth fimes lensth or A = [ square 1mits {dnce
length = width = [ omits).

Alternatively, the area of a square can be determined uzing known lensths of
diagonal=. Conzider the squareABEIleﬂndiag-mahE and BD as shown in
Figure 2.12.

Since diasonals of a sguars bizect each other at nght angle:. area of ransle ABC
1= equal to area of manzle ADC



—

ald L g

Figmre 2.12: Bireciing digeonals gf a square

P |
Alaufiﬁﬂﬂ-_hmnfjﬂﬂﬂ-ELgc}ﬁ j':ITB:'
= (A€« 5§
— | —
Areaof 2 square ABCD =3m%tacmﬁj=igackﬁjl

Ly o == =
=Em¢:}:am:eDB—&E.

Therefors, the area of 2 square i agual to half the product of the lensths of the
diagonalz. or the area of a squars iz half the lensth of 3 diasonal square.

Eecl

Caloulate the area of a square with the diasonals of lenzth 5.8 cm.
Solotion
Let, d reprezent= the lensth of the diazonal
Chven =88 cm 1
_ i
The area of the square = 3

—%H&me&ﬂm

=38.72 om®
Therefors, the ares of the squars iz 38.72 om®,

KL
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A woman onm 2 squars plot of land 1125 m long She wanits to plant trees m the
entire plot. Each tree requires 6.235 m of land. How many trees can zhe plant?
Solution

Given length /=112.5m Area A of the land for each ree = §.15 m*

The area of 2 square plot = length = lensth
=1125m=1125m

=12 656.25 mr
_ the area of 2 sguare plot
Ihumber of trees 1o be planted Y —L T
_ 12465625m¢ _ -
= T erm =
Therefors, she can plant 2 025 wess.
Answer the followmg questions: 4. Ifthe area of a parallslosram
1. The area of a riangle with MEI'DEID.:NEE=?
base 12 cm i= 36 an’. Find the L caloulan: the comesponding
comesponding heisht of the heisht.
manglz 5. Calculaste the area of trapezium
2.  Ome side of a risht — angled ABCD in the following figure
nanele 1= 24 umit= lonz. Itz area &= B ;un A
4 square ums=. i
i(2) How long is the other side? !
i) How loag i= the hypotennse? EWEIIL
3. Calculate the area of a thombus
whosze diagonals are 12 dm and |
10 dm. C §om D
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The dimen=1on= of a the hkall floor
are 20 metres by 15 metres. The

heizht of the hall 1=z 10 metes.

Calculats:

(a) the area of the floor

(b the total surfacs arsa of the
walls

The area of wrangk ABC i= 140 ot
If AB =20 am, AC =14 cm, then
find BAC.

The area of mangle POQE. i= &0
square centimetres. If B = 10am,
find PE. ziven that the inchaded
anzle is 150F,

TWhat 1= the area of paper raquired
to maks 3 kite shown i the
following fizare?

10.

11.

JOTER_TEET = =y,

Find the area of the apszim

twhose bazes are 10 om and 16 cm

and whose heizhi 1= 12 om.

ABCTDi= a paralislogram in which

AR = AD =10onad EAD=&F.

Calculate the area of the

paralleloerarm.

In trisngle ABC  CAB =007,

AE=%om ar_fom

Calculats:

(a) the area of the rangsla.

(k) the lensth of the
perpendicular line from
Ato BC.

B e

13.

14.

Tl

A man owns a square plot of land
75m loms. He vwants to plant trees in
the antire plot. Each tree requirss
S of land. How mamy trees can
he plant?

The followins fizare zhows a
parallelogram WY Z
FWEL=Tom WX =0mm-:
ZWH =38,

find the area of the paralizloaram

Y

/

Caloulate:
{a) the value ofx.

(b the area of the trapezum
ABCD.

16. Find the area of trapeziom

TVWZ with vertices, T{ —3,4),
Vi3, 4), W6, —I) and 7 - 5,-1).



Howto M eifenrdoy Por i Pl

E e

Perimeter of a regular polvzon

Activify 2.3: Deriving the formmla for the perimeter of a regular polvgon |
In a group ar individually, perform the followins tasks:

1. Inpieces of paper, draw a circle of anyv comvenient radnas.

Draw a ragular five sided polyzon mzoribed in a circle.

ViTite the fonmula for the penimetar of a resular polveon.

Dleazurs the value of each angle at the cemire and Eive conuments.

Share vour findmes with vour neighbours.

[
T

e

The sum of the lengths of the sides of 2 polvzon iz known as parimeter denoted
bv p A polveon i inscribed in a circle if each of 1= vertices lies on the cirncle. Ifthe
kengths of the sdes of the polyvaon are the sams, the polyeon is an insoribed regular
polveon. Figuare 213 shows: an mscribed regular pertagon of lensth of side 5.

(&

Fiznre I 13: Reswlar penteoon bescribed e g circle

A regular polveon with amv mmber of zides # (larger than 2) can be inscribed m
a circle. For exampls, to construct sn meibed regular pentazon (5 sides), draw
rays intersectme the circle in five points from the centre of the ciacle.

o
Each angle at the centre will meazurs ﬂ or 72°_If the points of intersection on

the circle are conmected by 2 I.inezegma;m: the fizure formed will be 2n inscrbed
rezular pentazon &= shown n Figre 2,14,



—
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Fiznre 2 14: Reswiar pantaoon ascribed i g circle

Con=ider a regnlar polveon of # sides inscribed in 3 arcle of rade: » and cemtre O
Let AB be a side of the polveon and O the parpendicular from O to AB as
shown in Fizare 2.15. OX is the bisector of ansle AQE.

Figare 2 15 Raguiar padyzon tascribed i a circle of radive r

360
M

Since the regular polvean has n sides, AGE -
But, AQY = BOX and AQY + BOX = ACE.
180°

i

Thersfors, 400 - =1 250° '|-
FANE B

.

Let the lensth of the side of the regular polvzon AR hes.Then.__ﬁ=%5.

KL
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Thereforz, the lensth of zide 2 of a regular polveon with 7 sides and radiuz » is
given by

&

5w 2rzin IEEF“"'l_

Another fonmula i= by expressing 2r a3 diameter o of the corcle. Thus,
s=dsin [ 22
b i £

The formmla for 3 perimeter of a regular polvaon of » Dides can be derived
from the formmls for the lenzth of 3 :ds of a resular pohveon.
Far n — =xded rezalar polveon with lensth of each sxde 5. the perimeter 1= given by,
B=ns
] 0]
M

LY s

¢ -
- 3!:!‘:1|1| %0 J
l‘. “
Therefors, the psrmeter p of a regular polveon with 7 sides mescnbed In a
circle of radiuz # iz given b
."IEJII“"l_
Ve
Anpther forrmula 1= by exprezsing 2r a3 diamster J of the circle.
“180°%
A IF

Y -

D= lnrsin

Therefore, P = adzin
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Find the lengsth of one =xd= of a regular mne — sded polveon inscnbed mma
circle of radiz 10 om .

Solution
Chentherading r=10cm n=90
Facall the formmla for the lenath of a sids of & resolar pohveon:

&

£ - {80
,

LA
s-Exlﬂcmx:inl IEJII]
'q. g

= 210 cm = zin 20°
=20 cm = sim 20F
=20 om = 03420
=884 om

Therefors, the lensth of one side of a rezular mine—=ided polveon inscribled in
& acucleis .84 om

Find the radims of a circle which inscribes a resolar bemamon with perimeter 50 dm
Solution
Given the perimeter p=30dm and n=§
Facall the forrmils for the penmeter of & regular polveon:
_]E:f.,l

LI

P o= lnrEm

50 Am = 2 20 o FEim 307

_ 5D dm
F =12 = 307
_Sdm=2 .

Therefors, the radm: of a circle is 855 dm

—_— RLUEC D2 VI A T R D @ -
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Answer the followmg questions:

1L

Find the length of a z=de amd
peritneter of 3 regular nine — sided
polvzon inscribed I a circle of
radios 5 om.

Find the lenzth of a zide and
perinster of @ regular 12 — saded
polvzon inscribed mm a circle of
i

Show that the lensth of a =zide
and radins of a circle inscabing a
rzgular hewazon ars egual.
The ratio of radn of arcles
nscrnbing tao regular hewazons
hecmean 1= 63 on Find the parmster,
the =ide amd radins of the srmaller
ane.

Find the radme= of a circle which
nscTibes am ilateral trisne]
with permeter 24 cm.

Find the radms of a circle which
mscrbes 3 sguare with perimeter
32am

10.

11.

Find the radms of a circle which
imscribes 3 regnlar herason with
perimetar 48 cm

The radi: of a circle = 12 am
Find the penmeter of the regular
polyzon mscnbed m a ccle if
the polvzon iz a:

(3) mianzle.

(b)  quadrilat=ral

Find the lenzth of a side and
perimeter of a regular decason
inscribed in a crcle of radins 6 om
Find the lenath of a zide and
perimeter of resular nonason
mzcribed in a arcle of radims

Q umits.

Find the ratio of the permeter of
& regular hewagon to the inscmibed
an=wer 1= the same for all regular
hexagon: no matter how biz or
horoy =l the polveon.

Find the walue of ome imterior
angle of a regular polyeon
mscribed in a drcle of radms 5 amn
aven that the lensth of one zide
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Area of a regular pohgon
Consider 2 regular polyveon of » sides mscnbed in a circle of radinz r and

cenirs 0. If each vertex 1= connected to O, the polvzonal resion iz divided into
triansles. Ome of the triangles iz shown in Fisure 2.16 2z AOB where AB i= one

side of the polveon

Figare 2 16- Repubar poiyean fscrided b g circle of radins r

360°
Then BOA ="
& n
:ﬁu=‘
Arez :-f_‘u.ﬂﬂﬂ-- « (DA = 0B ) :-cs.ml

.-

]

1 . . |360°
—?.I'!:I.Ill

= 'n.H.r

Arsa of the rezalar pohveon = # = Areaof AQAB

Therefors, the area A of a regular polvzon of 7 sides masaribed in a drcls of

radius iz given by
- !
i-liurﬂ'n E_.u]

L on )
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Find the area of a regular polygon of 15 sidss insaribed in 2 drcle of radin: 4om .
Solution

Given; #=15, radins =4 om

Feacall the formmla for the ares of regular polveon:

(36077

|

H

Alimisn
2

’JSuF'”]
L 15 rl

-% » 15 % 45 cm= =in

= (120 = sin 247) oo
= (120 = 0.4067) o
= 48.304 om®

Therefore, the area of a rezular pobyzon of 15 sides inscribed in a circle is 48,804 .

reeers

The area of a regular § — sided plot of a land inscribed in a circolar track of
radiuz riz T20 m°. Find the radin: of the rack.

Solation

Chventhe arsa A=T20m" amd =09

Facall the forwmls for the ares of a regular polveon-

36077

|

s

&

1 -
B o= ]
5 gin

i ™

1 .
A o )
2 L9 &

T20 /= 37 oim 60°
A TH0m*

3 0366
r=18405m

=27714 m¢

Therefors, the radmz of the rack 1= 1§85 m.
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Answer the following questions:

1.

JOTER_TEET = =y,

Find the area of a regular mine
— zided polyvzon inscribed n a
drcle with radims 5 cm

Find the area of a regular 12 — zidad
polvzon maaibed in a circle with
radms 3 om

Pronce thar the ares A of am
equilateral triangle macribed in 2
(33
arclewith radinns Fiz A - —— I — .
Usze the forrnla to find the ares of

the equilateral trisngls inscribed
in a circle with radms 2 dm.

Prove that the area A of 2 square
mzcnbed in a crcle with radms
Fiz mven by A = 2 Use thus
foromla to find the area of a
square mscribed in 3 circle with
radinz 4 cm

Find the area of 2 regular
pentason inscribed in a circle of
radios 5 dm.

B D I

10.

11.

Tl

Find the area of aregular decazon
mscrbed In & drcle of diameter
20 om.

The area of a regular octa=on 1=
100 o, Find the radios of the
il imscribing it

Two concentric regular hexasons
are zuch that the radins of the

circle macribing the larger iz twice
that of the smaller. I[fthe radins of
the smaller 1= 5 cm, find the area
between the two polvzons.

Find the area of a regular polveon
having 360 sidez mscribed in a
drcle of radios 10 om.

Find the area of a regular octazon
msmbed macrcleof radm= 2.5 on
Find the area of a 20 —sided resular
polvzon inscribed In 3 circle of
radios 6 cm

Find the area of aregular decazon
of zide 2 cm.
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Corcumference and area of a circle from mscnbed resular pobygon

Activitv 2 4: Finding the nomber of sides of the regular palvzon

In a zroup ar individually, perform the following tasks:

1. Uszing reenila card draw a drcle of any convenient radms.

2. Draw zmall zectors in a drcle and colour them with tao different colowurs
I every twWo Consecuiive saciors.

. Cut mto pieces the sectors obtained in task Z. Then amrange them n
patterns.

4. Descnbe with reazons vour observations mn task 3.

. Mlention the number of sides of the regular polyson from this acvin:.

§. Share vour findme=s with vour neizhbours.

(]

in

The drommference of a drcle 1= the distance of 3 circle’s edge. The perimeter of 2
regular polveon having mamy sides, say 180, inscnbed i a drcle with radmes », s
a good estitnate for the ciroumference of the circle. The parimeter of a regular
& polyveon inscribed in & crcle of radins » is given by
. 18077 (. 1807
P = 1nrsm — | O p=21F ngn—
.

]
I'.. I'.. i 4

If m=10, p=2r (10 sin 187 = 2r = 3.060
If n=T2, p=2r(725025%)=2r = 3.141
If ®=180, p=2r (180 sin 1) = 2r = 3.141
If m= 540, p= 2 (540 5in 207 = 2r = 3.142

Note: 1% =460"

. [180™
The greater the number of zides of the regular polygon, the nearar H!-Iﬂ;

approache: the value of w. If the number of the s:ades, nof 3 regula:ﬁnlg.‘g&
InCreaze: itz perimeter approaches the droumference of the crcle inscribines
Therefors, the ciroomfarencs ¢ of a circle of radis ri= given by ¢ = 2mr.
Simlarly, the area of a regular polyezon kaving marmy sides. sav 180, inscnbed m
a circle with radms », iz a good estimats for the area of an inscobed crcle. Ares
of a rezular polveon inscribed o a crcle of radius » is Ziven by
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™
L= w B

If n =10, A=r*(55n36%) = r*(2.030)
If n =72, A=r(365n5) = (3.135)
If n = 180, A =r (00zin2%) = F*(3.141)

Ifn=3540, A=r3270zin 407 =»%3.142)
The greater the nurnber of zides of the resular polyzon, the nearer

36077 ]
Em'-._T_,-" approaches the valoe of @

[n
2
Therefors, the area of a drcle of radins #is given by A= 7.

@ il 0020
I

Find the droumfersnce of a circle of radins 14cm{U;E :lr=7)
Solation '
Let » represents radms of a circla.
Feacall the formmila for the ciroumference of a circle:

C=Im

C=1 hgx 14 om

=88 cm

Therefors, the cioroumference of the circle is 88 an

el

The enclosed area of Turna's aroular field iz 785 000 m*.
Find the radinz of the field (Use 1 =3.14).

= LW 4 1 T RS D @ _




Soluton

The enclosed ares of the cooular field: A=ar
TES 0 =314 =

o 783 000 m*
314
=250 000 o
r-ﬁi'zjum:-m'*
r=300m
Therefors, the radmz of the fi=ld 1= 500 m.
Answer the following questions 6. The cirommnference of a circle is
[ﬂ1=1uu£} 176 om. Find the diametar of a
] -
1. Find the circomference of a circle
5 whose radins is: 7. Find the diameter of a circle
(g} Som () 3lom whoss enclozed area iz 2 464 cm’.
2. The ciromnference of a drcle i 8. (iven thar the arsa of an inscribed
: i.?i!’l]ﬂilm:iﬁl'ﬂj]ﬁ drcle iz 324m square  umits,
= calculste its radms.
E 3. The circumference of a circle is }
o 44 4w Fmd its rading. 0.  Calculate the cost of makins 1
5 Caloulate the ares of  circle ST ~ WA path found 2 circular
whose radins is: pmlflfmﬂms.lilllmtra,fﬂle
= (3) 42cm &) 08cm cost 13 300 shillings per sguare
' 5. Find the arez enclossd between e
= two conceninic crcles shown in 10 A arolar tm = placed m a
the following figure: square. If the side of the square
i= comsruent to the diamstsr of
& the tin calcolars the percentaze
of the area of the square which
rermaing uncovered.
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11. Calculate the perimeter of the shaded rezion in the followms fizare if the
=i circles and the quartsr drcles are of radins 1om each

T W

Aresa of similar polveony

Activity 2.5: Finding the ratio of sides of regular p-ul}guujm- -
In 3 zroup ar individually, perform the followine tasks:
1. Om zrid paper, draw night — angled miansle ABC with sides O@om and 120m.
2. Om zrid paper, draw rizght — anzlad mansle DEF with sides dom and 8om.
3. Howdeo you find the lensths of hypotennse in task 1 and task 27
4. Find the value of: E-E—c}de

DE EF FD

5. Are the triancles similar? Fxplain
§. Find the area of AABC and ADEF.

7. Find the ratio betwvesn the ares of AABC and ADEF,
Ares of AABC E E ﬁ
Arsgof ADEF DE EF  FD

8. Compare the values of

Diescribe vour resalts.

2. Share vour findmes with the rest of the clazs throuzh presentantion followed

‘
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Let AARC and AAR'C be two simdlar triamzles 3= shown n Fismue 217,

C

i o
A - B
Fizure 217 Similar rigmgiler
Let ka2 o % — = whers Bis the ratio of the lenzths of the comesponding sides.
& L

Area of AACE -%mﬁxiné

Areaof AACE - %a’.&'zi:lﬁ“

& But, sinC = sin (" because AACE ~ AACE'

1 .
- Area of AACE —absinC
CAraof AACE' T

For amy too similar polveons, one polyzon can be divided into trizansies whisch
are similar o trangles of the other polyzon. The ratio of their arsas will be &°.

—a¥aml
=
_% y:
: o _ (&)
E a¥ -.'EI.-' B
é —F where 2ok amdl ok
k a &
—
&
-]

Crenerally, if the ratio of the kengths of comrespondine sides of two simdlar
polveons iz &, then the ratio of their areas 1= &~
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I::IE-P-.:
The following trizmsles are similar A zide of zmall manele iz § om lonz and its

correspanding side of the largsr tnangle iz 20 om. If the area of the zmall mangle
iz 00 o, what is the area of the larger triangle?

TN

(fm il

i T
Solotion
Let the area of small and large trianzles be A, and A. respectively.
Gihven 5.=6cam and 5. =20am

) ) - L
Then, the ratio of their comespondins sidsz iz £ = = - M

Therefors, the ares of the larser triangle 1= 1 000 om@.

—_— L B4 N T e @
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The ratio of the areas of toro smmilar polvaons 13 30071 If the lensth of a side of
the smaller polvgon i= 12 om, find the length of the cormresponding side of the
larger pelvgen.

Solution

Fatio of the aress = ¥°

- 50 25
'I'J:IE'.'Li,-‘=—=—
' T2 36

s

]

]
ok | L

Let the lensth of the larzer polveon be x.
5
x ]
Sx=T2am
r=144cm

Thereforz, the lensth of the comesponding side of the larzer polveon iz 14.4 cm

Amywer the following questions: 3. T:-.::ummgla.me;mﬂa:l'hem
1. Two triangles are smular A zids -:rfmeilareasjsé.‘:'i.-‘hmi-_:ﬂle

of one wansie 1= 2 unit: long and

ratio of their -:m:r&?l:undmg zides?

mrmﬂf@gﬂﬁﬁﬂé Two polveons are simdlar Their
trismgle it lng, Wt = areas are 16 an® and 49 om. A

ratle efthely armast | zids of the first polyeon is 28 on
2 Tm:rmmgla:aremh.ﬂ:es.uia lonz. What iz the lenpth of the

of the Szt wamsle are tree mmes corresponding side of the second

as long as the sidsz of the other alveon?

What is the ratio of their areas? )

B
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10.

JOTER_TEET = =y,

The =ides of a trianzle ars 5 om.
dom, and 7 om The longest side
of a zimilar triangle = 21 an
Find the kength of the other sides
of & similar triangla.

Two polveons are simdlar A
side of ome 1= 5 m lome. The
coresponding zide of the other 1=
1m lons. The area of the first iz
100 m®. What is the area of the
second pohvEon In squars metres?

It costz Teh 25 500 to ploosh a
rectanzular field 40 m long and
20 m wide. How mmach will it cost
to ploush a similar field 30 m
wida?

Two triansle: are mmilar The ratio
of their heightz iz 5:3_If the area
of the zmaller tmangle iz 36 o,
what iz the area of the larzer
riangla’?

Two similar miansles have their
camespondne bases mtherano 1:5.
If the area of the Larger triansls iz
50 zquare units, find the area of
the =maller inansle.

Two triangles ars similar

The ratio of their areas is %.

(%) Find the ratio of thair
corresponding height=T

{b) If the shorer heisht is 14 om,
fnd the comespondime heisht
of the other

R L HI

Tl

11. Two regular heptagons have areas

in the ratio 16:25.

{2} Find the rafio of thair sides.
(b If the smaller hectazom

has zide & on, find the
corresponding side of the
larger hectagon.

If the larzer hectazon has
an arsa 100 om®, ind the
comresponding area of the
amaller hectazon.

{c)

Chapter Summary

1.

1
Area of AABC =M
1 1,

— —ah =sinC - —besin A

2 2
— %a‘g;in:.ﬂ: where @ b, and ¢
are the sides of a tnanels, ks
itz heizhr and A B and C ars
anzles of the mizngls.
Area of the trapezinom.
ﬂ:%(&;+&1}i‘:,'ar'hﬂ'eﬁ|mdﬁ;
are the baze: of the wapeziom
and A is itz height.

Area of 3 parallslogram A = bk
where b iz the baze and & 1= the

height of the parallelogram.

Area of a rhombus A = bhor the
area of rhombus 1= equal to half

the product of the lensths of the
diagonals. ie _-!l-%.'._ w [
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whers;

I, 1zthe lensth of the first diazonal.
I, iz the length of the second
diazomal.

& 1= the lenzith of the bass.

h 1z the haight of the rhombus.
Area of a rectanzle iz egual to
lengzth times wadth. A = fw where
i 15 the lensth and w 1= width.
Area of sguars 1z equal to side
squared or half the product of the
lengzth of the diagonals.

That iz ﬂ-.!'*nr&-%d, w .,
whers | denotes the lensth of
ane zide of 2 square and 4, and
d, denotes the lengths of the
diazomals.

The lensth of a side of a regular
polvzon with # sides and radius »

u"'.
iz given by & —.-J'El1| 150 .

i, H O
IEI]F""

dlma'ﬂsu:hthatd 2r

The penmeter p of 3 regular
polyzon of » sides and radi: riz
arven by

(1807

1-. n}

P "”‘Tm| 15{:=]

P = lnrsin, ——

Q.  The area of a rezular polveon
of n sides inscnbed na
drcle of radins # is ghven by

™
}L-lm' Zin Etiy |
woRo

10. The cicurnference of the crcle
of radmsz 7 1= given by ¢ = 2o

11. The enclosed area of a circle of
radins r iz given by A=mwr.

12, If the matic of the lemgths of
corresponding sides of two similar
polvaons iz &, then the ratio of
them aress 1= B°.

Eevision exercse 2
Answer the following quastions:

1. Find the area of the square
whoze pernmeter 13 represented
by 12r umits.

2. If the circomfersmce of a circls
iz 10x o, find the enclozad area

of the cicle. Wite the an=saer m
iemms= of

3. Calculate the arsa of trapezium
ABCD in the following:

24
= A
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10.

11.

13.

14.

JOTER_TEET = =y,

Find the lensth of a zade and
peritveter of 3 regular nine — sided
palyzon mscribed m a circle of
radmz 10 om.

Find the radms of a circle which
mscrbes 3 regnlar hesrason with
Find the area of a regular polveon
having 36 sides mscribed In a
drcle of radins 20 om

The diapomals of a rhombus are
B0 cm amd &) om Find the area
of the rhombu:_

The perimster of 3 rhombusz iz
260 om and one of its diazomal
iz 60 om Find the area of the
rhomnbuos and the lensth of the
other diasomnal.

Find the area and perimeter of 2
sguare whose dizzonal 1= 10 om.

Find the area of an equilateral
triangle whose fide 1= 10 am

Find the area of a rezular hexazon
imscribed in 3 drcle of radimes 8 om
The circumfarence of a circle is
j T

MmP’Mﬂsr&ﬁus[Uae;m?_}.
A ciroular field hasz 3 crommference
of 66 m. A plot in a shape of a
square having itz vertice: on the
surface 1s marked m the feld
Calculate the area of the sguare.

Two adjacent sides of a parallalo-
gram are 4 am and 3 cm. Find the
ratio of its two altitades.

B D MO

15.

16.

15

Tl

The area of a thombus 1= 112 o
and the lensth of one diagonal is
7 am. Find the kensih of the other
diazonal

A desigmer created the logo as
shown i the fS=ure. The loso
consist: of 3 squars and four quarter
— circles of equal size. Express n
termis of 7 the ares of the shaded
r2Eion In SqUare Cemtimeatres.

Jom iom

7. Find the area of the trianzle shown

in the following fizure:

Two triansles are zimilar A zide
of one is 12 umitz long and the
comresponding side of the other
iz 30 umits long. Find the ratio of
themr area

.,



1. Show bow to separate ispzcales rapeziom RSTU into four consrent
2. Dz the paralizlosram ABCD ona graph paper. Label the vertices on the
inferior of the angles with letters A B, C, and D. Fold the parallelogram
ABCD zothat Alies on Eand Clies cn D forming a square.
{a)} Find the formula for the area of the square.
(b) List the squares forming the parallelogram.
() Deduce the formmla for the area of the parallaloaram
(d) Compare and comfrast between the baze and alttode of the
parallelogram with the lensth and width of the square
3. Astempt the following tasks:
{2) Draw a riangle on graph paper o that one edge i= alongs a horizortal
line. Labal the vertices on the imterior of the anzles of the mangls az
A B andC.

(b Ikawa]imperpmﬂimlurtnﬁ throughE and mark it az F.

{c} Draw aline perpendicular to AC throush C and mmark it as D

{d) Draw a line perpendicularto AC throush A and mark it as E.

{¢) Draw a line parallel to AC throush B.

(f) Cutout 3 rectanzle ACDE. Then cut out fmangls ABC. Place the two
smaller pieces over nangle ABC completaly to cover the manzle ABC,

{2} Find the area of miangle BCD, ABE, and ABC.

{h) Find the sum of areas of riangle BCD. ABE. and ABC.

(i} Find the area of ractamals ACDE.

{3 What do vou observe about the two smaller triangles ABE. BCD, and
triangle ABCT

(k) What fraction of the rectangle ACDE is triansle ABC?

(13 What iz the conchizion vou can make basins on the answers found in
(b} and (1) above?

{m} Mlaks amd label 3 scals drawing of vour bedroom . Then find = area
In SqUare Cantmatras.

a
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Chapter Three

Three — dimensional figures

In owr rem [ siuarion, we wowdl(y meer and wre HiNET tRar ave M
three dimerzions, for example; we e B a howse, we a bar of zoap, use
cupboards fust 1o mernrion a few. iRl chanter vou will lsarn the memamg
qf three— dimersional fewmes, characterisrics of three — dimensional frumes,
constructivg ad sketchime three—dimersions feures. Tou will alre identgfy
properties of three— dimerziona feures, calculare the amgle betwesn Imes
and plames, and miple berween heo Deersecting planes. You will be able o
derive formwlar for calcwiating surfice area of prisms, cylbnders, miranaids,
aud cones. You will aizo be able to appiy the formudae fo caleulae the surface
area of spheres, derive formulae for calcwiating volume gf prisms, ovlivuders,

& ramicl, amd cones. The competencies developed will be applied i variows
Geinvities swch as; carpentry, corstruction of bulldings, mupagacheme
pudustries, architecrure, @ad other datfy aciiities.

Three — dimemional fizures

Activity 3.1: Classification of three — dimension fizures

In a group or individually, perform thiz acmvity using the following steps:
1. Draw a coboid cviinder, come, and rectansmalar pyvranud.

2. ldemtify the nmmber of zides, faces, edges, and vertices of the object
listed im step 1.

Which object in step 1 has the largest norober of faces?

Which object in step 1 has the fewest mumber of vertices?

What i= the maximom mmber of sides of the objects?

; ”
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A three — dimen=ional fizure 1s 2 geometnical object which has three dimensions,
namealy lenath width and heisht Three — dimensional fisarss aooapy space and
thev are alzo called sobd fizore:. Thres — dimensional shape: have thickness or
depth. Figur= 3.1 shows some common thres — dimensional fizure:. The flat or
curved sides of zolids are called faces or surfaces. The Imes whers two faces mest
ars called edzes. The pomiz whers edzes meet are called vartices,

(2) Fectansular prizm

N

(<) Triangulsr prism

(d) Pyramid

{g) Cylinder

(f) Cone

Fizure 3.1: Thrse — dimgncional feures

@
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Cone

The three — dimenzional zhape I Fizure 5.2 iz a cone. The basze or bottom of a
caone iz circular The distance measared smraight dowm the curved zide iz called
slant height The heizht to the vertenr above the centre of the basze is the height of

ths cons.

hei
slant heighi o

Fizure 3.2: The shape of @ cone

Note: Circular baze looks hke an oval becanse of presenting three — dimenzional
figure in too — dimensional plans.

i Pvramid
The three — dimen=zional shaps in Fizure 3.3 is a pyramid. The distnctive featare
of a prvramid is that all the faces, except ons are triangles. The non —triansalar sids
iz called the basze. The base can be any chape and 2 peramid 1= named according
to the shape of itz baze. The pvramid im Fizure 335 is called a rectansular prransd
becanze s base 1= 3 rectansle.

A rectanzular based prvramid has 5 faces, § edees, and 5 vertices. Other prvramids
mnclude 3 hexazonal, trianslar square prramid and =0 on

—_— L 04 P T e
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Prism

The three — dirmensional shapes in Finre 3.4 are prisms. A prism i= 3 secmetrical
fizare whosza two end: are zimilar equal and parsllel and itz sides are
parallelosrams. A prism iz named according to the zhape of the endz. The
hexazomnal prizm has § facez 1B edge: and 12 vertices. A sguars prizm has squars
endz. The square prizm has 6§ faces, 12 edges. and § vertices. A triansular prism
haz miansular endsz. The transular prizm has 3 facez 2 edgez, and § vartices.

el N

Fizure 3 .4: Heggomng, recianguier, ang rigneular prioms

Crhnder

The three — dimensionsl shape in Fisure 3.5 i= a cvlinder The top and bottam
nurfaces of 2 cyimder are circular with the same diamster

The distance measured straight down the corved surface 1= the height of the
cylimder.

—

Fizure 3.5 A cyituder

* 0
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Exercese 3.1

Answer the following questions:

1. Describe the shape: of the plans
faces of a cvlinder

2. Dezxcribe the shapes of the faces
of a mangular pn=m.

3. Howmsanyvface:s, ed=es, andvertices
does a triansular prizm have?

4. Apn=m has five rectansolar faces.

/

Desmibe the shape:s of the other
tao faces.

A sguare prvrannd has four
mangular faces. What is the total
mamber of faces of the prramid?

prizm and answer the guestions
thai follow.

JOTER_TEET = =y,

B e 1T

10.

11.

Tl

(a) How mamv faces does the
prizen has?

How manyv edzes does the
prizen has?

How mamyv vertices does the
prizm haz?

Drezcribe the shape of the faces
of a cuboid.

Drezribe the shape of the faces
of a cube.

Mame two solids which have five
farces.

(&)

{c)

Dhezcribe two geometrical objects
which have no vertices,

Mame the peometrical objects
whoze shapes of all their faces
are desrribed asz follows:

‘2] Thangle
ik Fecungle
(<) Square
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Construction of three — dimensional figures

Activity 3.2: Construction of models of three — dimensional fisures

In 3 zroup ar individually, perform thiz activity uzing the following staps:

1. Take amv two equal rectznslar boxes.

2. Open the boxes mto o different ways by cutiing thedr adzes without
saparatms them

3. Sketch the figures fonmed by the shapes in step 2.

4. Share vour ohzervations m step 3 with vour neishboar.

5. Prezent vour indings to vour fellow shadents.

The cuboid i= one of the most common solid fizures. All solids have faces. Most
solid fizares have edzes. Fizure 3.8 zshows the faces, edzes, and vertices of a
rectansalar box

VErtex
- e

/

edge
Figure 3.6: Ractagwar box
A face can be flat (plans) or corved. An edee i= a Ine whers too faces meet and

It iz siraizht or curved. A vertex is 3 point or comer where three or more edges
meet. The plural of vertex 1= vemices. Fizure 3.7 shows three ways of drawing

~

I R R R LT

(2) Isometric projection (b} Skelston view of 2 cuboid

Figure 3.7 Frometric projection and skeleton view of a cubold
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Figure 3.7 () Mot g cubold

Fizure 3.7(c) represents a shape of a clozed cuboid when 1t 1= cof along the edze
and opened cut This shape can be folded in order to makee 3 cuboid. The shapes
o this fornmn are called nets. That 1=, a pet 1= 2 pattern obtamed when a thres —
dimenzional figure iz kaid out faf showing all = faces. The squares nombered 1)
2, 5, znd 4 m Figurs 3 8(2) can be folded to form the zides of 2 cube. The squars
mmberad 5 would form the bottom of the cuobe and square mamberad § woukd

fonm the top of the cub=.
& B 5
[ Y
=
| . 3 4 ‘ 7
3
(2) Metof acobe () A closed cube

Fizmre 3.8: Ner and Skeleton view qf o cuboid
Other zltermatives of representing nets of Fizare 3.8 (b) are showmn in Figare 3.9

(a) (b}
Figure 3.9 Newr gfacube

= LW 4 1 T S e T @ _
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Figure 3.10 {b) shows 2 net of 3 cuboid reprezsented in Figure 310 (2). Factangls:
5 and & will form the too longer sides, rectanzie 3 and 4 will form the ends or
shonter sidez. Fectanzle I will be the top and rectangle 1 will be the botiom of
a cubodd.

5
i 1 4 2 ‘
iy
@) Cgbcdd (&) Mat of cubaid

Fizure 3 10: A cuboid oud it nat

When a trismelar prizm 1= lasd out flat 2= shoam in Fizare 5.11(3), it= net will
be az showm in Figure 5 11(k). The triansles m the net form the ends. while the
rectanzles form the sides of a triansnlar prizm.

Figare 311 (a): Trimeewiar priom Figmre 3.11 (b): A nef of rimepular prizm
When 3 hewazonal prizm iz laid out fiar 22 showm m Figure 512 (&), it net
will b= 33 shown in Figure 3.12 (k). The hewagons will form the ands while the
rectanzles will form the mides of 2 hewazonal prizm.

el

Fizure 3.1}(a): Hexagoma prise Figure 3 12{(b): 4 net ofa hexagonal prizm
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When a square prramid 1= lad ot flat as shown n Figure 3.13 (2), 1= net will
be a= showmn I Fizare 3.15 (b). The square in the pet will form the base of the
prramid and all rianzies will be it= sdes.

Fizmre 313 (a) Square moromid Figure 3.13 (b): A ner gf 2 squars myramicd

Fizure 3.14 (b) shows a net of a cvlindsr representsd m Fizure 3.14 {2). The net
1= made up of two drcles and one rectanzle.

.__.ﬂ_\-\.h'.
| |
T, %, A
& .
— £
| |
Figure 314 {a): Cyiindsr Figuare 314 (b} A net g a cyiinder
Answer the followmg questions:
1. Sketch two different nets of a trianzular prizm.
1. Draw a skeleton view of a cviinder and a triansular prizm.
3. Sketch the net of 2 cone.
4. Sketch the net of 2 solid cylinder.
3. Sketch the pet of a rectanznlar prism.
6. Sketch the net of a hexazonal prizsm.
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T, Sketch the pet for the followins thres — dmenszional figurs.

s

8. Draw a skeleton view of the zeometrical fizure fonmed by foldins the

following mat.

Slketching three — dimensional fisurey

Activity 3.3: Sketching three — dimensional fisures

In a group or indivadually, parform the following tasks:
L

r |
3.

4.

Sketch a rectansular pn=m whose dimenzions are § on hish 8 om long,
and 10 cm wide.

Sketch a cube whose edgeis 5 on

Sketch a mansular prizm of heizht 4 cm neht anzle bazes, and sides of
lensths 5 cmoand 4 om

Share vour work with vour neishbours for mare mpuais.

When drawing a3 three — dimen=ional object, it iz important to show that it is not
a drawving of a flat object. Thrae — dirnenzional fizures ars usnally prezented on 2
oo — dimenzional plans 22 oblique drawings. These drawings are prezented by
projections known as oblique projections.
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Three — dimenzional fizare: are usualhy drawm oo 2 o — dimen=ional plane by
making obligue drawings under certain rules. The roles ars as follows:

(2) Parzllel iimes of the abject ars draam parallel

(b} Vertical lines of the object are drawm up and doan the page.
() Hidden edzes of the object are dravm dotted.

(d} Conszmuction Iinss to uide the eve are drawmn thinly.

(e) Pight snzles inthe object are marked corecthy in the drawmes.

The oblique drawings of three — dimensional fisures are shown in Figure 3.135.

A o
B I.r I..l
= /H '
i H J - [ L
() Cube (&} Rigit frignpuhar i Rizht Aexasowns prism
Iyramid
i Fizure 3 15: Tae obligus drowings of foee — dimansional fmnees

When drawing thres — dimensional figures, the meazures of angles and lenzths
ey mot reprasent thedr actual measures. For example, in Figure 3.15 (g), the acal
measure of FEH = 90° but it loaks sreater than 90°. Also, FG iz equal w GH.

Lines and plames

Identification of line: and plane: iz
mnportant for describing and drawing
three — dimenszional fisare:. Consider
the right — rectansnlar prrarud shown
m Figure 3.14.

A L=

B
Figure 3.16: A right rectiopular pyramid
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A lim= iz identified sithar by too poimts or b two intersectms planes. For example.
pointz V' and A determine a line VA. Alzg, plans VAE interzect with plans
A.EEJ]tndEhmiueltnEE,whi-:humenfﬂleaﬂgEufﬂlebase._ﬁnmm;lle
of this iz the intersection of 2 wall and the flear of 2 room o 3 house Mote that
o distinct paralls] ines or planes have no point of int=rsection. In z=neral. thres
planes wall mtersect m 3 pomt. In Figure 3,146, plane: VAB, VAD, and ABCD
interzact at point A An sxample of this is two intersacting walls and the foor of
2 room in 2 house.

There are lines which do not mtersect. These lines ars known as skeyw lines.
For example, in Figure 3.16 VA and BC are skew lines. These lines cannot Lie
in the same plane.

A plane is identified by amy one of the following conditions as shown in Fizure 314,
1. Thres points not in the zame siraight line For example pointz W, C, and A;

2. Two parallsl lines. For sxample, lines AR and DC:

3. Two intersecting straight lines. For example. lines VA and VC;

4 Alheanﬂawimnmmﬂmﬁmfurmla,ﬁueﬁmdapnim‘i
Cionsider a plane and a line seement a3 shown m Figurs 3.17.

P
A1

,
/ﬂg _ /

Figure 3.17: 4 plone @ud ilne segment

In Figura 3.17, if a line segment P intersacts a given plane at O and PN
s perpendicular to the plane from P, then the line seement ON is called the
projection of PO on the plane. Thus, the projection of PO on WXYZ iz ON,
where PN is perpendicular to the plane WXYZ.
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A lme winch 1= perpendicular to a plans 1z parpendicular to every line in the
plane. It= projection on the plans 1= a point. Fizare 3,18 shows that the projection
of PO to the plans is the paint O.

Figare 3.18: The projection Qfﬁ oM T pione o poir O

If a line iz perpendicular to twio non — paralle] lines on the plane. then the line iz
perpendicular to the plane. Fizure 3.19 shows PO is perpendicular to two lines
in the plans_thus PO is perpendicular to the plane.

r
- -
-
\\f,_{____,. i
~T
T '-u.__Hl
ok

Fizure 319 Perpendicuiar line QP in the plane

Anszle between two lines

The angle between two skew lme: 13 equal to the ansle betwesn Ime: which
interzact and which are parallel to the skew lines. Consider to shew linss HF
and AD) of a cube shown in Figure 3.20.

°
; _

—_— L B4 P T e



H [E

.-1|.. .El
Fizure 3.20: Ths skew fings HF and AD of 2 cube

The angle betwean the skew lines is found by translatine HF to BD and the

ansle raquired is the angle between AD and BD which iz ADE Mote that AD

can alse be tranzlatad to EH to form EHF or translatsd to GF to form angle

GFHL
& .
Angzle befween a line and a plane
Ifaline PO intersects a given plane WXYZ at O and PN is the parpendicular
a rom P to the plane the anzle betaveen the line and the plane iz FEI-]'u.l (22 showmn
-E m Fizure 3217 It 1= the anzle betwesn the Ime and 1tz projection on the plane.
L
P
i
III
- i
3 |
- : ¥
= i
oy

; /

TFizmre 3.21: dngle betwesn the [Ine and s projeciion on e plame

e °
_ . : ' & |

X
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Angzle between two planes
Two planes which are not paralisl mvterzact in 2 straight line. The ansle betwesn
oo planss 1= the angle betwesn any pair of nterzecting lines (one i 2ach plane)
each perpendicular to the line of interzection of the planes. Fizure 3 22 shows: an
anzle A betwesn two plans:.

Lo/
DN

Figure 3 12: dngie A Serween neo piames

Exercise 3.3
& Answer the followmg quesfions:
1. Inthe ziven figures, wiich of the pairs of lines determine a plan=?
(3) GF and ED (t) HF and BG (c) FCend ED
(d) EC md EH {€) BT and VO ) VU and TS
H 0 v
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1. The following fizare 1= a nzht perarmad BESTUW. State the projection of:

{a) EV anRSTU ) EV anVSU (£ EVonVIR
In =ach case. name the ansls betwesn the line and the plans.

3. Smodvthe siven right square prramid with base FSTU and then smeywer the
questions that follow: .

LR

(a) Mame the line of mtersaction of the plane: BTV and TSV
by Mame the angle betoeen the planes BTV and USV at the bazs.
() NMame the angle between the planes BESTU and BTV

Ao rdenrdoy Por i Bty
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4.  Stodv the following cube and an=wer the guestions that follow:

.a- 1
State the ne of mtersaction of the followms planes:
(a) ABCD and BCGF (b}  ABCD and BCHE
(cy ABCD and EDHF {d) BDHF and ACGE
(g) ADHE and EFCGH

3. Make an obligque drawing of the following thres — dimensional object=:
(2} Anright pentazanal prramid (6} Amnghtsquare pyramid

e (c) Aright rectangular prizm

6. Stodvthe following cube and an=wer the guestions that follow:

= -~ Al
77
N
a E

Dlame the angle batwean:

{z) planes PQRS and PQVW (b))  plames PQVW and RSWV
() planes QSWUad PSWT (4  Jine QU and plans PQRS
(g) line SU and plane DQRS #  line UV and plane BQVW

; _
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1. The following fimare 1= a cobe. If the lensth of its edzes 1= 5 am, state the
diztance betwesn the ziven point and the plane:

(a) Fand ABCD (6} F and CDHG
) ™ and CDHG

’ i
E "4 .I—'-'-'-F-F
e
g 5
i r
D _— C
l-I
& B

B. The following fisure i= 3 nght rectansular prizm. [dentify and nams the
line sesments which are parpendicular to QV .

W

:
g | E
PI_.
: 0
ﬁ 0. Use the fizure in question 8 to state the angles formed by the followine
(3 PQand UV b) PSand QV
i) TV and QR {d) 5Qand WV

e © L
_| *h . = @. T
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10, Sguoars pvramid ABCDY has the base ABCD and the poant V' 15 vertically
above the centre E of the basze.
{2} Draw an oblique projection of the prramid
(b} State the anzle betwesn the planes AVC and EVD.
c) _ﬁmﬁmﬂ_ﬂmwﬁnﬁ?hsﬁff}mm
(d) Stare the angle betwesn skew linss D and AB.
(e} What iz the intersection of the planes VEC, VEE, and VBEC?
(f) What i= the interzection of plane: VAD and ABCD?

Calculations of angles and lengthy of three — dimensional objects

The Imowdedse of teonometry and the Pythazoras’ theorsm 1= used mn caloulabons
of lengths and anzles when dealing wath problems in three dmmenszions. It 1z
ezzential to choose and draw suitabls triansles mn different planes, and find the
side: and ansles of these manslss as neceszary

S @20
The following fisure is a rectangular prizm in which AB = 20 cm, BC=16 am,
and CG=12cm . Calculate:

{3) the length of AG.

{b) the angle 3G makes with the plane ABCD.

{c) the angle that the plane HABG makes with plane ABCD.

il G
E 12
. I:
L6 czn
A M em

o
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Solution
(2) Conzider 2 right — ansled triansle ACGas shown In the fizure. In order o
find AG, first find AC from the right — aneled triangle ABC.

From A ABC, by uzing Pyvihagoras”
theorem we hame: c

(acl =(aB) +(cf
= (20 cm)® +(16am)’
= 400cm* + 256 0m”
=856 cm” 16om

AC= J656m

A 20 om

From 4 ACG, by using Pvthagoras’

theorem we hame:

@ (30~ (30 ~ (8 :
= ..il'ﬁm}‘ +{12amy
= 658an” +144om’ 12 cm

= am*

AG=2Rmm. A Jﬁm C

Therefore, the length of AG iz 28.28 on.

(b} The projection of AG on the plane ABCD iz AC. The anzle between AG
and the plane ABCD i= CAG. Caloulstion of CAG = done as follows:

Howto M eifenrdoy Por i Pl

Since AG = 2828 am then

i{ﬂﬁ]:%,ﬂmﬂﬂﬁ
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) - 127 om
i (CAG) - F5 g o — 0424

CAG = sin{0.4243)
= 256"

Therefore, the angle 4 makes with the plane ABCD iz 25°§.

(c) The mterzaction of a line between a plane HABGwith the plane ABCD
iz AB. The sngle which HABG makess with ABCD iz HAD or GBC.
Conzider the trianzle ADH:

H

&
A [p

16 am

From 4 ATiH, we have:

tan (DAH) = ==

12 am

16 am

DAH - tan™(0.75)
=36°52"

= .75

Thus, DAH = 36252".

Therefors, the angle that the plans HABG make: with plane ABRCTI 12 3§°32".
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The following figares iz a right angle rectansular prranid of base ABCD,
vemex V, and centre of base B

HE=E=EEEI, E=E=ﬁm, and ﬁ=ﬁ=ﬁ=ﬁ=13rm,
caloulate:

(a) the height VP of the pyramid

{b) the anels between VB and the base ABCD.

(€} the ansle between trianzle VBC and the base ABCD.
(d) the ansle between trianzls VCD and the base ABCD.

Solution
(8} Consider anzht—ansled mansls BCD mn the pvraned (35 shown in the figare).
B

B =m
(] A em r||-|:'
From the figumre, by uzing Prihagoras” theorem we have
(BB) = (BT +(TD)
= {6 cm)* + (8 cm)
=100 cm®
B =100 cor

Hence, BD=10an




—
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To calculate the lensth of VP, consider the risht — ansled triansle
VPE in the pyramid.
From the elven figure, we have:

EP =— BED
2

-%xlﬂ O =5 m

-

-

= 5om &
Then by using pythagaras’ theorem, we have:
(V) + (PE) =(VEF
(TB)* = (13 ) - (5 comy?
=169 on® — 25 om®
=144 o
TP -l

TP=llom.

Therefors, the height 37p of the prvrannd 1= 12 an.

KL
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(6} The angle between VE and the base ABCD is VBP.

ﬁmﬁ:ﬂmmﬂﬁ:im then the anzle VEP 1= obtained az

VEP =tan™'(2.4)
=§723'
Thus, VBF = §7°23".

Therefore, the angle between VB and the baze ABCD i= 67%23".

(£) The ansle betwesn trisnzle VEC and the base AECD is VD,
Thelines P and PALare both perpendicular to BC amd M is the midpoint

e of BC . Consider a risht — ansled triansle VAP in the pyvramid.
From the fisurs we have: vV
: PM=DC=dcm
-1.
E o
VP

= Thus, tan (VAF) = ——

( PAL

-
_12em _ em

‘% 4om
- VNP = tan(3) ]

P 4om M
Thus, VAIP = T1734".

Therefore, the anzle botwreen triangle VEC and the base ABCD 1z 71°54".

e ° s
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From mansle VP we have:

Thus, VNP = 75°58".

(d) The angle between triangle VCD' and the base ABCD iz VRP. To find
VP, conzider a right — ansled triangle VP in the pyramid.

'5'.'

12om

—

Therefore, the angle between triansle VCD and the bass ABCD iz 73738

Jom P

-

caloulate:
fa) theheisht DO of the pyramid.
(b} the anzle which BD makes
with the plane ABC.

(c) the anzle betoveen the planes
DAB and ABC.

2
&
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The followms fzure ABCTD 1= a nghi tnanesular prrannd with the baseABC winch
i an equilatersl trisngle If AB=BC=CA =Smand DA=DE=DC =10m

13




Solution
(a) The perpendicalar DO from D to the plane ABC mests ABC at the centre
of the trianzle ABC. Since P is the midpoint of AR, then,

Con=ider the baze ABC of the prramd and the trianzle APO. then

cosPAD =E,
AD

ﬂ_ 4m

- - 4.&1
coz307 - 0,366 =

AQ=

tam (PADY) =

tan 37 =

38 #I3l

PO = 4m % 05774
=231m

From a nizhi —snzled mangle DAQ, by using Pythazoras’ theorem we have:
(Bo) + (0% = (may D
(Do) =(0&) - (G&)
={10 my - (4.62 m)’ 10m
=100 m* -21.34 m?

Bowio M efenrdoy Por i Pl

DO=.J78.66m® =857m

& o
Therefors, the heizht T0) of the prramid is 5.87m. e
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(b} The projection of B on the plane ABC iz BO. The ansle B makes with
the plane ABC iz DBO . Consider the right — angled triangls DEO.

W kmow that E: E:#_ﬁ:lm.

From ADBO, we have:

sin {DBO) = 2=
OB
mI:DEﬂ:I _ 2ETm
10 m
=(0.887
DO =sin (0.887)
D80 = &2°30".

Therefore, the ansle which BD makes
with the plane ABC is 62730

(¢} The planes DAE and ABC intersact in AB. The linez OP and DD are
perpendicular to AB. The angle between the planss DAE and ABC iz DBO.

Conszider the triangle DPO.
From triangls DPO. we have:

tan (DBO) =

Clk

o]

m

tm{[:ihﬂ]mﬂ'
231 m

[*R]

DBO =1an'{3.84)
Thus, DBO =T75°24"

Therafore, the ansle between the planes P

DAE and ABC 1= 75°24".

Tl

D

10m
EETm

i6im U

287Tm

23 m e
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Exercine 3.4

Answer the following questions:

1. A box haz a rectansular bazse ABCD and P, ), B, 5 are vertcally above,

A, B. C, D _respactively az shown in the following fimare:
5 K

E i Z4mm

Am

fAE=32m BC=15mand CR =214 m_ fnd:

{3) the lensth of diasonal BR.

(b} the length of the diagonal 4%

(€) the ansle between the diszonsl AR znd the bass ABCD.
{d) the anzle bermen the plane ADF() and the baze ABCD).

Given a pvranud APQES on 2 square baze PORS of sids 10 om.

If AP=AQ=AF = AS5=5 an find:
(z) the heizght of the prramid.

(&} theangls betwesn towo opposite faces.
() the angle between 3 face and the base.

Ao rflenrdoy Por o Bo
k-

(d) the anzle berween the edzes SA and QA.



3. The following fizare 1= a rizht pn=m.

E H
3 !
Hm
Ak AT
im . e,
o i 11k L

Fmnd:
(%) the lenzth of the dizzonal FD.
(b} the ansle between the diszonal BH and plane ADHE.

4. The following fizure EFGH iz a neht tiansular prranud with baze EFG
which iz an equilateral triangle f EF =FG=0GE =10m and
AE=HF=HG=1Im

Caloulate:
(2) the heizht OO of the prramid
(b) the ansle between the planes HEF and EFG.

{ ‘
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8.

3.  The followinz fisure shows a drawme table wath a square top BCEF of

lensth 2 minclined 2t an angls 207 to the base ABCD. Find the inclinstion
of the dizzonsl BE to the horizomtal,

The following fizure shows a night prramid OPQES of heizht 10 omon a
horizontal rectansular base of dimensions 6 om by 8 om
(a) Calculste the inclination of the following to the horizontal:

(i) the face OQF.

(ii) the edge OQ.

(b Calculate the angle between:
(i) the lines SR and OR.
(i} the planss OR.Q and DOS.
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Surface area of three — dimensional figures

Activify 2.4: The concept of surface area of three — dimensional fisures

In a group or individually, perform the following tasks:

1. Draww a met dizeram of a clozed ovlinder with radius r and heisht 2.

2. Find the surface area of the top and bottom part of the cyvlindar drawn
in tazk 1 in term= of » and &

3. Find the surface area of the folded net in terms of » and 4.
4. Share vour findines with vour neishboar.

Right circular cone

A right circular cone 15 3 cone whose vertex is vertically sbove the centre of the
base of the cone. Consider a right circular cone of radims », heizht 4. and lensth
of zlant height [,

Let AE, BC, CD, DE etc., be approximatelv zmall line segment=z along the
circular baze formning =mall mansles VAE, VBC, VCD, VDE etc. as shovm m
& Figure 5. 25_

Fizure 3.13: A rigfe cocuiar cone

LW 4 T S T * -
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Area of curved surface (latersl surface) of a nehbt ciroular cone 1= the sum of

areas of all zmall mangles VAB, VBC etc.
Area of curved surface of a nzht circular cone

_%{ﬂxﬁj _%uxﬁj_.-.
..%“'A_E.-I-E+-n]

The sum of the lensths of the line sermenrs that iz AR + BC + CD + DE +--.
gives the cirommnference of the circular baze of the cons. That 1z

AB+ BC + CD + DE +- = 21rv.
Thus,

Area of curved surfacs of a right circular cons = _l’fxﬂn'r

=xr
Therefors, the ares of the curved surface of the nght crcular cone 1= Fri.
Fecall that the surface area of circular basze is 77", Hence, the surface area of a
& right circular cone iz given by
The surface area of 2 nght circular cone = the surface arsa of a circular base +
area of curved surface.
The murface area of a right circular cone =22 + o

Therefors, the surface area of a raht corcolar cone 13 ar(r ~ L

=l 20

Find the surface area of a night droular cone whose slant height is 10 om and
whose base radms is § am (use 1= 3.14).
Solotion
The murface area of the right ciroular cone = =F(F+1)
=314 x8omx (8 an = 10 cm)
= 45216 om’.

Therefore, the surface area of the right circular cone is 452.16 am®.

i
— o e
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Rizght cylinder
Consider a nght cvhinder of radins r and height 4. a3 shown in Fizure 5.24 (a).
The curved surface or lateral surface of the oviinder looks= kike that in Fizure 524 (b).

Top
A ]
A Crryed Sl
(Laters] Surfisce) #
Xﬁ - .
[[ETr

Fizure 3 24 (a): Rigat cylinder i
Fizure 1.24 (b): Lateral avd circular
bases of a right cyitder
Area of the curved surface of the cvlinder = Cioroumfarence of the baze = haiziht
=1lmr = h
=Zmorh
Area of tovo circular bases of the oviinder = 2 = Area of a circolar bass
=1 = gt
=21z
Thnes, the surface ares of the cylinder
= Ares of the curved surface + Arss of the two circuler bases
=larh =1z
=loth+7)
Therefors, the surface of 2 right cylinder is 2ar(h + 7).
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Find the surface area of a night cylmder having base radms 10 om and height 20 .
om (Uze x=3.14).
Solotion
Let, the radmz » = 10 cm and the height =20 cm.
The surface area of the nzht ovlinder = 2y + 4)
= 2% 3.14 x 10 cm » (10 com <+ 20 cm)
=1384 om*

Therefors, the surface area of the right oylinder iz 1 884 am®

Rizht prramid
A right prranud i= 2 prramidd mowhich the zlant edee:s joming the vertex to the
comer of the baze are egual. Consider a nzhi rectansular prramid as shown m

Fizumre 3.25.
W
&

g

;2

g
% Fiznre 3 15: Righr reciomslar pyramid
[ -]

In Fimure 3.23, the lensths of VA, VB, VT, and VD are equal and are called

slant edzes. The lns VE is the line zepment joming the vertex to the rudpomt
of a side of the baze.
Area of one face, zav VBC 1=

.q:eaufvm::%ﬂ_cxﬁ.
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The surface area of a rectanzular prrarmad = Area of lateral surfacs — Area of the baze
= Area of AVAE + Area of AVBC + Area of AVCD + Area of AVAD + Area of ABCD
Cenerally, for amv neght prramid:

the surface srea = Area of lateral surface + Area of the bass.

A night rectansular peramid is such that the rectansle i= 12 cm by 8 om and

each slant edze iz 12 om a:s shovn in the following fizure. Find the surface area
of the prramid.

'|'|_I

Solution
Consider a right — anzled triansle VAL where AL =6 cm and VA =12 om
By Pvthagaras’ thearem, we have:

VL = [y - (o)

VL= [0z cf - (6

_J.ll'iﬂﬂcm-'
_ﬁ.,‘r:-l-_-;m,
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Alkzg, for a nzht — ansled tranzle VEC, by Pvthazora:" theorem we have:

(TEY +(KE) =(Ve)

(VEY = (W -(&er
VE=/(VC) - (EC)S
VE = /(12 cm)" - (4 cn)’

=m
=37 em

Area of |ateral surface = Area of AVAS + Area of aAVED = Amez of AVEL + Area of AVAD
=2 = Area of AVAE + 2 = Area of AVBC

(1l — = 1 = =]
=2x|==AB = VL |+2x| = »BC = VK |
\ 2 4 P A

i

=1|€%:-=E-:|:|1:-: ﬁ-.ﬁ |:|nﬂl| - 3;:% = 8 om= E,P_cm‘]
B - = -/

&
= _:'-.J';mi +l.‘rl1—.|ri_-:|:|1:
=2152 cm®

-

:E Area of the rectansular base =AE = BC
=1Zom=8am
=06 com*

3

£ The murface area of the pyramid = {2152 + 94) an®

= =3112 am’

Therefore, the surface area of the pyramid i 311.2 cm®.
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Rizht prism

A nieht prizin 1= 3 presm in which each of the vertical edges are perpendicular to
the plane of the baze. An exampls of a nzht prizm 1= thown m Fizure 3.26. The
lateral surface is made of faces EAEF, FBCG, HDCG, and EADH. The baszes

are ABCD and EFGH.
H G

A H
Figure 3_26: Rigfd reclamguiar prism
Area of lateralsurface = (AB = BF) + (BC = C() + (DC = DH) + (AD = DH)
Bu: AE=BF=CG =DH.
Area of lateralsurface = { AB + BC +DC + AD} = AE
& = Perimeter of the base = height

Area of the bazes = Area of ABCD + Area of EFGH
=2 = Area of one bazs.

Generally, for any right prism the surface area
= Area of lateral surface + Area of the bases.

The height of 2 night prizm i= 4 cm and the perimetar of #= baze 1= 50 om Find

the area of iz lateral surfacs.

Solotion

Area of lateral surface of 2 right prisim = Perimeter of the base = height
=30cm=4an
= 120 am”.

Therefore, area of lateral surface of the right prism is 120 ax’.
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Fmnd the aurface area of a rectaneular prizm 12 om lons 8 on wide, and 6 cenbish

Solotion

g cin f

12 zm
Area of lateral surface = Perimeter of the baze « haight

={llam+12aom+8on+8omn) x6am
=240 cm?
Areaofthe bases =2 = 12 om = B cm
=102 am’
The surfacs area of the rectansular priam = Area of lateral surface + Area of the bazes
=(240 +192) an”
=432 o

Therefore, the surface area of the rectansular prizm is 432 an”.

Sphere
Consider 3 sphers of radius # as shown in Figare 327, The surfacs arss aof a

sphere iz given by 5 =4xr

Bowio M efenrdoy Por i Pl

Fizure 3.17: Sohere of radius r
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Find the surfacs area of a sphers of radins 5 om (Usa x=3.14)
Solntion
The surface area of a sphere =47+
=dx3]14d=5om=5 om
=314 am’.
Therefors, the surface area of 2 sphere iz 314 om’.

Answer the followng questions: 4. The radius of the baze of a right
(Use x=2.14) circular cylinder i= 7 dm and its
1. The altmds of 3 rectansular prian hotght ix 10, Find itx:
s 4 cm, fhe widh mnd leng id) lateral surface ares
& of its base are 2 cm and 3 am, (b total surface areg.
rezpeciively. Find the surface area

of the prism. 5. Caloulate the lsteral surface ares
of the followmsz neht crcular
1.  Onezide of 2 cube iz 4 dm Find: CDOE.

the lateral surface araa of
i)
the cuba. ¥

(b the wotal surface area of the
cube.
3. The followins fisure iz 3 right
triansular prism whosa base iz
anght —angled manale. -
Calculats itz surface area.

6. The radins of the base of a right
droular come iz 12 om If its
lateral surface area iz 72m om’,
find itz slant height.

7.  Caloulate the surface area of a
resular tetrshedron of edee § it
lomz.

‘
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10.

11.

The baze of a neht pvramid 1= a
rectangle of dimenzions & cm by
£ om and the slant edze: are each
9 om lonz Caloulate it= lateral
surface area

Find the surface area of a right
arcukar cone whose heisht 1= 24 om
and =lant height 25 om.

Find the surface area of a nzht
drootar cviindsr of diameter & om
and heizht 6 om

The snurfacs ares of 2 rectansular
prism iz 108 cm®. If the base is
4 om by 3 cm find the height of
the pri=zm.

The altiude of 3 square pvramsd
iz 5 umits and 3 side of the baze
iz 5 umits lonz. Find the arsa of
a horizontal cross — section at 2
distance 2 unit: above the base

Find the surface area of a nght
droular coae of bazs radin: § om
and height & om.

14,

16.

1T

15

1=

Ome edze of the basze of 2 sguare
prramid 1= & om lonz. Each slant
edze 1z 5 cm. Find the area of the
lateral surface of the prramid.

Calculate the surface area of a
square pvramid having altitude
4 umits and edze of the base 6 wmts.

Find the area of the curved
surface of 2 right crcular cons of
base radms 3 om and height 4 om

Find the surface area of a sphers
with diameter 14 cm.

The radi: of one sphere is twice
the radios of a second sphere.
WWhat iz the ratio of theilr surface
areaz’

If the earth iz a sphere of radius
& 400 kon find its surface area

Find the radm= of a sphere whose
surface area i= 108 am’.
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Volume of three — dimensional fizures

Activity 3.5: Bti:uti:nfnhm:fﬂiﬁnrmﬂhm—lhmhﬂfgmu'
Perform the following tasks indnqidually or in wour sroup:

1. Draw other alternative nets of the followins fisure on a manila shest

Egm

11an

2.  Cut out the nets drawn in tazk 1 and fold on the dashed line.
Tape the edzes m tazk 2 tozether to fonm model: of the sohd: with one

(]
1

face remonyad.
4. Consmct a model of a rectansular peramid whoze base and heisht are the
zame as the pnam in task 3.
e 5. Fill in the pvramid with rice, and poar the rice into the prizm. Repeat unnl
the prizm &= filled.

4.  How mamy pvramids of nce did vou take to fill the prism?
7. Compars the areas of the bases of the prizm and prramid.
8.  Compars the heisht of the prizm with that of the pyrannd
2. Estmate the vohims of the prizm and that of the prrasud.
10. Share vouor findmas with vour fmend: throush discnssion.

F

Volume of a nght prism
Consider a3 nght mansular prizm !
shovn in Fizure 3.28. i :
p L -
j — "
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If & 1= height of the prism and A 15 the area of tnansle ABC, the volame of the
Volurme of the prizm = Area of AABC = lensth of the prizm (/)

Cenerallyv, the vohmme of amy right prisen = egual to the product of the cross —
sectional ares and the lensth of the prizm That 1=,
Volurnes of arm right prizm =A = [ whers A 12 the cross—sectional area of the bazs
and J iz the lenzth of the prizm. Thus,

1
‘w'nlumenfau}'rightprinn=;Mhi:nhae.ﬁijlhslmgﬂmfﬂ:mtrimguhrm
of the prizm_ 4 is the height of the trisnzolar base and [ is the lensth of the prizm.

Similarly, for a rectansular prizm the vohme i given v
Volwme of the rectanzular prism = A = [, whers A 1= the area of the rectansular
base of the prizm and | is the lensth of the prizm.

e

The vohme of a trianmular prism iz 238 o, If itz base i= an equilateral triansle
with zides of lensth 6 om calculats the height and length of the prizm

Solution

Consider the following skatch of a triansular prism:
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From the figurs, caloulate the heizht 2 by usms Prvihasoras’ theorem

Ve have: i _ ) 1

. - - Vohmme of the triansular prizm = Z phw |
K+ (3 cm = {6 cm* . T
B = (36 -0} am? 6o’ ==xfam=5196am =]
£=17 o 3L176=512am

h=33 am j=1642 m

h=35196 cm

Therefors, the height and lensth of the triansular prizm are 51946 cm and
16421 om respectvely.

L

Caloulate the vohmne of a rectansolar prisim whose base i= § an v 5 om and
whosze height iz 10 cm.
L Solution
Volume of the rectansular prizm = Area of the baze « haisht
=(Bomx 5cm) = 10 an
= 400 cm”

Therefors, the vohnne of the rectansular prizm is 400 om?.

Volume of a right circular cylinder
Conzider a rizht coroular cvlmder with radims » and heishe b 3z shotwn in Fizare 3 20

Fizmre 3. 29: 4 righr circuiar cyibnder
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The vohmme of a nzhi arcular cvlinder 1= 2gual to the product of the area of the
baze and the height. If V' iz the volums, A 1= the area of the base and A iz the
height, then
Vomd =B
- FFxh
- Tk

Therefore, the wohmme of the risht circular ovlinder is @5,

Caloulate the radins of a rizht droular ovdinder of wolume 1 570 i and heizhe
20m(Use x=3.14)

Solotion
Volurms of a right ciroular cvlinder, V' = a7 h where height R =20m
Thus, 1 570’ =314 =< = 20m
1570m
¥ —
® T 6Em
r=3im

Therefors, the radms of the nzht croalar olimder is 5 m.

=1 m’

A pipe made of metal 1 om thick has an external radms of § om as shown in the

figurs. Find the volume of metal uzed in makong 3 4 m heisht of the pipe
(use x=3.140L
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Solution
Let R reprezent: the external radinz. » represants the inmer radimes, and & reprezents
e lenzrh of the pips.

Volmnes of a metal used to make the pipe eguals to the difference of the vohume
of the biz pipe and that of the =mallsr pipe.

Volmnes of a metal uzad to make the pipe = Area of cross — section ~ height
= TR -
=a(f. - r) (E+rh
CrenB =6 on r=5on A=4m=400cn then we have that
Volume of metal WV = 3.l4f_ﬁcm—£m}|;ﬁm+im]x4mun
=314 = 1 = 11 = 400 co?®
=13 816 cm®

Therefore, the vohmne of metal used iz 13 816 ox’.
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Answer the following questions:
(me z=3.14)
Caloulate the volume of the

Find the wohme of a wire of
lengzth 1 kom with crcular cross—
section of radins 0.5 on Give
VO answer in cubic metras,
Eizhr lires of water ars pourad
mito a Ccvimdrcal jus of maide
diameter 20 om Calculate the
heizht of the water leval.

The cros: — saction of 3 right prizm
18 dm long 1= an 1sosceles tnangle
with z:ide: of dimenszions 5 dm
5dm and B dm Caloulate its
volume.

The vohme of a rnisht tmansular
prizm iz 1 200 o', Ifthe masnitds
of itz baze ares iz three times ifs
eight find the height of the prizm.
A zarden roller i= 28 om i diameter
and 30 om wide Calcolate its
volume.

10.

11.

1a

Find the vobume of a nght circular
cylmder of diarmeter 80 pum and
height 150 nmn

A ovlindncal pipe of outer diamester
10 cm is 2 om thick. What is the
diarmeter of the hole? Find the
volume of material in such a pipe
of lemath 30 cm.

A lzteral edge of a nght pri=m 1=
4 om and its basze 1= an equilateral
triangls with permmeter 30 om.
Calculate its vwolume.

Find the vohme of a rizht prizm
whoze basze 1z a regular hewason
with a side of the baze 4 om lons
and itz height iz 10 cm.

The length of the diasonal of the
base of a cube 13 2.3 am Find the
volume of the cube.

A weater pipe made of material 1 om
thick has an external diameter of
8 om. Find the voheme of material
of the pipe 100 m long.

The radins of the base of a nght
circular cylinder is 2.5 dm and its
alfitode is 5 dm Find the vohmne
of the cvlinder.

The ouzide dimenzion: of a
Closed metal rectansular box are
16 om, 28 om, and 40 om. If the
metal iz I om thick what are the
nzide measuremments of the box?
Find the vohmne of space inside
the bax

The altmde of a ight rectangular
prizm is 4 dm. and its base i 5 dm
long and 3 dm wade. Find the
volume of the prizm.
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Volume of prramid
Consider a triansular prisrn shomn m Figure 350 which 1= oot i three triangular
prramids AFFG, ACFG, and ADCF a= shown m Fisure 3.31.

E Li

A e

Fizure 3.31: e rimpuier pyranids from the risqeular prizm

The peramids AEFG and ACFG with baze: AEF and ACF, respectively have a
catmmon vertex F.

AAFF _ AACF (by 555 theorem).

Therefore, the prrarmid: have the same base area. Since they have the zame vemex F,

thev have the zame altitude.
“ohme of Pyvranund AFFG = Vohmmne of Pyrannd ACEG.

°
$I
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Sirmilarly, prranuds ADCE and ACFGwath the bazes DCF and FOG, respectively
have a commmaon vertex A

Thus, ADCF ~AFCG (By 555 theorem).
Thereforz, the pvramud: have the same base area Smce the pyvramids have the
zarme vertex A then they have the :ame slitade.

Thus, Volames of the prranud ADCE = Voharne of the porarid ACFG.

Therefors, it follows that the thres prramids have the sams voloms.
But, Volome of prizm = Ease area » height.

Therefors, vohome of saach prramid = —1{535&31'&& w height).
a

Cenerally, the volume of 2 prramsd 1= one third the prodoct of = altiude and
Itz baze arsa

R

& Caloulate the vohmne of a square pyvranid whose altitude iz 10 cm and a base
of lensth 6 om.

Solution

1
"i.?nhmenfdlesqmep}nmdd=§{ba5em = heizht)

Therefore, the wohmme of the square peramid is 120 an®.

g ) | o
E v —Eﬂh where E i the baze area and & is the attitude.
D.

=_l'{lﬁcm:-=ﬁ-:m}:-=lﬂ|:m

- |

=120 cm®
2
-]

Volume of a cone

Consider 3 cone of radmes » and altiude A as showm in Figors 3 32
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Fizure 3.31; A cons
A baze of a ciroular cone can be considered to be a regular polveEon with an

mfinite mmmber of sides. The volume of a cope can thersfore be found uzins the

method applied for pyvramids. That i=, Vohome nfan&n&%fhﬂsearea = haizht)
o
Thn=, vohewe of 3 ciroolar cone i one third the product of B= alivhade and &= baze ares
If the base iz of radins », the base area is 77°.
Therefors, the vohune of 2 cone 1= ziven by
ohmeof a cone = %:.nr:h: where & 1z the height of the cone and r 1= the radius.
o

S

Caloulate the vohime of a cone of base radios 10 om and akimds 12 om
(nze x=3.14).

Soloton

Let, the radmz =10 cm and the alittude 4= 12 om.

1
Volume of the come = Z (Basze area = heisht)

arA

L

{3.14 2 (10 cm)™} = 12 cm

Lad it

=1 256 am’
Therafore, the volume of the cope is 1 256 an®.




Answer the followmg questions:

(me z=3.14)

1. Calculate the volume of each of
the followins right circalar cones:

(@)

T

'1--:|'.|..

2. Calculate the volures of each of
thie following right pyramids:

Emwﬂiuwlmufasquare
prramid whose lateral faces are

eqmlateral tnangles of side x 13
x':"i S

Find the vohewe of 2 square pnranid
of beight 24 om and zlant edeas
25 am each.
Calculate the vohmme of a right
prramid if the area of the regular
hexazonal base i= 00 o, and ifs
alttode iz 12 om

The haze of a right rectansular
prramid iz & on, and each slamt
ads=s = 0 om lons. Find the vobmme
of the pyramid.

The volume of a come 15 120 am®
and itz altiade i= 5 cm. Find itz
baze arsa.

The =lant heizht of 2 cons &= 20 an
and the radms= of = baze iz 12 on
Find itz vohme in temms of o
The radins of the base of a right
droular cope 1= § on and its
volume is 7207 o’ Find its:
(a) ahm-:h

(b} slant height
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10.

A cone iz contained in a cvimder
so that ther bazse and height
are the zame 3= zhown m the
following fisure. Calculate the
volume of space Iving inside the

A

L

__—

Chapter summary

1.

JOTER_TEET = -y,

A thres — dimensional figurs 1= &

gearnetric fizure which has three—

dumen=ion:z, namely lenzth wadih

and height For esxampls. cubes,

prizms, cviinders, prrammids. amd

ConEs.

Fules to followr when sketchine

a net diagram of vanous three —

dirensional figures:

{2} Parallel lines of the object
are dramam parzliel.

(k) Verical lines of the object ars
dramm up and down the paze.

(c) Hiddsn edges of the object
are drawn dotied.

(d) Construction lnes to Euide
the eve are dreamn thinky.

(2} Fizhi anglez in the object
are marked correctly in the
dramings.

Faubss to followwhen findine anajas

betoeen tovo planes, betwesn a line

and a plane and betoreen two skew

Imesz ars:

S

B e TR

ia)

(&)

()

Anzls between fwo planss
interseciing point moust be
considared.

The anzle between the lne
and it= projechon om the
plane, must be considered
when findine =an  angls
between 3 line and a plans.
Angls betwesn two skew
lin=z, iz equal o the anele
between parallsl lines wiich
infersect with skew hnes.

The fommmlae for finding the
airface area: of three —dimenzional
objects are:

(a)
(&)

i)

()

()

Fighi circular cone:
A=grir+i

Fighi cylinder:
A=2arir+H)

The surfacs area of right
prrannd 1= equal to Lateral
arface ares — The base areas
The surface area of right
prizm i= aqual to the bass
area + Lateral surface area
The surface area of 2 sphers:
A= &

The formmlas for indins volmmess
of three — dirnemsional objects are:

()

(&)

(<)

i)

Sohmne of a cvlindar:
V=arh
‘.i:-huftenf a preramid-
1.-'=§{Basearea = Haizhr)
Sohmne of a cone:
V- lr.r:.ﬁ:

3
Yolume of amy right prism:
V=Al

m
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Revision exercise 3 (a)

Answer the following questions:
1. Draw a net for each of the following geometrical fizares:

1. Foreacthofthe followine prizms copyvits net and label the remainme vertces:

& (k)
£ w
g
&
g X
£ )
&
(4]
n
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3.

L
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A right square pyramid ABCTW has 2 base ABCD of lensth B om and height
8 om vertically above the cemire E of the base.

(2) Draw an obligque projection of the prrarmid.

(b} Calcnlate the lensth BY

(cy Fmd the angls hetween the plans: AVC and BVD.

(d) Isittrue that CV and AB are skewy linss?

(e} Calcolate the angle batwesn the planes BCWV and ABCT.

In the following prramid the face VAR iz an equilataral triangle with zides
of lensthé om, CA=10cm, CE=10cm and CV=8om

/

{2) State which ansles formed by adjacent edzes are right ansles.
{0 Copy the fimare and mark:

(i} the angle between the planes VAR and CAB by x.

(i) the ansle between planes VEC and VAC by .
A.Eﬂ]isﬂmhasedeFEHizﬂ:et-pﬁcenfsmh&Eisadiagmﬂnfa
cube and AB =10 cm.

{a) Calculate AC and AG.

{b) Find the angle betomen AG and the base ABCD.

The following fimure shows a regular octabedron with 5 om long for each
gdse.

A




—njj ® @ mms
{3} Name two sguarss which are consroent to ECDE.
(t) Find the vwohmme of the octahedron.

(Hint Vohme nfp]r':mnid=% { Area of the bass) = {Perpendicalar height)).

7. A =school hall iz 28 m lonz, 21 m wide, and 12 m hizh as shown in the
following fizure.

w_l

Find the anzles between:
(@) WC and the plane CDZY.
& (b}  the planes WBCZ and XBCY,

& The basze of 2 nght pvramsd i= a rectangle of dimensions 12 cm by 8 om
and the zlant ed=es are each 15 om long. Calculate s
(a) ocurved surface area.
(b)  surface area

0. The following fizure reprezent= the nzhi rectansular przm.

Ao rflenrdoy Por o Bo
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If the surfacs area of the prism iz 1 144 o, then find itz height

e ——
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10. The basz= of the prranud PABCD 15 a sguare whose sids has lensth 10 on.
If each of the other faces is an equilateral trianzls of side 10 om a= shown m
the following fizure:

A 1% cm
Find:

{a) the projection of AP tothe base.

{b)  the height of the pyramid PO.

{C) the anFle with which each face makes with the base.
{(d) the anele with which the edze PC makes with the base_

11. The zrven figure reprezents aroom of dimension=d mbv Smbv4m

5 R

am

Fia\Ya c
. 40

A im B

{g) Calculate the diazonal AR
{b) Find the angle AR, makes with the fioor.
(¢} Find the anele with which the plane SABR makes with the floor.

12. The face of a desk is a rectangle ABCD, where AB = 2 cmand BC =1 om,

and slopes 31 30° 1o the horizontzl. Caloulase the ansls which the diazons]
AC rmakes with the horizontal

-
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13. Anzht prramid ABCDY has a square horzonts] base ABCD of side of lenzth
Som If Visavertexand VA=VE=VC=VD=12 o, cakculate:

()
(B}
(c)
()

Answer the following questions:
(me x=3.14)

L

Find the bazs radin: of a risht

circular cone having heisht of 5 om

and a volome of 2 310 om?.

The base of a nzht peramid &= a

souars with a side of leneth 4 om and

the heisht of the prramnd 1= § cm.

Find:

(2) thevolume of the prramid.

(b} the lateral surface area of the
prramd

The baze radms of a nght crcular
cone 12§ on and itz height 1= Y om.
Find n termes of x-

(2) the volmmes of the cona.

(b} the ares of the curved marface.

The arsa of a rezular pentaszon
mm=cribed in a circle of radius # is
15 om®. Calculate the diameter of
the arcle.

The lensth: of two =zides of a
triangle are 10 om and 12 cm I
the area of a trisngle iz 58 om?,
find the value of the mclodad
ansle

A recansular pnam 1= 8§ om
lonz, 7 om wade, and 5 om hizh

10.

11.

the perpendicolar heizht of the prvranid.

the angle which VA makes with the horizoatal.

the smzle with which the plans VAE makes with the horizontal
the angle betwesn VA and VC.

Calculate it=:
(2) volume.
(b} =urfacs area

The arsa of 3 spherical surface i=
616 cm’. Find its radius in terms
of T

The radius of the baze of a nzht
circular come is 10 om and ii=
volums i= 720x am®. Caloalats its
height

Find the nurface ar=a of a sphers
of diameter 18 cm.

A hole of radin: 2 am &= dnlled
throwsh the centre of a right
circular oylinder whose base radins
2 3 om and altitude 4 on_ Find the
surface area ofthe resultine fizure.
A mianmalar prizm i= such that the
sides of the base are 6 om. 8 om
and 10 on If the height of the
prizm is 20 cm, caloakats s

(z) surface area

(&} voblome.

Calculate the lateral surfacs ares
of a trianzular prizem if the sides of
thebasears 5 om. Scom and Som
and its beight iz § am
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13. Findaswfaceareaofarectansular 16, In a hevnisphenical solid, a comical
prizm 20 cm lonz, 12 om wide part & removed a5 showm W
and B cm hizh following fizure. Find the vohmme
14. Calculate the volmme of a right and surface area of the resulting
rezular peniasonal prizm of radns solid fizars.
10 cm and height 10 om.
15. Anghi ciroular cylinder 2 dm high
holds 30 Litres of water. Find its
internal radms.
Project 3

1. Write down the methods for findins the surface areas of prizmes, cvlinders,
prramids, and cones. Hence compars the methods.

2. MAlatenals: cubeshlocks
Step 1: hMake a pnzm like the one shown in the following fizure.
Step 1: hMake at least three differsnt rectansular prizms.

S

-

(3} Azzurme ltﬁtﬂleaige:-fad;mherqmﬂ-m 1 unit then the area of
each surface of each cube i= 1 square unit, and the vohmme of each
cube iz 1 cubic unst. Copyv and complete the following mhls.

Prism Area of base Height Volume
1= & 2 12
2=

35
4%

(b) Find the area and vohime of the prizm

{c} De=cribe how the areas of the baze and the heizht of 2 prizm are ralated
to itz volhme

Coastal Soap Conyparny have hired vou to dssisn 3 new soap container. The

Company wants the container to be a right ovlindsr that will bold 150 cabic

Cantimetres uzing 2z little material as pozzible. How would vou desion the

container that will mest the needs of the companmy?

g
L]

S/

L
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Chapter Four

Probability

in evervday Iife, we are aheqys fiaced with Situmions HONVIFE LFICETHERIIEs.
For exmwple, when hio aqually strons foothal] teams piay awumed, i i difficwt
fo predict the outcome of the samee. Ohe feaem muqy win while the orksr loose
the same oF the mulch may end i g drme. Similarly when a for abe & roiled
omce, I I not eany fo fell in axeapace whick of the rambers 1 o O will show
up. In prediciing such uacertaimties, the theory gf prodabioy i= grmifed
in thiz chapeer you will learm the memung qf probabilify how fo anpiy the
Enoneledee of probabillly fo determune the ocourrence of an everr i real i
Situarions, to dererming the probabiity of an evers through experimenLs,
DEerpret ecperimenital reswits i relanion to the real e stuations. \dorever,
B you will learn to calcwlare the probabiliny of combined events wiing a formula,
perform sxperimerts af two combined events, and drow ree digsravs of
combimed evergs. The comperencies developed will help vou fo predict the
occurrerice of some events in different flelak swuch as science, rtechmology,
COMMErCe, economics, socky scignces, spovts, and ather datfy [ife activities.

= ——
Meaning of probability

In a zroup aor individually perform thiz activin nsing the following steps:
1. DNlention amy four coins which are m u:e In our couniry.
Identify the number of faces of each coin mentioned In step 1.

Identify the features found in each face of the con menboned n step 1.
Choosze ons coin and tass it 20 times. Record vour obsarvations oF Guicomes.
Uzing the remlt of step 4, estimats the probabiity of ocowrence of each
outcome.

Uze step 5 to deduce the meanines of probability.

§. Share vour findinzs with vour neizhbours for discussion.
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The concept of probability ooours in different hife expenences a: illostrated by
some practical experiments shown m Figure 4.1,

\hﬁthligilil

Fizure 4.1: Ploing cards, dice, and cois

Probability ooours when conducting praciical experiments such 8s tossing a coin
rolling a die. plaving cards, and mamy other experiments resulting into more than
one guicome.

Probability in evervday hife

In predicting uncertainties, the theory of probability 1z ofien applhied. Probability i1z
a branch of MMathematic: which deals with the analv=iz of randoen phenarmens
It provides guantitative ocommences of siations or events. In other words, iz a

rmzanre of chance:.
Activity 4.2 Determiming the measure of chances of an event
In a zroup or indinvidually, perform thiz actvity uzing the following staps:
1. TUsing manila shest draw a mamber line 3s shown in Fisure 4.2,
Jmpassibla Cenan
( - I'
| I
1
il 3 1
b 5% 1 e
Fiznre 4.2 4 mumber line from 0 10 |

LT 4 T R e TR * ”



-

2. Locate the estimate of ocomrence for each of the following situstons or
eveant: on the number Im= In step 1:

{2} You will have Basic Mathematics homework tonight.

(b} Ababy to be born today will be a girl.

{c} The local meteorologist predicts a 40% chance that it will rain
tomorron.

(d) Itwill rain in vour town n Decamber.

(e} A stadent chosen by chance from wour class is weanng jean trousers.

(£} A zstudent will score 100% in final Bazic Mathernatics examination

() Your erandparenis wall Inve 200 vears.

(h)  You will live forever.

3. Share vour findings m step 2 with vour neishbours for more inputs.

The sample space and the possible outcomes of an event

Suppose that a fair com 13 tossed once. The expected resulis from this expenment
B are the head (H) or tail (T) showmg up. The resulis of the experiment are called
outcomes. A =t of all expected outcomes from the expeniment are called zampls
zpace which iz denoted by 2 letter 5.
A specified outcome 1= called an event, and 1= denoted by 2 letter E. For example.
in thiz expernment of toezing a fair coin once, the outcome that 3 head shows up
i5 an event. It is a subset of the zample space. Thus, 5 = {H,T} and E - {H}.
In an experiment the event that mav not ooor is denoted by E'. For example, in
toszing a fair coin once, if the head (H) shows up then an event set is wIitten as
E = {H}. The event that the head does ot show ap is written az E'={'1'}.

Activity 4.3; Finding the sample space of the expernment
Perform each of the followinz experiment In a sroup or indrvidually and wite

the rezpactive zample space

1. Foll asix sided fair die once.

2.  Play cards.

3.  Share vour findings with vour neizhbours for more inputs.

i
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If a far die 1= rolled once, find:

(2) the sample space of an expenment.

(&)} the et of event for the occurence of an even numbers,

(c) the zet of event that an even rmumber does not ocour.

Solotion

(2) The sample space for the expenment 1=, 5= {1, 2, 3, 4, 5, §}.

(b} The ==t of event for the ocoorence of an even number is, E = {2, 4, §}.
(c) The st of event that an even mmiber does not aoowr is, E = {1, 3, 5.

Il |
In an experiment of s2lacting an even number less than 20. Find an event s=t for
the multiple of 3.

Solation

Let E denotes zn event of nultiple of 3.

The zample space for the experiment 12, 5= {2, 4, §, 8, 10, 12, 14, 14, 15}.
Therefors, the event set for the multiple of 53 1z, E= {6, 12, 18]}.

e

Find an event of not sslecting an even mumber from a s=t of countine mombers
le== thamn D

Solotion
Let E' denotes an event of not selecting an even number,
The zample space for the experiment 2. 5={1. 2. 5.4, 3 4 7, B}

Thusz, the event et for even numberz 1z E={2. 4, 6, &}.
Therefore, the event of not selecting an even number is, E = {1, 3, 5, 71.

‘
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Answer the following questions:
TWitte a zample space for each of
the following experimants:

Bewio J' e sweder Por i Peniy

1.

(a)
(&)
(<)

()

()

A fair die iz rolled once and
the fare showing up = read.
Two teams play a football
match.

A friend is asked for the
month of his barthday.
Anna azked Juma the day
of the wesk he wizited his
erandparsnts.

A card i= drann from a box
Cconfaining five cards boaring
the mmmerals 2 4, 6, 8, and
10.

Winite the =&t of specified svent=
in each of the following
Enperiments:

(a)

(&)

i)

When a far die i= rolled, the
mumnber obtained iz Ereater
or equal to 3.

Odd mambers betoresn  and
10 whose product 1z 3.

A prome rmber batweaan 20
and 40 1= chosen

i

()

Cards with odd nombers
Chosen from a pack of cards
bearns the numbers 1 up to
20.

MNames of davz of the wesk
which begin with consomant
letter

TWinte i ==t notation the elements
of each of the following events:

i)

(&)

(<)

i

(€]

A fair dis iz rolled and the
nunber showing up iz not
le=z than 3.

Mames of mooths which do
nat bezin with lettar “T.
Odd mornbers chozen
betriean 4 and 15.

The complement of ==t E
where the z=t of zample

pace 55={a b cd e}
and the s=t of event is

E={b.d e}

The complement of event s=t
E when the poszibality z=t 1=
5= {Jane Izza Bakan} and
E = {Jane I:za  Bakan}.



Probability of an event

The probability of an event 12 detenmined from the following experiment.
Consider an experiment oftoszing a fair codn 10 000 timmes and the resalt: reconded

2= shopm im Tahle 4.1

Table 4.1- An experimental resuliz of toszing a fair coin

Fxperiment | Number XNuomber | Number Eatio of heads| Eatio of fails
of tosses | ofbeads | of taijk | occurrences | occurrences
First 100 1040 54 a4 054 044
First 500 S0 134 244 05308 0492
First 1 000 1 000 301 00 0501 0.<00
First 5 000 5 000 2516 2484 05032 4058
Al 10 000 10 DO 2470 5021 .4270 05021

Obzarvations of coluwrm 5 and 6 in Table 4.1 revesl that, the ratio of the mumber

of headsz and the total number of tosses az well as that of the tail: comes closer

to 0.5 000 as the number of tosze: increases. This ratio i1z called the observed

relative frequency of the event. Uzins thiz experiment=, 1t can be deduced thet

the probability of an event NE) is;
5 D(E)= MNumber of outcom es in the event

Mum ber of outcomes in the sample space
£ BE)

o PI'E"_]].[E-]:

whers D{E) iz the probability of an event n(E) is the mumber of outcomes in the
event and n{5) iz the mumber of cutcomes in the zampls spacs. The probabdiry
found uzing experiments uch az of Table 4.1 &= called experimental probability
In a group or indinvidually perform thiz activit usings the following steps:
1. Toss a fair coin 100 tmes.

2. PFecord the results for the first 20, 40, 60, 80, and all 100 tozzes in a fomm
zimilar to Table 4.1.

Calculats:
(a) the rato of the mmber of head: ooourences to the total mumber of toszes.
(b) the ratio of the mamber of talls ocowrences and the total norober of toszes

4. Compars vour result:s with those obtained i Table 4.1.
5. Present vour findmes to the claz:z for disoussions.

°
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A drawing pin was tossad 1 000 times, where as the pin fell flat in 583 tozzes
Find the probability that when such a pin is tossed, it will fall Aat.
Solotion
Let E represents the mumber of tosses where the pin fell flat.
CGivenn(E) = 363, n(5)=1 000
_ Mmnber of pins foll flat
Probability of an event = Total ber of 1
11'|'E.]-E{El
L nts}
563

_ 2% nses
1000 -

Therefors, the probability that the pin will fall fiat is 0.563.

A certain factory mamufacnured torch bulbs. If 5% of the mamifacred torch
& bullbs were defactinve. What is the probability that 2 bulk from the factory will be
non—defective’
Solotion
Let E be 3%¢, the parcentaze of defective tarch bulb.
E' be 100% — 5% =03%
the percentage of non defective torch bulb.

E Thuz, n{E) =95
g n{3)= 100

_ oE)
E Hence, HE) )
' 05
. ~ 100

= (.93

Therefors, the probability of 2 bolb beins non—defectve is 0.95.

In general the formmla for probability of an event 1= defined under conditions thet
every expacted cutcome kas an equal chance of ocomming a: others.

Phrazes mach as selection at randiom and fair die or fair coin are used to imply that
the choice i= impartial that i, each event have egual chance of ocourine.

e ——
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Steps for caloolating the probability of an event:
1. Identdy the elements of all the outcomes, that 1=, the sample spacs.
2.  Defins the clements of the event thet 1=, identify the zet of events
i,  Calculate the probabality of an event using the fonmula
niEj
PEjm—--

A fair coin i= tozzed once. Find the probability that a head will ccoar
Solution
Let E denotes the event that 2 head will ocoar. Hence, the zample space and
event are 5= {H T} and E = {H} respectively

Thus, n(5)=2 and n{(E)=1.

Therefors, the probability that a head will oooar is é-

A piece of chalk iz picked af random from 2 box contairing 5 identical piaces,
tan of which are red and three are white. Find the probability that the piece of
chalk picked isred

Solotion

Diztinzuish the red and white pieces of chalks by the letterz £, rand W, W,
W, respectively

Then, the zample space, 5= {r,, r., W,, W, W, }, thus n{3) =2

Theevent, E={r. r.}, tnzn(E)=21

2

5

Therefors, the probability that a piece of chalk picked is red is %
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Find the probabilityv that a king appears In drawing a single card from an ordimary

deck of 52 cards.

Solution

Let Edenctes the event that a kang appears.

nl[E-]= 52, n(E)= 4 =ince there are 4 kings in one ordinary deck of 52 cards.
P[E]-%

2
32
1

—

3

Therefors, the probability that ak’mgmis%-
Famember that the event that E doe: not happen i= given byv the complament of
& E, which iz E'. From =t notation, the zet of all cutcomes is 5 and are related to
thoze i E and E' by the followms relation-
n{3}=nlE)+ nI:E':I
B E)

But, P(E)= —— 1
-P(E)= 25 .:;.

Then adding equations (1) and (2) smves:

P(E|+P(E]) = EJ“E]} - ];[:Eﬂil
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23] .where B(E] —nlﬁE'] = .I'.'I.LE-:]

=1

i ?
— o e




— | T T T @ E‘Ii

Hence, P{E| + P{E')= | which can alwo be written az P(E') = 1 -P(E)
ar P{E|= 1-P(E’|; where I{E) is the probability of an event E to ocour and
BE") is the probability of an event E not to ocour.

Note: The probability of an event is 1 when thers 1= complete certamy that it will
ocour. The cormplete cartamty 1= also nown a3 a sure event. The probability of an
event 1=  when the event 1z imposzible to ocour. Generally, for amv event E | 1tz
respective probabiliny Hes betwesn 0 and | mclusively; that = 0 <BE) <1 and
can be expressad as fraction, decimal or percentase. The closer the probability of
an event to { , the lezs ikely the event 1= to ocour. The Closer the probability of an
event to 1, the maore Likelv the event to ocour. In 3=t notation, an imposzible event
is denoted by @ ar { } {empty s=t).

i Find the probability of mot getting a prime number when a fair die is rolled once.
Solotion
Thezample space, S={1, 1 3,4 5 0} tu=n(3)=0
Let E denotes the event of getting a prime nurwber.

Then, E={2,3, 5}
E =1{1 4,6}
w BEY
P(E' ) m—=
()25
22
A
_ -
I

Ihaﬁﬁtgmemhtﬂi}'nfmtgaﬁgapimemmhuis%.
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The probability of selecting a red ball from a box containing rad and gresn halls
1

iz . Find the probability of not selecting a red ball

Solotion
Let E be event of selecting a rad ball, then E is the event of not selecting a red ball.
FrcmP-EE}—P{E:)= 1 ;
Then, ®E) = 1 -F(E), b BE) =7
1

=1 —=
2

da | 102

Therefors, the probability of mot selecting amilnllis'%-

o BN .

VWhen rolling & fair die what is the probability of getiing 2 mmber graater or
equaal o 17
Solotion
Let E denotes the event of zetting a number sreater than or equal o 1.
The sample space, 5={1,1,3,4,35,6},n(3)=6
Then, E={1,1,3.4,5,6},n(E) =6

-2

Therefors, the probabality of gethne a nomber areater than or equal to 1 1= 1.
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Activity 4.5: Finding the probability of an event

In a zroup ar individually perform the followine tazks:

1. Tosza500 shilling: Tanzanian coin ona fat hard surface and note whether
it show= a buffalo or a head Find the probability that 2 head shows up by
malang:

(2} 10 trizls of the experiment
(b 20 trizls of the experiment.

2.  Wnie vour nams on one side of the box with =x ©ides. Drop it 15 times on

the floor. Fecord the results and find the probability of seeing vour name

oa the top side of vour bax

Oipen any page of 2 book and count the mumber of a's and the total mmber

of letters in one line of the page. Find the probability of getting 2 letter “a’

in that particular line.

4. Imvestizate the birthday of each sdent m vour clasz and give the
experimental probability that amy student picked out from vour class has a
birthday i March

5.  Share vour finding= vath vour neishbours through discossion, for more

[
1

ingrts.
Anywer the following questions: Find the probability for each of
. . the following events;
1. A fair diewas rolled 100 timmasz i) 5
the six mumbers and their (1) 3appean
frequency of oCOumTence are it} 3 appear:
summarized in the following {c) ameven number appears
table: id) aprime rumber appsar:.
Number | Frequemcy 3 4 cla: has 18 boys and 22 girle
! 14 If & stadent iz selacied at random
2 17 | from the clasz, find the probabdity
= 0 that the =elected smdant 1= a gl
& |
4 18 3. A zurvey conducted at a certam
maternity ward showed that 0%
£ 15 of the children borm wers females
§ 16 Find the probahility that = child
) born in that ward i= a mals.

‘
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4.

10.

In 5 pages of a cortam boplc
the number of letter ¢ and the
munber of all letters were 135
and 1 435 respectively. Find the
probability of 2 letter ¢ oCOnmine
in a collection of all letters
those 5 pazes of the boolc

A box containz 300 bols and
700 mats. If one wem iz picked
at randorn from e bos, find the
probability that it i= 2 mut.

A survev of patient=" blood zroups
in 3 cerain hospital shoved that
25 out of 100 patents had group
O positive. Find the probabdity
that the blood sroup of a patient n
that hospital 1= sroup O positive.

Find the probability that a moath
selected af random from the
toelve months of the vear will
have:

(a) 31days (&} 30 days.
The wirning ticketz for selling
20 000 lottery ticketz are five
If a ticket is picked at random,
what is the probability that it 1= 2
winning tickst?

If a fair di= = rolled, find the
probabality that 2 mamber dnazble
by 3 appears.

names Mlarega, Al Juma Idi
Elizabeth and Lea are put in a2
box and ome card 1= drawn. What
chaosen has:

(3) agirl’s name?

(bt abov's name?

() Lea’s name?

11

13.

4.

Acard 1= selected at random from

50 cards mimberad 1 to 30. Find

the probability that the mumber

an the card 1s:

(a) divisible by 3

(b 3 prime mmber

(c) atwo digit mmber sndine
with the dimt 2.

A box comtams 6 vollevballs and

£ foothall: of the zame size.

If cne ball is picked at random,

what is the probability that it will

be a foothall?

Cme lnmdred packets of tea leaves

were weighed and the followine

results were obfained.

Masy im
Erams

Nuomber of
packets

420 —422

18

485 - 500
301 -350=

-

30
30

505510 1

Find the probability that a packst
of tea leaves picked at random
will weizh

(a) more than 500 zrams.

(b less than 403 grams.

Find the probability that a vear
selected at randomn from the vears;
1942 1050, 1951, 1952 1933,
and 1934, will be a keap vear

If the probability that it rain:
Dar &2 Salaam on 1= Aprnl in amy
vear iz 0.4, what is the probability
that it will not rain in Dar ez
Salaam on 1= Apnl next vear?
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16. Thereare40bovs=inJuma’sclazs. 10, Theprobabilitv of winmng a zame
22 of thewn are chozsen at randoemn iz 0.459. Find the probabilifv of
o play a foothall zame. Find the not winning the gams.
probability that Tuma wall ot B2 3y Fyng the probahilin: that 2 marvber

17.

chaszen.

Find the probability of picking
a white bead from a box wduch
Comtains 144 white beads.

selected 3t random Tom the
mambers; -4 -2 0, 2 4 and 16
will b= a sohrtion set of the
equation x*-Ix—E8=10.

18, If Sara iz pregnamt what iz the
probability that her baby will be
bom a gil?

Combined events using tree diasrams, fables. and formulae

Activity 4.6: Finding the probability of the two combined events
1. Ina group or individually, place two fair coin: on a plate and tos: them
info vour desk.

# 2. Count the momber of heads.

Eeep track of each trial like the one shown in Table 4.2.
Tahle 4.2: Experimentsl trials of tossing a codn twice
Trials HH TH HT TT
»umber of tails T |
Mumber of heads

4.  Find the expermental probability that two heads aoour
Share vour findinzs with vour neishbours through a discuzzion.

(]
1

Combined event are mors than one event whsch ooour together in one experiment.
Cionzider the experment of tossims two fair coins at the same tme. Let the event
of interest be E = {Obtaming two heads}.

In thiz caze there are to simple events which are

E, = {Obtaining a head on the first coin} and

E. = {Obtaining a head on the sacond coin}

°
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Two or more simple events reprezented by 3 simzle event are called combimed
eventz. In this cass, the event E i= a combination of the zimple eventz E and E_
Findinz the probability of combined events, raquires the nze of tree diasrams,
tables, or fonmulas.
(a) Tree diagram of combined events
A tres dizsram iz one of the wavs of arganizing oubcomes in order to identify

the poszible combinations of the outcomes. The possibility set can be found
using a tree dizzram as shown in Fizore 4.3,

[T Faslhoon | Secand mmin

H

i
I
i
i
i
1
|
T
1
1
1
]

2t

T

Fizare 4.3: Exrperimental reswits of tossoeg 2 flr com
TWIE By wiing tRe trée dizgram

From Figure 4 3 thers ars four possible outcome:. Hence the zampls space
fior the experiment iz, 5= {HH, HT, TH, TT}.

Bowio M efenrdoy Por i Pl

A table for combined events

A zample space can be found withoat usme the tres diagram. For example.
in the praceding experiment. one conld obtain the results of the experiment
uzing the technique shown in Table 4.3

E
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Table 4.3: Toszinz two codns whose sides are Head (H) and Tal (T)

T coin
_ H| T
§ H |[HH| HT
“ | T || TT

From Table 4.3, the zampl= space, 5= {HH. HT, TH, TT}.

A table can be used in finding the pos=ible cutcome of combined events. This
m=ans that both cpins can show heads or one can show 3 head whils the other
shomis & tail or both coins can show tails.

Eomped2

A fair die is rolled and a fair coin 1= tozzed armibtanecushy. Find the sample spacs
and hence deterrmine the probabilin that 2 head and a mamber le:= than 3 will coour.
Solotion

5 Stant with rolling a fair die. From one point, draw :ix hne semment: Indicating
the pozsibls outcomes (the six mombers) on the die as shown in the given fizure.
Then to sach of these line ssgment=z, draw two branches to indicate the pozaible
outcomes of the bead and tal of the fair comn.
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From the diastam, thers are twelve possible outcomes.

L&t E denoies sm event of a head snd a3 mmmber less than 3 to ooor.
The zampls space.

§={IH, 1T, 2H, 2T, 3H, 5T, 4H, 4T, SH, 5T, 6H, 6T}, n(z) = 12
The evert, E = {IH, H }, 0(E) =2

MP[E}-%

k| = El”

Therefore, the sample space. 2= [1H 1'I.JI'LI'I.3I'L3'I.4I'L4TZFPL]512'E['LFI'E

and the probability that 2 head and 3 number ez than 3 to ooour 1= re

ﬁ M
A fraction iz wrttten by zelecting the mumerator from the dizits 1, 2, 3 and the
denominator from the dizits §, 8.
(2) Find the zampls space of thiz experiment.

1

(b} Find the probability that the fraction written i less than -
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(2) Draw atree dizsram a: shoomn in the following fimare:

Numerator Denominator

§
| B
: | ;i
i P 3
L
112233
Toerefore, e smmplespace, - {5, 2.2, 2.2}

1
(b} Let E demotes an event that a fraction written i= less than 5

11223
&m_r_: E-{E: E: ETE: E}:
n(E)=3 and n{3} =0
ﬂiﬂ}
E
mmmmmmmumm%m%-
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Ablternatively, the outcome can be found as shown in the followings table:

khmerator
1 2 3
Denorninator
1 2 3
ﬁ fa— e —-—
& i§ &
1 2 3
s i | 3| 3

Therefors, the probability that the fraction written iz H!E'ﬂlli% 1'5%-

Eamledls
In a family of 2 children what is the probability that:

(a) all are girls?

(b} oneis 2 boy and the other is a girl?

(c) at least two are bovs?
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Solotion

Let B denotes an event that a family has a bow child.
Let G denodes an event that a famiby has a gird chald.
Draw a tres diasram a= shown m the follovanz fisume.

Fir=i I::tn:EEul:ml;l Earn
E

Slat

1
1
1
I
1
1
1
i
1
1
i
1
1
1
1
I
1
1
I
1
1
1
i
1
1
i

Then, the sample space iz, 5 = {EB, BG, GB, GG }. thuz, n(5) =4.

(8} E={GG}, nE)=1 %) E={BG,GE},nE)=2
wE)
P{EJII_“:S} ]1'|'E'I—E
1 -
=I =E
children are girls j_u.%- 7

i 2 bov and the other iz a zirl u%

-
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I:C::I E={EB}:m=1

P{E}-%

_ L
T4

Therefors, the probability that at lea=st tovo children are h:u-ziz%-

(¢} The probabiliy of combined events using a formula
IfAand B are any combined events from a sample space 5, then;
B AE)=P(A) +BB)-NA-B)

el 200

If P(A) -—im:m - %mﬂn:w} . é,ﬁnnmuﬂ}

& Solution
From I{AB)=P{A) + WE) - P(A~B)

i1t

E 473 6

: _3+4—1

= 12
2
12

= 5

_g MHAUB}_E-

-]

i
e * v
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A smdent picked a pair of socks out of his drawer without ooldng in it. If he has
3 pairs of black sock=s_ 4 pairs of brown sock=s, 5 pairs of black sport sock=s, and 5
pairs of white spart socks. Find the probability that the stadent will pick a pair of

black socks or a pair of sport socks.
Solotion
The events are mchizve becanse a pair of socks can be both a sport and black.
P{black socks) = I—Z,P{Epmt 5n-:k3]|=%,l'{blackmdspm m:l‘s}:%.
P {black or sport socks) =P (black socks) + P (Spart socks) — P (black and sport
socks)
- - =
15 15 15
_11
& 15
Therefors, the probabality that a stodent wall pack 2 par of black socdks or a pair
of sport socks iz %

(dy  Muotwally exclosive events

Events are mmtually exclosive if they cannot ocour together. For exampls, two
students entering the same race. the event that one sadant wins and the other
wWins too cannot happen togsther

For two nniual excluzme events A and B, we have BNALUB) =FA) + P(E).

For poatual ewclusmve events, B A~B) =0 smce the events cannot oocur together

1
The probabilify that team A will win the football leasue is -, and the probability

1
that team B wall van is $-Ehﬁmepnhatdﬂ?mlim“iﬂnmmmn
leazue?

‘
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Solotion
1
P{team.-ltnwil}=% P (team B to win} = 7

P {a team to win) =P (team A to win or team B to win)
=D (team A to win } + P (team B 10 win)
1 1

7

i Ln

T+
35
12

LA

35
Therefors, the probability that a team will win the football leasne iz %

There are toro prizes. The probabilites thet Achs will win the first or zecond prize ars
1

o anfl% respecinvely. Find the probability that she wall win one of the prizes.

Solotion

1
P{Asha winninz the first prize =10 1
B Azha winningz the second prize) = T

B Azha winninz one of the prizes) = B{Asha winnings the first or second prize)
= P Aszha winming the first prize) + P{Asha winnmg the second prize)

Therefora, the probability that Azha will win one of the prizes is%-
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(e} Independentevents

Two events are zzid to be independent if the ocourmence of one doe: not affect
the ocomrence of the other. For example when a fair com 1= tossed twace, the
outcome of the first toz: does not affect the outcome of the sacond toss.

When two events A and B are independent. the probability of both to ooour is

P(A and B} =P(A) = PE), ar P{A ~B) =B(a) = B{B).

E Ll
Give that P{A| = 0.6 and Pt_E} = 0.4, find B{A~B) if A and B are independent
EVENlE,

Solotion

Given P(A) = 0.6, P{B) =04

Then P(A~E)=RNA) = KE)
=06=04
=0.24

Therefors, B{A~E} =0.24.

Eomple 420
A fair coin 1= tossed and a fair =six sided die i3 rolled. Find the probability of
landing on the head side of the coin and rolling a 3 on the die.

Solotion

P (Landing on the hesd zide) =P(H) = -

2
1
Pirollnz a 5 on the die) = B(3) =E
P(Hand 3) =B(H) = P(3}
1 1
276
_ 1
12
Mh%ﬂhtﬂi}'ﬂhﬂngmmehmdﬂdenfﬂmmhmdmlﬁngl
3 on the die is s

‘
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Answer the following questions:

1.

Two fair codns are tossed
Find the probability that:
(a) two heads appear.
(b} one head appears.
(c) two talls appear.

If a two dizii nmmber is written
choosing the tan’s dizit from the
sef {1, 2, 3]} and the ome's digit
from the =t {5 6}, find the
probahbility that 3 number ereater
than 20 will be written

A pair of fair dice is rolled. Find
the probability that the smm of the
oo mumbers showed ap is:

(a) atleastd

b} atmost 10

(c) exacthy 7

(d) exactly 1

A regular tetrahadron having its
faces marked 1. 2. 5, and 4 1=
rolled and a fair die iz rolled
The number facmz down on
the tetrahedron and the mamber
showing up on the die are read
Find the probability that the sum
of the mumbers imvolved is:

(a) B

&) 2

(c) 10

) 11

A fair die and a far com are
tozzed smltaneously. Find the
probability that a nomber ereater
than 4 amd a tail will appear.

10.

L

In a fapuly with 2 children wihat
{a) both are boys?
(b &t most two Zirls?

Maria has two blonses. One is
grean and the other is vellow. She
glz0 has three skirt:, which are
blue, whits, and black. What 1=
the probabiliy that she will put
on a vellow blouze and a bios
skint?

In = certain village there are tao
horses. Ome 13 brown and the
other iz white. Three bovs, Danid,
Iz=3 and Stephen want to ride the
horses. What &= the probabdiy
that a bov will ride a white horse?

A Fuminire Comparny kaz four
desipns for chair: and three
designs for tables. By uzing a
tree diasram find the nomber of
different pairs of table and chair
de=igns the compary can provide.

There are § zirls and 12 bovz I
the clas=. Frve of the girls play
sportz and 5 do not play sports.
Eight of the bovs play sports and
4 do ot plav sports. If a smdent
iz zalected a randoen what is the
probability that the student i= 2
bov or plays sports?

Aszix sided fair die iz rolled. Let A
be an event n which the mumber
that shows up iz odd and B be 2n
event that the nmmber 13 Ereater
than 3. Find the probability that
the mumber shows up is odd or
greatar than 3.
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1Z. Jame and Haszzan are compstine
for 2 managerial post at 2 cartam

company. Their probabilitiss of
getting the post are 0.5 and 0.4
regpectively. Find the probabidiny
that the compam: will zet a
manager’

13, Given that B{A)Y=0.3, and
KE)=045, find P AE) if;
(2) AandE are rmrmalky
emclusive events
(ty AandE are proalky
Inchesrve where B A~B) =01

14, Two fair dice, one colored white
and another colored red, are
throwa. Find the probability that;
(a) the score on the red die 13 2

and white die is 5.
(b the score on the white die is
1 and the rad die 1= aven

Chapter summary
1. Probabilitv deals with
megsrement of mncentaintes.

2. All expected oufcomss in 3 given
expenment form the zample space,
which is denoted by a letter <57,

i. The resuliz of the experiments
are called events which iz uznalky
denoted by the letter E.

4. The total mimber of outcomes m
the experiment iz the nomber of
sample space denoted as o5 and

JOTER TR ET - BTN

10.

Tl

the pumber of events 1= dencted
v n(E}.

For amy event E, itz respective
probability lies between 0 and 1
mchisively that is, 0 <P(E) < 1.
Probability of an event denoted
bv P(E) 1= the ratio of mumber
of outcomes m the event and
the numbsr of gutcomes in the
zample space.

Thatis, P(E) = n{E)

I1|5-
Probabilitv of an event not o
ocour i denoted by PIE ).
BE) = 0, when an event 1=
mposzible t0 ooOwr or camnot
happen
BE) = 1, when there iz complete
cartamiy that the event will ocour.
Hence, F(E) + P(E]) =1
which can alzo be written as:
PE|=1-PE’) o
P(E) =1-D(E).
If A znd E are towo nmioal
exclusive events then
P(ALB)=P(A) + P(E).
IfAand E are towvo combined

evenis than,
Pl A B)=FA)+FE)-PAB).

If A and B are tvo independent
avents then,

PlA~E)=FA) = BE).



Bowio M efenrdoy Por i Pl

Eevision exercse 4

Answer the following questions:

1.

A survey about the barth months
of student= in a cemain achool was
camed out and the obzervations
was recorded a= shown in the

following table.

Montks Number of :radent:
Tamuary 1
Fobauary 2
Mlarch 50
April 10
May 28
Fzs 2
Faly ) |
Angust 20
Soptombar 15
Crtober 45
Novamber 33
Decambar 5

A pair of regular tetrabedron with
their faces markad 1. 4, 0, and 16
are tozzed, and the mambers on
the face dowmn are read Use a tree
diasTam to find;

(a) the poszibiliry set,

LA

(k) the probability that the smmn
of two numbers mmokved is
&t laast:

(i 7 (i) 20
(i) 32 () 1
Abagz contains 10 red balls, 5 bue

ballz and 7 gresn halls.

Find the probability of selecting
at random

(a) aredball

(b agreen ball

(c) ahblue or ared ball

(d) aredoraereen ball

An mieger iz chosen at random
from2 3.4, 5, ... 10

TWhat is the probability that:

(a) it iz afactor of 187

(k) 1t is divizible by 37

(C) it 1z exther less than 3 or

A letier 1= chosen from the word
“random”. What is the probabdity
that it s

(a) ann?

() avownsal?

() amx?

In 3 clazz of 40 students, 24 take
Chemiztry, and £ take Eiology
Find the probability that a stodent
selected at random will take sither
Chermiziry or Biolozy.

What does it mean when we zav
that the probability is:

(a) Zero? (b} Ome?
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8.

10.

T ER_TEET = TN B

A mcycle ©re manufactorme
factory kept a record of the
distance at which a partoular
knd of bicycle tvre needed to
be replaced The following table
shows the resuliz from 800 such
TS,

Dastance (km) | Frequency

Less than 501 125

301 to 100D 57

1001 to 13040 318
More than 1501 )

TWhat is the probability that if vou

v a tyre of this knd:

(a) 1t wall mead to be replaced
before it has covered 500 km?

(b it wall Last for more than
1000 km?

(c) it will not last for more than
1000 km?

There 1= a 0% chance that
tornarrow will ram If it does,
there iz an egual likelvy chance
that Michael will read watch TV
ar play table t=pniz. What 1z the
probability that it will rain and
MNichael wall read?

Two pairz of shoes are I &
baz If oo zhoes are taken at
randatmn from the bag, what is the
probability of:

11.

13.

Tl

(a) drawinz a matched pax?

it} drawing a shos for the left
and nzht feet?

(C) geting shoes of the zame
feet?

(d) gzetting rovo shoss of left fest?

Let A and B be ind=pendent
events with P{A ) = _l!. and
B(E)=2 fnd

(@) PAE) () BAB)

In a group of sudentz the probaebilsy
that a student i= chosen at randorn
walkinz to school is 035 and
the probability that a smdent
ha: blonde hair iz 0.2, If the
probability that 3 student’s walks
to school or ha: blonde hair is
0.45. Find the probability that a
student has blonde hair and walks
o school

Abaz comfains & zreen balls and &

biue ball=. Tovo balls are draan one

&t 3 time and withoat replacement

Find the probability that:

(2) both ball: are of the samsa
colour

(k) the balls are of different
colours.

(C) atleast one of the balls is blue.

°
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1. The experiment of rolling a farr die 24 time: was dons and the data wers
{2} Foll a fair die 24 tme=. Record vour data a: shoom in the following

zample graph.
'l

Momber of e s
4]

A

I-\_-l'r

1
L A
-..ra'
[} | 2 d 4 fi b p
Face of a fair die

(b How many timss do vou think each number will ocour in 24 rolls?
Explain with reasons.
{c} Compare vour graph with the zraph of the other syoups in vouar class.

{d) Find the ratio of munber of fimes each mumber occurs and the total
number of rolls.
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Chapter Five

Trigonometry

Trigomomenry I the study of melarionskips benween sides, lemgths, and
angies of a trigangle. Generally, triconometry Aas greda practical
importance fo builders, architects, SWFVEVOPS, engimeers, and to Mavy
other people af differene flelds. In this chapter, vou will learn how o
determing rhe sing, cosing, and tangenr af an angle, anpiy trigonemeLric
ratios to sohve problems n daily Iijfe, interpret the graphs of sine and
cosing functions, derive and apply the sme and cosine rules m solving
problems on mrigngier and appiy the compound angle formulae n
solving rigonometric problems. The comperencies af rigonomMery can
be applied in variows real [ife siruations suck ar & solving problems
@ related to astronem), navigation, and building consiruciion.

Tnzonometrical ratios in & wnit drcle
Activity 5.1: Introducing the relationship of sides, leneths, and angles of a
triangle
In a groap ar individually, perfomm the following taskes:
1. Using scale. drave three right — analed trisnsles BQR. ABC, and MNT mch
that PFQ=4om, QF.=3om, PR =5am, AB=8cm, BC=15mm,

E=17m1ﬁ=ﬁm’ﬁ=ﬂm: MT =10 cm

Bowio M efenrdoy Por i Pl

2 Caloulbate the ratios of =, S, and
BR’ AC

Caloulate the ratios of

(]
1

, and

@ —
W

alal a&lel

319
K
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4 Calculate the ratios of e, ob. apg MM
QE  EC NT

5. Use scale drawing methods to find PEQ, ACB | and MTN-
Compare the anzles obtaimed in tazk 5 and the ratios in task 2.

7. Use scale drawine method to find BAC, QPR and NAIT .

8.  Compars the ansies obtamed in tazk 7 and the ratios of task 2.

2. Comment on the results in tasks 6 and 8.

10. Share vour findmas with vour neishbours for more inputs.

The three trizonormetrical rafio: of sme, cosme. and mansent heve been defined
uzing the :ides of 2 nehi-ansled manzle ABC a: follows:
If A iz an acufe angle as showm in Figure 3.1 then:

lensth of oppositeside o A

sin A = = ==
lenzih of hvpotermize sade ¢

cos A = ]Eu_gr:nnfaijmtslde _E - f

lenzth of hyvpotenuse side T

lenath of opposite side o .
iam A = = = I |
lensth of adjacent side B a C
Figure 5.1: Sider of @ rizir — agied
friangie
From Figure 3.1: BC is called the opposite side to angle A whose lenzth is

denoted by a.

CA is called the adjacent side to angle A whose length is denoted kv 5.
BA iz called the hvpotenusze side to angle A whose lensth iz denoted by ¢

Comszider a drcle of unit radins subdivided into four consruent sactors by the
coprdmate axes whose origin is at the cenire of the circls as showm in Fisurs 5.2
Let 8 be any aome angle (0° < 8 < 00F) and P be the point on the circle with

coordinates (x, ¥), where OP is the radius of the unit circle.

LT 4 T R e L * ”




T

The mzonometrical ratios in thiz circle can be obtained bv usinz the sides of 2
right — angled trianzle OPO) a= follows:

bndo ¥y
OF

1
-:-:Eﬁ'-ﬂ-f-x =
o
N
0Q =x

"
Figure 51 4n ocuts avgie i1 @ WAl CIrcie

All the migonometrical ratios in Fizure 5.2 are positive 3= per comesponding axes

of x and ¥.

In Figure 5.3, 8 is an obtuse anzle (907 <8< 180°). The wigonomstrical ratios
® 0F & ars the zame s the wizgonomstrical ratios of 150° — &,

The trizonometrical ratios in this circle can be obtzined by using the sides of

right — angled triamaie OOP a= follows:

QF

sin § - sin (180°-8) -
i B

- 09 -x " ‘/
cos & = —cos (180° - - e w
a ? op 1 .

| CINF- AT ™ b
o i | -

tan @ = —tam (1B0F —8) = o = =
o  —x X \\

Fizure 5.3: 4An obivce augie i1 a unit circis

e © -HEH
- * T

¥ !
- -:F_
]
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In Figure 5.3, the tnzonometrical ratos of sine 1= positive while that of cosine
and tangent are negative a3 per carespanding axes of x and ¥
In Figure 5.4, 8 iz areflex anele (180° < 8 < 270F).
The mzonormetrical ratios of @ are the same as the m=oncmetrical ratos of 6 — 180°.
The rizonometrical ratios in this circle can be obtained by using the sides of 2
right — angled triamale OOP a= follows:

QF -

S £ = =210 (F—1807) = - -
(81307 = 22 = ey

05 & = —cos {(B—180°) = o2 = =X o _x.

oF 1
tan = tan (51807 = 2 2 TE _ F
oQ -x  x

]

Fiznre 5.4: Reflex augie tn g walt circis

In Fizure 3.4, the trizonometrical ratios of sine and cosine are negative while for
the tangent iz positive as per coresponding axes of x and 1.

From Figure 3.5, 8 i= a reflex angle (I70° <& <360°). The wmigonametrical
rafios of & are the sams a: the mizonometrical ratios of 3860° - 6.

— AL H 4 (1P AT R M EY L * _
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The meonametrical ratios i thiz arcle can be obtamed by uzme the sides of 2
izt — anzled tmansls OQP as follows:
QF -y

S0 & - =50 (307 = ) = o = =T
{ ) — o=

-:-u-sﬂ=:-:-si]ﬁﬂ"—ﬂj-ﬂ-i-:f.

or 1
n B = - (360°—8) = s m ¥
0Q - x

LS

Ly

I
Fizure 5.5: 4 reflex aagie It & T circle

InFizure 5.5, the tneonometncal ratios of sine and tansent are nezatve while for
the cozme I3 posifive as per comesponding axes of x and ¥.

Signs of the frigomometrical ratios

e have zeen that the migonometrical ratios are posifive ar negative depending
on the size of the ansla and the guadrant in which the anele iz found.

The rezults obtained are illustrated in Fizure 5.6, Theza results will be helpfial m
determining whether sine  cozine and tangent of an ansls 1= positive or negative

e © -HEH
- * T
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QUADEARTIL | QUATIRANT T
SiNC 15 posione Sine = pu=itive
C o 15 mispvee | Coine is peilivg

Tangeni is zegdtive| Tarpenl is positi

4y

QUADRANTI | g amsiant Iy
Sine is mepative Sine is napative
Conam: s nopstiug Comne i positive
Jangend w8 posilive Tanpem is negative

e

¥
Fipnre 5.6: Signs of ripomomarric nEin:

The resultz can best be remembered wzing the letters ASTC (ALl Sine Tanzent
Cosme) or CT5A (Cozine, Tameent Sime All) of read clockwize direction
bezimning with the fourth quadrant.

s

TWite the signs of sach of the following trizonometrical ratios:
(Z) =inl709 {B) cos2400 {c) tan3l0e (d) =in300°.
Solution

(z) 170F is in the second quadrant hencs, sin 170F is positive.

(6} 240° is in the third quadrant hence, cos 240° is nesative.

() 310F is in the fourth quadrant hence tan 3107 is negative.

(d) 300° is in the fourth quadrant hence zin 300° iz nagative.

O RN TEET = g TN B *
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Express each of the following n tenme of the :ms_ cozine or tangent of an acute
angla:

(:]l_-:mlﬁﬁf' {b) sm31T {c) tan 95° (d) tam 2587
Solution
(2) 163° is i the second quadrant
€03 1657 = —cos (180° —1657) = —cos 15°.
(&} 3177 is m the fourth quadrant
2iR3]7T - —sm {3607 —3177) = —zin 43~

(c) ©3° iz in the second quadrant
1an05° = —tan {1807 —03°) = —tan85°.

(d) 258° is in the third quadrant
tam 258% = tam (2587 —1207) = tan TE.

Approvimate valoes of sine and cosine of anzles

Fizure 5.7 represents a unit circle shown on 3 graph paper. Ansles 0°, 107, 207,
v - .. 260F marked on the cooumference comespond to the ansles at the cenire O
Approcamating values of sine and cozine of the respective angles are found by
reading the coordinates of the points on the wmit circle. For example. in findine
the value of =in 207 we read the ¥— coordinate at the point az 0.34 and the value
of cos 20° we read the x— coordinate af the pomt as (.94,

Table 3.1 ha: been parthy completed by entering approximate valuwes of sine and
cosine of an angls usins Figure 5.7



Activity 5.2 Approximating valoes of sine and cosine of angles miing a
umit circle

In a zroup ar individually, perform the followine tasks nsing Fimre 5.7:

1. Copw and fill in the mizzing values in Table 3.1

Table 5.1: Approcomate vahses of sine and cosine of anslas betwesn 0F and 360F

i 034 024 1000 —0.17
kT . 2200
e | 290
130 —05 I10° 0.54
1407 0.64 3130e

2. Comgpare the values in task 1 with the values given in the tables of
trizonometrical ratios.

3. What did vou observe from thiz actvitv?
4. Share vour findimzs with vour friends for more inmts.

Fizure 5.7 Lésanrements qf tricomometrical ravior qf angies In g uni circle

°

L B4 N T e



Fizure 5.8 representz a unit cucle shown on a graph paper. The lne s2gments
corespandine to cemtral angles OF, 107, 207, .. 34607 mest tangents to the
circle st pointz A and A . The tangent of amv angle can be found by uzing the
coordinstes af the point a3 follows:

¥ —coordinate valee
I =—Coordinsts valns

tan &

=y

e
T

dirf

e

T

Bowio M efenrdoy Por i Pl

Fizure 5.5 Esadimg aegier measured [n O UHET COCle



0.84

For exarnpls: tan 40 = =0.84.

1 150° - 2 -—1.1

an 2107 - _ﬂ—_{iﬂ - 0.58.

Activity 5.3: Approximating valoes of tangent of an angle nsime 8 unit circle
In a group or individually, perform the followine tasks uzing Fisure 5.8:

1. Copw and fill the miz=mg vakoes in Table 3.2,

Table 52: Approximate values of tanzent of angle: between 07 and 580°

Angle i o 60° | 140° | 200° | 2400 | 3100 | 330°
Tanzent 036 -0.84 -1.19

2. Comgpare the values in task 1 with the values given in the tables of
trizonometrical ratios.

What did vou observe from this actovit?

4. Share vour findinzs with vour neishbours for more immats.

(]
1

The use of coordinate of a point in determiming trisonometrical ratios
Trigonometrical ratio: and their rezpactive sigms can be determined by nzing
coordinate: of points In each quadrant. Fizure 5.2 represents a circle with cenire
O zmd radius », subdivided into four quadraniz by the coordinate axes.

KL
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Fizure 59; Signs gf irigonomeirical rafios It O uAi corcie

The x — coordinate i= positive in the first and fourth quadrants bot nesative m the
second and third quadrani=. The v — coordinate 1= positive m the first and secomd
quadranis but nesative in the third and fourth quadrants.

Mote that, r 13 the radins and 6 1= the anzle of the mangls as shown in Figure 5.9,
The rgonometrical ratios of 8 from the first quadrant ars as follows:

Therefors, we are able to find the mEcnomstrical ratios of anzlss using the
coordinates of the termuinal points of each side.

Let 6 be amy angle and P be a point with coordinats (—4, 3) which is the terminal
point of OF as shown in Figure 5.10.

o C
—_— i o wr



e

o

Figure 5.1 \éarurements of chiuse and reflex angles Xy — pas
EBv Pvthazora:' theorem: r - 0P --,|||:—4:|= +3° -q"l_j -5

@ Therefors, :inE'-zinﬂED“—Ej-%.

COZ & = — 002 {lEﬂ“—.ﬂj-—f_.

=

tan & =—tan ﬂﬂﬂﬂ-ﬂj--%.

Consider another point Q{-2,—5) beins the terminal point of 0 making a
reflex angle o (Se2 Figure 3100,

Hence, r = 0Q = (-7 (=3 =420

Therefore, sin o = —zin(a-1807) - j;_g- f’f-
Cos o = —o0E (e —1807) -'_u'l_% - —Ef.
tana:-tan{m—lﬂﬂ"jl-_—i-% )

When zuch ratios are calonlated out for each quadrant the zigns of sine coszine,
and tansent will be 2z shown in Figars 5.6.

LT 4 T R e * -
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The terminal side of line O has the coordinates (-3, -12) and is inclined at
the anzle 8 with the x — axiz Find sin & cos 8, and tan 8.

Solotion

The hypotenuse side, 0Q - 4f(—5)F =(-12)°
=i
=13
12

Therefors, sind = -~
& |

EmE'-—i-

13
-1z 12
E —— gy —
-5 3

e

The lin= segment OC) 'Bindhedatmmgleﬂnihﬂ:tex—ms.lf{ﬁ:iﬁ
and O =(a,—4),find zin 8, coz 6, and tan 6.
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Note: Coordinate () mayv be located to the third and fourth quadrants.
W2 43
T s S L
w3
-4 _
-z —FAf2.
Exercee 5.1
Answer the following questons:
1. Wite the zigns of each of the Exprezz each of the followinz m
followine trizonometric ramos: temms of cos 20%
Eﬂ:l cos 160° ':ﬂ:l cos 180°
(b} sin 3107 ®) cos 200°
© = - - (€} cos340°
(d) =in220
“ (2) cos333 Express each of the followinz i
(f) tan 190 terms of tan 40°
2. Express each of the following in (a) tam 1407
terms of sme, Cozine of tangent (b)) tam 2207
of an acute angle: T
(a) oos 308°
e Find 5in 8, cos 8, and tan® if §is
(€) tam175 the angle mada by the positive x
(d} =333 — axiz and the line from the origin
(e) ocops 258° to each of the following points:
(f) tan 103" @ (2.6
3. Expres: each of the following in (®) 12,5
terms of sm 30°: (&) (—4—3)

KL

(2) =m130° (b) s=in230°
() sin310°

8 I T S Pl

@ (4,-247)
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Relationship befween trizonomeirical ratios
Consider AARC 3= chomn i Figure 5.11. Angles A and C ars complementary,

theat 1=
N C
A-C=BF

C=00"-A

b

But zinA =2 =2 4

' b &
Thus, sMA = c03 C = o3 (307 - A)

i . [

Hence, sin A = cos [00° - A}, A - B

Fizure & 11: Relanomsan between risonomeriog
FET I T8 il — angled frimagie

The =in= of an angle 1= equal to the cosine of itz complement and vice verza,

A, m‘*a:% and -:m=a=:—:

sm* A -cos” A.:E_—E_= T *:EJ
. . &
But, @ +¢- =5 (Pvthagoras” thearem)

Hence, =in“4 +co="A =%=1

Bowio M efenrdoy Por i Pl

Therefore, sin*A + oos”A=1.

Ceneralby, for amy ansle 8 the corespondins trisonometrical idantiry 1=
sin’# + cos’? =1 which can alzo be written a5 coz8 =1-5in’8 ar
sin'f =1 - cos°F.

T
—_— i o wr



—

g [ SEEN @

KL

mﬂa}

o
Zolution
Fromm =in°E = 02’ =1

05’6 =1—sin’F,

Altermativel: Skeich 2 meht — angled
triangsle such that the side opposite to & has
4 umsts and the vpotermze sids has 9 units

a: shovm in the following fizare.
i
M 4
A ! I_H

Giiven that 5in 8 =— , find cos 8 and tan @ for 0° <8 < OF.

Uzmg Prvthazoras' theoram,
the other zide of the mianzle
1= gnven by
(B[ =(AC) (B

F=g_g

=81 -16=465
Hence, x=+f65
65

E__-_

tan & —‘1-"'|||'5_5

a5

&

Therafore, cos =de
4.J65

S -——.
&5

O RN TEET = BTN *




Grven that o and 7 are compl=mentary angles and E-IHII—%::EIH:' tam 5.
Solution
Smce, o and Sare complementary anslss then

If sm & =0.0327 and 028 =03220 find without using rizomometrical tables
or cakculatars the value of tan 9.
Soloton
L
cosg

Bowio M efenrdoy Por i Pl

_ 00307
03420

=2.748
Therefors, @mnd - 2.748.
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Exercise 5.2

Without nsing mgonometrical
tables and calculators answer the
following questions:

1. Giventhat cos &——, find the

wahse of zin 8. -

S

Iftan -:-:.=T,ﬁndﬂ:e value of

(&

sin {B0F — ).

3. If o and § are complamentary
6

ansles and tan o = —, find the
valuz oftan 5

4. If amA=0.9733 and cos A=02230,
find the value of tan A.

3. Given that coz 6=0.0172 and
tan 8=10.4040. Find the valoe of sm 8.

N

6. I.t'tanE'-T',ﬁndﬂ:Levam:-f
zm 8.

7. Given that tan 8=0.73, find the
vahie of cos 6.

5. feoozx=2 andtm:::L;
g £
find the valueof sinx .

-
-

0, I.ftan,ﬁ-::- and tam-£,
& ¥

: || 5
show that cos 5= —t

there o and B oare
camplementary angles.

8 I T U Pl 11

9

Tl

10, What will be the zine and cozine
of an acute anels whiose tanzent
1

iz 227
5

11. If o and f are complenentary
ﬂg’Emﬂ.g;ina-ﬁ,_ﬁﬂﬂﬂ:E

-

vahie of =in F. -

12. Esinm-%}ﬁnd the vahie of
COS: OL.

13. Ciiven that ma-f:ﬁmme
value of tam 4.

14. Given thet S X =-—
valie of cosx.

L fird the

[ R N

15. It'-:mu:r-—l,ﬁn:l the valoe of
tam oL .

14, If 5in 8=10.9848, find the vakue of
ooE 8.

17. Find the value of tan A if
sm A=0.8102

18. If cosP =0.3746, find the value
of sin P.

12, If cos Q= 05043, find the vale
of tan. Q.

20, Given that cos & =0.5000, find
the vahie of =in & and tan &,

1
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Positive and negative angles

Angle: may be positive or negathye depanding on the draction in which the angls
iz measured An angls may be meazured in a clockowaza or anticlockoaize direction
2= shoam in Figurs 512

o'

Fizmre 5 12: LEawremeanr gf angias I g clocihelte and ol iocbwite directions

Angles meznared i the clockoanize direction from the posinye ¥ — axis are negarive.
Anpls: mesmared in the anticlockwize direction fromm the positive x — axis ars
positive.

Fimures 5.15 and 514 illustrate how positive and negative angles can be located
n the four quadrant:. The comesponding positive and negatve aneles whos
inzonometrical ratlos are the zame can easily be foumd.

il
3 anlichkw s
dliractinm
LiWP | i
|I 3B
I'l
\___,
&E

Fizure 513: Location of posinive awgies on e first quesdras

e © -HEH
- * T
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If & &= positive, the negative anzle comespondins to #is (-360°= 5} . If f k=
negative the positive angie corresponding to & 1= (360° = &)

e

LB "
3w

Clockiaiss
dirastion
ahe

Fiznre 5.14: Location of mepative angias in the fburth guadro

@ Find a positive or negative angls camespandng to each of the following aneles:
(2) 273" by —=210° (c) 304° dy -115°
Solution

(g} The negative angle corresponding to 273° is (—360F + 2737 =—87°,
(b} The positive angle comesponding to —210° is (360° — 210F) = 1507,
(c} The ne=ative angle corresponding to 3047 is (—360° + 304%) = —56.
(d) The positive ansle comesponding to —115° is {360° - 1157) = 245°.

EEEES 220

Find the sine cozine. and tansent of each of the following ansles:
[z) 1247 {by -231° (cy —70¢ (dy 310°

—_— [ L B4 N T R e T * -
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Solution
(8) Sin144° mgin (180°—144°) = 5in36°= 0.5878.
02144 = —cos (180° —144°) = —cos 36° = —0.2000.
tan144° = —tan {1 30° —144°) = — tan 36° = —0.T265.
(6) sin(-231°) = sin (360°-231) = 5in129° = sin (180°-128%) =sin 51°= £.7771.

08 {(~231°) = —cos 51°= —{.6293.
tan (~231%) = —tan 51°= -1 2340,

(C) =i {—T0") =sin (3607 —70°) = 5in 200° = —zin (360° —290°) = —sin T0° = {0 0307
o3 (— 707} = cos 7P = 0_3420.
tan (— 707} = —tan 70" = —2. 7475,
(@) s (3107} = —zin (3607 —310%) = —gin 50° = —0.7660 .
Coz(310%) = cos 50° = L6428.
tan (3107 ) = —tan 50° = —1.1918.

&
Trnzonometrical ratios of special angles
a Feferming to Fizures 5.7 and 5.5 the tnzonometrical ratios of anzles §°, 80°,
-E 180°, 270°, and 360° are sumwmarized in Table 53.
-‘E
Table 5.3: Triconotnetrical ratios of ansles 07, 207, 1807 270°, and 360°
Angle e e 180° 270° 360°
3
-g Sine 0 1 0 -1 0
E : |
Cosime | 1 ] =L 0 1
Tangent 0 o ] o 1]

T
—_— i o =
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The neonometrical ratios of other special anzles zach as 30°, 45°, and §0° can
be examined.

Fimure 5.15 represent= an eguilateral triansle with lensth of 2 units on each zide.
Line AY iz perpendicular to BEC.

Since AABX 1= congruent to AACK, then:

EX = XC = 1 mit

Therefors, uaing Prihagoras’ theorem the lensth A% can be obtained 2z follows:
(2P =(ZBF -EXF =(ACF -[TRF = - I~ 3

Thus, A% = +f3 umits.

AARY is 3 right — angled where ABC - 60° and BAX = 307

From Figure 315 the following trigonomedrical ratios can be obtained:

=N &ﬂ“:ﬂ_ cos ﬁIIF':%__ tmﬁll-":ﬁ__ zin 3?:%__

-

s

YR

cos '_‘-IIF=T'._ tan 3F=

—_— L B4 0 T e 17 * _
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The neonometrical ratios of 43° can be obtamed as follows:
Cionsider an isosceles rizht — angled mianzle ABC shown in Fizore 5,16 o
which: A
AC=EC = 1 umit

(AT +(CE| = (BA)

F+l = (BA|
- ' C
BA= l,.lI -1 =

: ."E Figare 5 16: 4n [oscales
The trigonametrical ratios of 43° are: right — angied trigngie

i 1 2
=im 45%= =£: s 45 = L =£, and tam 45°=1.
31 2 ._.|-|'1 2

The rezuliz of special aoute angles are sumimanzed in Table 5.4 as follows:

& Table 5 4: Trizonometric ratio for special aome ansles
Ansle 30° 43¢ 50°
- - A2 o
£ i T | T | F
B
W Cosine e ke L
3 7 2 2
= Tangent ﬁ 1 "‘E
_g 3
=]

By using ratios of the specal angle:, the eguvalant tnzonometnical ratios for
both positve and negative anszles mn each guadrant can be determined wathout
uzings meonameatrical tablss.



— | T & ‘

Find the =sine, cosine, and tangent of each of the following ansles without usines

_ | o |
(&) -135° ) 2 (€ 330°
Salution
i) ﬁn(—]iﬂ*}——sﬂn#ﬂ“-—%- =) mﬂjuu:,_ghﬂ].u_'{g_
1
cos (~135°) m—Co2 457 -E . <oz (1207) = ~cos 60°= - <.
tan {~135°) = tan 45°= 1. tam {120°) = —tan 607 = —f5.

] ﬂu(ﬁEU")-—a:inEEr“-—%-

caair=
& -:mﬁEEr“}_-:mID“_T

m{?lﬂ"}-—mnEﬂ“-—"{—g-

=

.

Find the ﬁl]ueufﬂifcmﬂ-—% and F% 8 =360°

Solotion

The valae of cos § is negative in the second and third quadrants.
Hence, —cos ﬂﬂﬂ*—ﬂ}-mﬂﬂﬂ"ﬂ-—%-—cmm“-

Thus, & = 180° — 60°F = 120°F ar & = 180° + &0° = 240°.
Therefors, the values of 8 are 1207 and 240°.

= L TR EG TERT = g BN T P * _
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and caloulators:
(a) tam 30° =im S0 t) tmﬁ]‘mﬂl]"‘
ona 457 =in S5
Soloton

Find the values of 2ach of the followine without u=inz tnzonometrical tables

() zim (—150F coz315°
tan 007

=in 45° 2
2
142
o [N .
(@ =m(-1507ces3ls® "37°7 -2 4§
tan 3007 -5 455 12
Exercise 5.3
Answer the following questions:
1. Findthezine, cosine, and tangent 3. Find the angles & betoeen —360F
of each of the following: and 0° for each of the followine
(a) 1462° &) 250P Squations:
Q) 318 dy —72° () =inf=-04365
(& -157 () —245° b} tan @ =0.7856
2. Find the anzles 8 besween F and (c) mng=-03412
360 for each of the following
Squations: 4. Find the value of ¥ if
(b) coz8=—0.8766 60mey <36

() mnd=043521

L
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In guestion 5 to 8, find the value for Q. Find posithve or nezatnve angles

each of the followins without uzins corresponding to each of the
trizonometrical tables or caloolators: following:
5. =in60Fcos60° (@) —33F
6. cosdStan30 () 1%
s 45% tam 60° () —20¢
cos30° (dy 265
g tam {—30")cos60° 10. Ifsn@=zn 160" and @iz an
zim (457} acuie angls, find .

Applications of trigonometrical ratios
Trizonometrical ratios can be used in sobving real life problemn: For example m
ourveving, imzonemetnical ratos can be used to detenmine the anele of elevabon

and deprezzion of bulldings, trees, mountain:, and many others.

@ L
A man who = 172 on tall, obsenqes that the lensth of hiz shadow iz 138 cm.
Find the amsie of elevarion of the zun

Solution

ITE em

1524 o

= LW 4 I T R D 10 * -
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From the figure. 37 represents the height of 3 man. Y7 represents the lensth
of hiz shadow and 6 is the ansle of elevation of the sun
- e
YZ
172 an
~ 152om
= 1.089

& = 4T

Therefors, the angle of elevation of the zun iz 47° 26

.

M. Peiro starts from point P by travelling 19.8 kon in a direction 17 41° 22T
Hoy far has he travelled West and Marth respectvely?

& Solotion
Prezent the information as showm in the following fizore.
N
bY |
-
x
3 « &
3 ’
18 Km ™ 1o e
3 -
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Let x and y be the distances in kom due west and north of P respectively az
shown in the figura.

Jzmz 2 nght - angled manzle RO

gin 41 27 -
10 B krm

¥y=108km = =min41° 22"
= 13.00 km
o r .F
oos 41° 22 o8

¥=108lm = cos 41722
=14.56km

Therefore, hr. Petro trawvelled 13.00 kon west of P and 1456 kon north of B

E 0

From a certain point A, Fahoma observes the angle of elevation of the top of

& a Church tower to be 32°. hlovimz 30m further away to a point B on the same
horizontal level as the bottom of the tower C, she obsarves the angle of elevaton
to be 22°. Find the distance AC and the heisht of the tower.

Solution
Prezant the informaton as showmn in the following fizare.

E? - .
A m A £ C

5

Let k& bethe beizht of the tower and x be the distance AC & shown m the fizare.
Then: tmii"‘:E mdtmﬂ“:—h
x i+

L B4 N T S e e * -
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i °
— &

k=xtaniX¥*

A= (x+30) tan 22°
A= tan 22° + 30 tan 22°

(L

(2

Eliminsting & from aquations (1) and (1), gives:
xtam 32° = xtam X2° + 30 tap 22°

x (tan 32°—tan 22°) = 30 tan 22°

30 tan 22°

~ tam 32°—tan 22°

30 = 0.4040
0.6240 - 0.4040
1212
02209

= 345

Substinrting this vahie of ¥ in egoation (1), gives:
i =54.88 = tan 32°

=54 BB = 08240
=3410

Therefore, distance AC i= 54.88 m and the heipht of the tower iz 34.20 m.

Exencine 5.4

Answer the following questions:

1.

At a point 182 m from the foot of

a tower on a level road. the angle
of elevation of the top of the tower

iz 35744 Fmd the heisht of the
TOVEr.

A ladder rests agamst the top of the
wall and maksz an ansle of 462°
with the zround. If the foot of the
ladder iz 8.3m from the wall, find
the heizht of the wall.

. From the top of a cliff 35 m lnsh

the angles of depreszion of two
boatz hving Im a line due =ast of
the cliff are 27° and 23°. Find the
distancs betwesn the boats.

. The pomiz Aand C are on the zame

bank of the nver {zes the sketched
figure). If AC measures 90 m and
PAC =50 find the width of the
Tver
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. The lengths of a rectansular zarden

are 165 m lonz and 109 m wide.
Find the anzle: made bv a camal
and the edges if the canal oz the
garden diagonally:

. A ship startz from a point P and

travels 22 bon in a direction N32°
41'E. How far Morth and East of P
iz the ship?

7. Aladder 18 m long rests azainst &

vertical wall. Find the inclination
of the ladder to the horizontal if the
foot of the ladder i= B.5m from the
wall

. Apendubam I8 cm long swings on

sither sids of the vertical throuzh an
ansle of 1 7° (522 the etched fimms).
What heisht does the pendulum
bob rize?

2 I T S Pl D

2.

10.

11.

A ladder ez along 2 vertical wall
If the ladder makes ansles of 75710
and §0° 27" to the horizonta] with 3 m
betweeen the two angle: Find:

{2} thelensth of the ladder.

(b} the distance from the foot of
the ladder to the wall.

An electric pole casts a shadow 5.5
m lomz. If the angls of elevation of
the sum iz 55°, find the height of
the pole.

A rope 15 m long is stretched out

from the top of a flag — post 10 m

high to a pomt on a level sround.

{2) Vhat angle does it make with
the ground?

(b} How far is this point from the
foot of the faz post?

. The angle of depres=zion of a boat

from the cliff 25 m high &= 12°.
Find the distance of the boat fom
the oo of tae i

'
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Tnzonometncal fonchons

Activity 5.4: Determine the value of sine, cosine, and tangent of angles in a
right — angled triangle
In a group or individually, perform the following tasks:
1.  Draw a3zt of axes in vour exercize book, sach aas should be 8 cm
{8 units in the first quadrant).
i{a) Plotthe point(4, 5) and label it az A
(b} Jom Ato the ongin O.
(¢} Draw a parpendicular Ime down from A to a pomt B on the x—ams.
id) “ou should now have a right — angled trianzle. Label the angle betwveen
the x— axiz and the bvpotenuze a: o and fill in the lenzths of the sdes
of the miangle (You will need to caloulate the lenzth of hypotenuose).
(2} MNow determine the vahies of the followins using vouor dizsram:

(1) =zima (I} Coso (u1) fam o
(f) Instead of uzing the mambers. use the letters x, 1 and r, to Compute the
@ exprezzions of the followine:
(1) =sima (I} cCoso (1) fam o

2. Share vour fmdines with vour friends for mors mpats.

The determuination of nzonometrical ratos for both positive and negatnie ansles
haz besn dome earfier The relationship betwesn an angls and it= msonarmetrical
ratio defines 3 function.

For example if =in 6 =y, then the ordared pair: (9, ¥) define a cordinate on the
Tme fInchan.

Sirmilarly; the crdered pairs (B, ) define 3 cordinate on the cosine fumciion and

tl -
|-5:%| define a cordinate on the tanzent function
. £

Exarmples of swch ordered pairs are:
(45°, zim 45° ) =(45%, 0.71)

(120°, coz120°) = {120°, —0.5)
(—70°, tam (—70F ) = (707, —2.75)

i
— i o wn
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Sine and cosme functrons
Sine fimction iz a function of the form f(f) =3 and cozine fimction i the
function of the form f{&) =cos&,

For example: Tables 5.5 and 3.6 show a z=t of ordared pairs for sime and cosme
functions respectively for anzles between —720° and T20°,

Table 5.5: Ordered pairs of sine for angles between — 207 and 720F

L] —720° | <6307 | 5407 | 4507 | 3007 | 2707 | -180F | o80¢ | O
sin® | 000 | 1.00 | 0.00 | _yop| 0.00 | 1.00 | 0.00 | 30| 0.00

8 o0* | 180° | 270° | 300° | 450° | 5407 | 6300 | 720°
sin® | 100 | 0.00 | _jpg| 000 | 100 | 0.00 | _jgo /| 000

Table &.6: Ordared pairs of cosines for ansles betwveen —720° and 7207

B —T20F | -630° | 5407 | —450° | S00° | 2707 | 18P | o007 | OF
cosB® | 100 (000 | qpop|000 |100 (000 |—y00|000 |1.00

® B Jo0c | 180° | 270° | 300° | 450° | 540° | 630° | T20°
cos® (000 |-100 /000 |1O0 |0.00 |-100|000 |1.00

These ordered pair: can b= ploftad to obtain the sraphs of =n 9 and cos O as
showm in Fizure 3.17.

Fizure 517 Sine and cosine graphs of some specia angles

@ i
i
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The eraphz of zin & and cos 8 n Fizure 5.17 shows that the values of the funchons
repeat af the intervals of 38607

For example, when 8=-270°, sm @ = 1. This value ocoxrs agam when 8 = 0F.
Sirmilarhy, when & =-180F, coz @ =—1 and thiz vale ocours again when 8 = 180°
after a difference of 3G60F.

Thi= means that S0 & =50 {F+ 360°) = gin (F+2=360°) and =0 an_

Ako 0028 =002 (F+3007) =0z {f+2x360°) andzoon

Crenerally, 5 8 = zin {#+360°H) and 058 =cos (F+360°H) whereniz

an IneEer

Each of these fimctions 1= called a periodic function and the interval 380° is
called the period

The vahies of s:me and cosine can be found from graphs of msonarmetrical
fonctions by drawinz 2 borizontal line egual to. say, the value 2z shown in Fizure
5.18.

¥

-1
Y
Fiznre 5.18: 5ine sranh showies welnes of some special anglies
Line AE corespond: to 1= =in 8 = 0.3, The line intersect the araph at point: B,
Q. F. and 5. Angles comesponding to these points are obtained vertscally down
on the x — azxiz at points G, H, I, and T respectivaly.

o °
— o e
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Using trizonametrical graphs in the interval —380° £ & £ 380°_ find the
values of 8 such that:

(2) smB=04 b) coz@=090

Solution

Therefore, from Figures 5.17 and 5.18 the required ansles are:

() —336°, —204° 24° 156°

(b) —334°, —26°, 26°, 334°

.

Using the graph of sin 8 in the interval —360° = & = 360° find the vahes of
Bif 45iné = —18.
Solution

45in f - 1.8
5in 8 - —045

i Therefore. from Fizare 518 the required ansles ars —133°, —27°, 207° and 355°.

et

Uzingz the trizonometrical graphs, find the sine and cosine of each of the

followine angle::

(@) —300° (o) 155° {c} —¥° (dy 249°

Solution

From Fizures 5.17 and 5.15 the required values are:

() =in{-300F) = 0.87 () sin155° = 042
cos{—300°) = 0.5 cos 155° = —0.91

() =in{—40°) - -0.64 (d) sinl49F = 023

cos(—40°) = 0.77 o T40° o —[135

— ALY H 4 (1P AT R M EY 1 * _
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Exercre 5.5
Answer the following questions:

1. Usethe graphs of Figure 5.17 and Figure 5.18 to read approcomats values of
0 such that:
(a) simB=0.0 (b)) cos@=02

2. Use the graphs to find approwimane vahies for each of the following:
(d) =im (-2435%) (b} cos (-190°)
(c} coz32(F {d) =im 13(F

3. Use the graph of cos @ to find the values of 8 if S cos 8=-1.5 and
0° <8< 380°

The sine rmle

Activity 5.5 Explaming the concept of the sine rule
In a zroup or indinvidually, perform the followins tasks:
1. Drawatriansls ABC By w:ing a protractor, meazure ABC BEA, and

BAC.

- . — — — E
2. Using a mler mez=ars BC, AC, and AB-'I'lEu,ﬁnrlﬂl!vlhnnf_—i,

— =in

AC AR

— H:Id.ﬂ-

sinE sinC

VWhat conclusion can vou make from taszk 27
Give the meanine of the mine rmils.
Share vour findinzs with vour fiiends for more Inputs.

(]
1

ho e
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Consider AABC Imwhich A B, and C are the anzles and letters a. b, and ¢ denotes
the comresponding sides of the miangzle 2= shown n Figure 519,

-

= m

-

Figure 5.19: Miucration for the ting rule using the rider AR md BC

By drawing a line perpendicular to side AC from angle B, AABD and ACED are
formed. The two trianslss share the same height &
Uszing & right — angled AABD. the followings iz deduced-
& m_.q:%__ thu:, R=csmA (1}
Uzing right — anzled ACED. the following is deduced-

(o=t thus, b= gsnC 2
a

Eliminatnz A from equations (1) and (2) =1ves:

camA = gzmC (3}

Dirvidins by sin AsinC on both sides of eguation (3) rezults to;
cgnA  azimC

sinAsinC  sinAzinC

c a
Hemce. 2 ¢ A (4

Suppoze AABC iz divided bv drawinz a perpendicular line from angle A to the
zide BC as shown in Fizure 5.20.

—_— KL B T R e Ll * -
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Fizure 5.20: fiustrarion for the sing ruis using the sides AR and AC
Using a right —ansled ABAD the following iz obtained:

mB:%,ﬂm_,.ﬂ::.:mE (5}

Utsing a rizht —angled ACAD, the following is obtained:

mc=%,m.¢:=bmc ()
Elmiratine & from equations (3) and (6) gives:
® rsinE = bainC (7}

Dividing bv sinBzinC on both zides of equation (7) results to:
cinE _ bsinC

5 snBsinC  zmnBmnnC

-q'

: c B
Hence, = — (B}

& HnC  #nE

3 Using equations (4) and (3) rezults to:

k a & ¢ (@)

% sinA  snB  zinC

-]

The relation:s in equation (2} 1z called the zme mla.
The zine rule states that f g b, and ¢ are the lensths= of the sides of 3 AABC, then

a ] .
zsind  =nB  =nCe

The =in= mule i= used when both teo aneles and one side are grven, or two sides
and one angle are shven.

o
—_— i o wr
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Find the lensth of the unknoom side and anzles in the following tansle AEC:
A
8.0 cm
H0®
H ol
1.0 em v
Solotion
The following unknowns have to be foumd: AL, A andB.
Usingz the sine rule,
a o & .
sim.:!.inB =5inc:nhaea=]'jm,c=ﬂ.ﬁcm,md C = B0F
75an _ 86cam
mind  zm3)°
& - )
. 1.5 omec=m B0F
A —
am 5 F o 03588
Hence, 4 - 597 11"
But, 4 +B+C = 180°
B - 180° — (30° + 507 117)
= 180" — 130° 11"
Hence, B = 40° 49
L] 86 am -
sm40°49° =ZinB0°° g
5 8.5 om=azin40°49"
zim B0
=537 cm
Therefors, AC =5.7 om BAC = 58711, and CBA = 40745,

—_— L B N T R Ml T * -
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o

o fhe Sollowiing trissple. find-
(3) BCA

£ 3em

(a) BCA+CAB<+ABC=150° (sumof angles in a miangle)

BCA = 180° —( 26+ 567

= &R
Therefore, BCA = 58°.

(6} Usi the sine rule, —— = —3— where @ = 223 cm, A=26°, and
—— *'ginE  SnA = d =
E=3s

b 223om
Then 560~ ami@
B 233 omxgin BE°
=in 16°
=507 om

Therefore, AC= 50.7 cm.




Points XX and Y Iie East of 2 stationary kite P and are 80 m apart The ansles
of elevation of the kite from 3 and Y are 40%and 337 respectively. Present this

mformation in a mangle, then find:
(#) PY () the heisht of a kite
Solotion

The information given 1= presanted as chown i the following figure:
]h

()  PEY = 180° - 40° = 140° |Supplementary angles)|
Hence, XPY = 180° - [140° = 35°)
= 180° - 175" = &
In APXY,
Y X
sin 140°  sin 5°

H¥einl40®
zim 5%
_ 60msinl40®
zim 3%
=447 5m

PY =

Therefore, PY = 442.5m.

—_— L B4 P T R eI TR * -
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(b3 U@aﬁMﬂMM&'wb&e?—J?,ﬁ:#lim
PQ  4415m
nin35"  =zin20°

=in 207
=253.8m

Therefore, the heizht of the kite i 2538 m

Answer the following gquestions:
1. Find the unknown sides and anzles for each of the following manzles:

(a)
&
g
g
L
3 (<)
i
3
'g c [ e 1 ihrm
L \
4 & cn z o
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2. Juma motices that the ansle of elevaton of the top of a cocomut tree 1z 32°
Walking 11 metres in a direction towards the tree he obzarves that the angle
of elevation is 45°. Find the heizht of the wee.

1. Amna wishes to find the width XY of the Eilombero river. She messure: 2
distance AR = 100 m alongz the bark of the miver. She obzerves that a point

Y om the other bank of the river is such that MAB = 40° and ¥BA = 58°,

Find the width of the mver.

4. Two boats Aand B are due south of a cliff, the two boats are 300 m apant. The
angles of elevation st the top of the cliff at the two point: A and B are 25714
and ]7°56" respectively. Find the height of the cliff.

5. _ibnmupa{les:mm—adﬁmtwnpmnstdQniuchmlhnmt
(zee the fimare). If R]JQ 24 and P@ - §7° find:

(5 PR B QR
P

ad= 3 km

67
R Q

5. A ship =zails 302 km from port O to port P on a bearing V35°F and then

moves 1o port () on 3 beanne Ejﬂ‘ﬂ.lfﬁ:%‘ﬂhn_ﬂﬂd:
(2) the distance PQ).
(b} the bearing of O from Q).

‘
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6. Arailway signal SP is supparted by two chains 50 and SE. of length § m and
© m rezpectively as shown in the following figure. If the angls of elevaton of
the top of the signal from point ) is 48°, find:

@ Q.
{b) the distance QF.
() the height of the signal

5

The covine mle

Activity 5.4 Explaining the concept of the cosine rule

In a zroup or individually, perform the following tasks throush the following
staps:

1. On the graph paper, dranw xy — a3z on the first quadrant dram a comvenient
riangle ABC with vertices A{0, 0), B(c, 0), and C{dcoz A, b=m A).
Using the distance formmla, find the distance CB.

. Repeat steps 1 and 2 when the altitude iz dravwn from point A4 and from point C.
4. ive the meaning of the cosme mle.

5. Ghare vour findinzs with vouor friends and disopss.

[
T

Bowio M efenrdoy Por i Pl
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Comnsider a triangle ABC in which the side BD i= perpendicular to the line drawn
from point B to the side AC.
Let, the side BD be &, AD =x_and DC =5-x as shown in Figurs 5.21.

=

T
>Hh---

- B

Fignre 5.21: Ructration for the cosing ruis

By drawme a line perpendicular to side AC from angle B, the mianzle ABD
& and CED are formed. From a risht — anzled mangle ABD, using the Prvthasoras’
theorem Enves:

Fex=¢

Thus, i* = ¢ —x° (1}
Alkzo from a rizht — ansled tmangle CBD, using the Prthazora:' theorsm sives:

K +(b—xf =a

'Ihuan,.?:"-a"‘—[ﬁl—x]: (2}
Eliminsting & from equations (1) and (2) gives:

S Y L1

S T b R S

Thus, ¢ =a —b" +2hx (3}

— ALY 04 (WP AT R M EY T * _
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From anght —angled tnanzle ABD,
X=copsA (4}

On substitafing squation (4) e equation (3) Eives:

£ ma—F+2bconzA (5)
Fearranzsing equation (5) gives:
O =Bt —2booozA (&)

Alk=g. when the alttode is drawn from point A or from point C, the similar
expreszion for the other side of the tranzle ABC can be obtamed as:

¥ ma +c —2accozB (7}
£ ma +F -2aboosC (B}

Hencs equations {6), (7}, and {5) ars the formmlae for the cosine mie.
Therefors, the cosine mile states that the square of the leneth of anv side of a2
tnansle aquals the sum of the squares of the lensth of the other Dides mimis twice
their product muktplisd by the cozsine of their mcluded angle.

The cosine rule 1= uzed when:

(2) two sides and an inchoded angls ars gren

(o) three zides are zrven.

Find the unknown side and angles in AABC siven that a=3on, =4 om,
and B = 30°.

Solotion

In the given fisure A B, and C are ansles of a trianele and a, b, and ¢ are the
sides.




=3 cm

Fizure 5. 12: 4 rimgie ABC with neo sides awd e iuded awgie
BEv uzing the cosine mle:
bF =c+oa—-laccosB
= 16am’ + %om® - 2 = 3om x 4omcos 30°

- (16 + & - 24 = 0.866)cm’

= 4216 an?
b= 205cm

To find angle A the cozine mile is used again as follows:
& = ¢ + ¥ — b cos A whers A iz an angle between the sides b and ¢,

& +6 - (4cm) =[205cm) - (3am)

A -
== The ¥ =2 05 cmcdem
o Hl2ifiam o oo
1640
A - 455

C = 180° — (46°55 + 30°)
- 180° — [76°35) = 103°F
Therefors, b = 205 cm, A = 46°55", and C = 103°5",

= LW 4 T T S T T * -
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Find the unknown anzles in the following ALNIN:
L

4 em

b an
Solation
Let, ML 3, and L represent the angles in the AL,
By using the cosine rule;
F =m+w—-ImaosL
we +n-F

ooELl -
2mnA

s _ (6om)” +{4am)’ - (Sam)
2x fom = 4om
= 05625
L= 355" 4§
M =n*+F— 2nlcos M
" +F—m
==

OB -

(4cm) +({3om)” - (Gam)

2xd4om = 5om
=0.125
M- 3270
N =180F—(M=1)
= 1807 - (B1°49" = 55" 447
= 41°2%
Therefors, the umkmown angles are 35746, 82°40, and 41°27 .

i °
— o e
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An object is lnne from 3 horizontal beam by taon chams fastensd at podnts O amnd
E. 5 m apart. If the chams are 4.5 m and 4 m lonz, find the anzles made by the
chains with the beam
L

o m R

4.fim dm

Solution
In the fisure, P, ), and B. are angle: of a trianzle PQE.
Let, p=5m r=45m and g=4m

Uzinz the cozine rule: .
T Similarly ¥ =p* + ¢* — Ipgcos R
& g =p +r—1lproos()
- - - . : _r:
ipr ) : .
N . - 25m” +16m" —20.25m"
_ (5m] +(45m) —(4m) "7 Zwsmetm
2xim=4.5m i
20.75m*
= 065 = 1
40m*
Q=428 =(.5188
P = 38°45

Therefors, the angles which the chains
make with the baam are 49728 and
38745

L GTENIT R TERT - S g BTN *



Answer the following gquestions:
1. Find the unkmonn side and aneles in each of the following triansles:

Bowio M efenrdoy Por i Pl

(=) ()
A 5
4P

Gm fim
B i C
() H

Sem
T
F [

28 om
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Given AUV with side: u= 11om, v=14om_ and w=21om . If

(&

W-67 . find the measures of ¥ and U.
3. InAARC a=14om b=4om, ¢=12om  find the middle — sized ansle.
4. IfEFGH i= a parallelogram whose sides are 12 cm and 14 cm find the lensth
of the diagonal EC given that F = 1157
The diasonals PR and Q5 of the parallslosram POQRS are 24 gm and 16 cm
respectively. If the anute ansle formed by the diagorals iz 38°17 find the
longer zide of the parallelosram.
8. Given a parallelosram ABCD with adjacent sides measure 40 cnand 22 am.
If the larzest anele of the parallalosram measares 116, find the lensth of the
larger diazonal.

I C
11 on
Lige
- il o 5

7. Arcad is bent 3t poine ¥ zo that XVZ = 130° and makes 2 short road 32
If XY is 100 m and YZ i= 30 m_ what a distance i saved by walking slonz
the short cut XZ 7

Ly

‘
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8. Theporiz= E and F on a straizht coast line are such that F 15 53 kon East of E.
A zhip starting from part E zail= 40 kmn to a point & in a direction I 65°30°E.
Find:
(a) the distance of the ship from F.
(b the ship’s bearnine from port .
0. The hands of a clock are 4 om and 5 om long. Find the distance betoesn the

tip= of the hand= at 5.00 pm.

10, Arhombusz POQRS hasz a mide of lenzth 6 om and wiath the longest diazonal of
7 am. If one of 1tz smallsst ansles 1= 37°, find the sum of 1tz largest angles.

Compound angles

A.:tiitfi.?:ﬂﬂﬂ;ﬂﬂ:gﬂhﬁﬂf:iﬂﬂdtﬂ:iﬂlftﬂ@ﬂlﬂhﬂgh
Perfornm the following tazks in 3 group or mdividualky:

1. Checkwhether the followines vahies of angle: are the same.

(@) =im (45" + 3&“} = in 43% + zin 30°

(b) =in (90° — &60°) = zin 90° — sin §0°

(€} cos (45 + 30F) = cos 45° +oos 30F

(dy cos (90° — 60%) = cos90° — =in 50"

2. What did vou obzarva?
Share vour findines with vour neishboor: for more mpats.

Bowio M aheswedor Por i Penr
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Other nzeful tnzonometrical relations can be determimead by considering the smes
and cozine of the sum or difference of amyv tovo ansies.
LEtﬂEiﬂl'EiﬁgﬂtET'r‘hEthErz-iuf_ﬁU: + 307} = zin §0° + =im 30F.

3| G0F +30F | = 5in 807 = 1.

zin 30° = %._and zin §)° = %
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Therefore, sin (§0° + 30°) = sin &0F + =in 30° zince, 1=
Sirmilarly, we can imvestigats whether
cos (180° — 90F) = coz180° — cos B0°.

o[

Fa] e

ooz (180° — O0F) = cos90° =0, cos1B0F=-1 and cozB0° =0
Therefors, cos (180° — O0°) = cos180° — cos 90° zince 0= -1,
From these examples it can be deduced that

(2) =zn{A+E) = snid+=z:nBE

(b) mn{A-E)}) = znA-zinE

() cos{A+B) = cozsA+cosB

(d} cos{A-B) = cosA-co=B

The cosine of the sum and difference of anv two anzles

The zurn and difference identities for the sine and cozine fimctons ars identitiss
® mncolving angles A and B. The:e identities are as follows:

0% (A - B) = mwzAcsB +smAmmE
Let us derve the relation for cos (A + B From the fact that cos (-Bl=co= B

and sin (-B} = — =B, cos (A+B| can be derived as follows:
oo (A+EB) =cos{A-(-Bj)
- 05 Acos [-B) +=in A s=n (-B|

=ops A e EBE—cim A=z B

Hence cos{d+ 8= oz dcos B — smdzn B

This relation iz true for 05 (A — B and 0= (A + B) for angles 4 and B,
will zl=0 be the zame for imchion: of mombers.

Therefors, cos(A —E)= cos Aoz BE-smAzm B

{A+-Bi = Ace:E-anAzn B

—_— L B4 T R e * -




(2) Find the value of cos 135° l'ruﬂ-:m-[ﬂﬂl" + 457 without using
mzonometrical tables or caloulators.
(&) Simplify cos(20° + &)
Solution
(£ cozl3F - coz (90° + 457
= coz 90° cos 45° — zin O0° =in 43°

s

_32
-T2
Thersfore, 0= 135° = —%-
(W) cos (90 +6)
@ = cos P07 cos 6 —in 907 5in &
- [0)cosf—{1)sind
= {—zing
-—Zng

Thersfore, cos(00° + &) =—=md.

E
£
;
:
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Fﬁﬂﬂuer‘ahjenfms[;—% without using trigonometrical tables or calculators.
2 o
Solation
iF F F
cml =—= |=mDE=oi=+Im—zin—
1 J 3 2 3
R "
L) (6,
2 2 2
e A
_VILAE
4 4
_ AT
4
Therefors, ;_E"]_"‘E""IIIIIIE
e Y 1
Answer the following questions: - —
are troe for 21l values of -

1. Verify that cos {180° — 807} =

oos 180° cos 80° + =in 150° =in 80F.

2. Verify that cos {B0° — 60°) =

ooz 90° ooz §0° + =in 907 =in §0°.

3. Find the value of coz 15° v
using cos (45° — 307,

4.  Verfy that for amv angle C,
ooz (80F = Cy=zin C.

- .. " 2 3
3. Verfythat cos | wv — == |
. :l.-l
2 . . 1=
- C05 m 005 —& + Sifw Si—.
a o

6. Venfythat cos(m—-m)=
003 I COS T+ Sill T 5l

N ER TR ET = BTN T

10.

(8) cos (@ — 1) = —COSE
() ©Cos (27 — I) = COSL.

d

(c) c-:e;%—t - Sim L.

-

(d) cos{m—1] =znr

Verify that cos {307 + 607) =
cos 30° cos 607 — sn30F zin 605,
Find the value of cos 105° from
cos (45° = 60°).

Find the value of cos 255° from
cos (457 = 210°).

. Verify that cos (1807 = 437 =

ooz 180F cos 45° —=n 180F =in 43°.
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12, Verifythat the following relations 14, Simplify the following

are troe for all values of £ ERpresEions:

(@) cosix +1) = —cost. cos2A

{b) cos (27 + ) = cost @ coeA+5nA
e ) ; .

(€} cos LE_ EJI - —=nt o oos %‘-‘{J

{d) co= |f%n - le - —3inr : i
b 4 () cos E_E:

13, Verify using the forruls for c;EMJ

cos (1= 5) that cos {1+ 27} =cos ¢ @ ——

TWhat does thiz show about the

period of the cozine fimcbon?

The sine of the sum and difference of any fwo anzles
If C iz anv acute angle. then
oz (MF —C) = cozBFcosC - amBFzsnC
=0=xcozC+1=znC
= zin(.
Hence, oz (90°F-C) ==in C.

Let, Che (B0° - A) then 30°-C=50°- (30F-4) =4
Thiz means that cos (90°-C) =zinC and cos A ==in [M0F - A).
o, let C be another name for (A + B). The formmula for the sine of the sum of
the two anslss A and B can be found as follows:
sin (A+B) =cos (80°F - [A+B]]
=coz [(00° - A) —E]
=0z (90°-A) cosE +5in (HF-A) smB
=zsmAcB+cozAsmE
Hence zin (A+B)=mnnAcsB+cosAzin B
The fommla for the sine of the difference of anyv towo anzles A and B can al=o be
found by conzidering zin [_-1— i —E_'|:| nzing the derived formula for the num

o °
— o e
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Mote that cos (—5) = cozEand =in (-5 = —=m B, resulis o
sin E..:I - |'_—E']:| = zin A cos (-B) + cozA=in (-F)

s (A -B) —smAcosB + ooz A [=mEj

Hence, sin (A - B| - smAcsE - coz AsnB.

The ralatons for =in | A - E|ar:|ﬂ=.|.11|-‘|. Bufmmsha.ﬂ;andﬂnﬂl:auu-be
the sarne for functon of mumibers,

Therefore, sin (A+B)| =smAc=B+cozs AzinE and
s (A —Bj —anAcsE —cwsA=zmE.

oA @020

(2) Venfythat sin {90° + 30° ) =sm 20° cos 3(F + cos O(F sin 30°.
(b} Findthevale of 2in 73 withowt nzine trizonometrical tables or calculstars.

Solation
(a) LHS: zin (Q(F +30°) ==in 120°
=z=in {1807 - 120°)
& !
A= ~.|"
EHE:

+|ﬂ:¢—'=£_

=im O0F cos 30° + cos O0° sm 30° = []:-: £

Therefore, cos (90°+ 307 ==m B0° cos 30° + cos 91F =in 30°.
(B} sin 75 = sin (45°+ 3P

= sin 45° cos 307+ cos 45° sin 30°
.l"u
Lo E.J
=842
4 4
i
4

= LW 4 I T R T * -
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- .2 1 3y_ . x = 2 .=
(a) “erifythat 5in | ~m— —m | ==in —o0s — -0z SmaEn —.
3 & 3 3

®) Simplify () =in2d (@) sinf 6T
L 2

(b} (i) sin2A = sin[ A=A
=smAcosA+cosAsmA
=lzmAcoz A

Therefore, sml2A = Jaim Acos A

=
-
s | 3y

{Jﬂml == xinﬂ'ccs§+cﬂs-ﬁ':in

1 3

=5i_|1|5|‘a:§—l.‘.ﬂﬂ-|5ra:T

= LenB +£mﬁﬁ'
2 2

e

= ][s'n.sr +f5c0s 8|

;
-

-
Therefore, g;i:n_l 'EH%] = %[5'.1.9 + 3002 &)
| 2 ;

L
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Answer the following questions:

1. Verify that gin (30° + 60°) = =in 30° cos 60F = cos 30° =in 60°.

o - 5 1 . 2 5 x _ 5
3. "i..-a'jflr"ﬂla_tilnl—n——J:'-ﬂ]l—nl:l:lz—.r:+m5—:rﬂ:|1—::.
: 37737 3 3 3 3

3. Usesdn|s + ()] tofindacompound formmla for sin (5 - 7).
4. By uing the fommla for sin (A —B) , show that zin {00°—C) =cos C.
3. Find the vale of sin 15° from =i (315° — 3007).

7 ) 27 y S

l’ 1 ]
A. "i..'-a'jflr'ﬂ]_atiirl.lgn—;;: = 5l =% 08 —& — C05 — & 5ill —&.
- 3 6 3 ] 3 ]

7. Byleting A =B in the expreszion for =in ( A + B) , find the formmla for
sim A

8.  Venfy that zin 007 =2 sm 457 coz 45°.

9.  Find the value of zin 90° nsmgz the fact that zin 90° =2 =in 457 cos 457

10. Simplify sin (¢ + &) -

11. Find the value of sin 215° from zin (180° +45°).

i . 3 . 2 =0
12. Find the vahie of sin ]_""T from an[i:: - I;'

13. Verify that sin (180° + 45°) = sin 180° cos 45°+ cos 1807 sin 457
14, Simplifv each of the followins expressions;
@) =in [290°— A)

" 2z
it} =m B——
L3

L ™
() €n L%_ I‘ig|.

—_— L R DR TR TR T S e * -
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The tangent of the sum and difference of any two anzles

Activity 5.8: Deriving the compound angle formula for tangent

In 2 zroup ar individually, perform the followins tasks:

1. thmerﬁnhﬂwemﬁecmpmdmghﬁmnhhﬂn{.!+3} and
cn;l[.d+ﬂ]l.

2. Uszethe ratio obtained in task 1 to obtain the compound angle forrmmla for
tan| .4+ B).

3. Fepeattask 1 and 2 for the compound angle fonmnla for tan( 4-B).
Give a conjecture from the forrmula obtained m tazk 2 and sk 3.

5.  Share vour finding= wath vour neizhbours for more inputs.

From activity 5.8, the relation for tan (A + B) and tan (A — B) for acote anzles A
and E are al=o the zame for 3 fimobon of mombers.

To find the value of tan( A +B |, one neads to consider the irigonometnic rate
& relations for tan 8, sin @, and cos @ where @ is an acute anzle.
i &

Creneralhy, it iz kmovm that: tan g -
cos &

Then, suppozethat 9=A+E.
zn| A+B)
cos[A+B)

Thus, tan|A+B) -

sin AcgsB+sm Booz A
cozAco:B —zinAzing

tan{ A+B) =

Then divide all the terms of tan({ A+ B} by cos AcosB to obtain:

Bowio M efenrdoy Por i Pl

tan A +tan B

tan(AB) = ——
T 7] ~tanAtanE

EnA-tam B

Comverselv, tan (A-B) = Err——
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Find the value of tanl05° fram tan(45°+60F).
Solution
tam (45" + 607 = tan 43° +tan 60 _1+1.'|'§+3
: * 1-tan 45 an §0° 1-3
1443 423
1—4f3 -2
1+4f3 1+4J'§
- » CIN, T £
:‘E m Thersfore, tan 105 2-+3.

e N

® Simplfy |2 <5
e r

¥ &
L3 - ‘x &) Flar
(b) Verifythat tm | T - < |- 33 fr
. 4 l+mn=tan—
Solution 18

x

ifan—=tan &
4

."ﬂ_ T
(2) m|1+5|_ =
= = ]—tmixtmﬂ'

_ l+ané
l-tan#
=~ X +E"' l+tan&
Therefore, -.i _.-J- rr—
. 2 AN L]
gl = — Z = il . il
() LHS:tan| = - = j=tm| = j="r
x x B
e ”ﬁ‘%_hﬁ—ﬁ_z«ﬁ_ﬁ
2

= L TR TERT = g N * _
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Answer the following questions:

1. Find the vale of tan 75" from tam(45°+30°).

tan 1807 +tan 45°
1-tan130°xtan 45°

2. Verify that tan 225° -

3. By substinmting B =A in tan{ A+B|, find the formula for tan 24

N (. &)
4. Simplify tan! 6—— |
Lo3)
® 1

5. Find the value of tanB if tan{A+B) =2 and tanA =5.

8. If tan105° = —2 —+f3, find the value of tan 1657 from tan{105° + §0°).

- tam 40° = tan 20°

Find ﬂ'.'lE-'l.-'EJ]J-E-ﬂf] = — without nsing trizcnometrical tables
ar calculators. B, o
Verify that tan120° - — o000

1—tan* 807

. IftamA =% and tan B =%>ﬂlalﬁrui:

Bowio M efenrdoy Por i Pl
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(4) tan[A=B). () tanjA-B).
10. Simplify tan| A=B) i.t'tan&=71‘ and @B = a

tan A —tanB
] +tanAtanB

i
e * v

11. Show that tan{A—B) =
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Chapter summary
1. Tnzonometrical ratios in 2 unit crcle for an angle A:
() sim A = lenzth of an opposite zide

leneth of hypotemze side
) cps 4 = lmthofadiacent side

lenzrh of Iypotenmse side
© mmA= lagﬂnnfmu;menle

length of adjacent side

2. Felationzhip betoeen rizonometrical ratios for an ansls oo
(g) sinae cos(20° —a)
() cosg= =m (207 - a)

(C) tEniX - —
oS &
(d) =in® @+coe” @ = 1 where o is an acute anale.
L3
3. Trizoncmetrical ratios for special ansles (F, 30°, 45, 0%, 007, 180°, 27(F,
and 360°.
Angle a° | 30° | 45° | 60° | ©0° | 180" | 270 | 3&60°
1 -
Sine 0 - E £ 1 0 -1 0
212 |12
1
Cosine 1 £ ﬂ — 1] -1 0 1
2|2 |12
Tangent | 0 '{E 1 43 | @ 0 m 0
e

—_— L GTRRIT Ry TEET - g N *
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Exven and odd functions:
(@) sn(-w)=-=mo
(b)) cos{—m)=cosa

(C) tam{—m)=-—{amo

a b £

The sine mule i= =7 : = = ;
CREMIERENTAE. SnA “smB =nC

The cosine rule is given a3;

i @ =F+c -IcosA
b ¥=a +¢c —laxra=B
© =&+ -2abcosC

Cozine of the sum and differemce of amyv tvo anglas:
ooz ([A=B) = s AcsEx zsinAznB

Sine of the sum and diffsrence of any two anegles:
sin ([A=B)=sinAcesB=cos AzinB
Tangent of the sum and difference of any too angles:
tanA=tanB

+tanAtan B

tan [A=E) = 1



KL

Eevition exercse 5

Answer the following questions:

1.

2 I T S Pl U

Evaluate the following withaoat
using rizonometrical tables or
calculators:
tan §0° =m 30°

sin 457

(a)

sin 307 cos 60°
tan 30°

(&)

sin 45% tan $0°
o= 30°

{c)

(@) 20135 — =n 30°
(£) tam (—300°) — tam 120°

(f) sin 225 = cos 4F°

If o and | are complementary
mglumisinm:%jndﬁe
vahe of:

(2) cozox (b} tamf
Uzing the megonometrical tables,
find the walue of each of the
following:

(a) =in 102°

() cos 224°

(c}) tam 321°

) =m (=15

(g) ooz~ 1297

(f) tam({—310%.

Tl

4. Find the angle: betwesn (F and
360° which satisfy each of the
following:

(d) =in@8=—0.2448
(b} coz@=03570
(C) tamoc=-—21354

5. Find the angle: betveen — 360F
and 360° which satizfv each of
the following:

(a) simB=0123
(b} cozd=-—035678
(C) tan@=03544.

6. IfPisthe pomt{—3, 8), find the
zme, cozing, and tangent of the
obtuse angle hetween QP and
the x — aods, where O iz the point
at {0, 0

7. Expresz each of the followinz
n terms of the =ipe, cosine or
tanzent of an acufe angls:

(4) =im 238°
(k) ooz~ 1657
(C) tam{—3467).

In questions 8 to 11, find the mmimoan
ansles and zides in each of the given
AARC such that:

8 a=0]lom c=78am C=20°27"
9. b=l4om B=4137, C=84"13"
10. a=16om b=18 an C=110°
11. a=19on b=11on c=30an

°



13.

The length of the shartest sade of
a tmangle 1z 5.4 om. Two of the
anzles are 31° and 40°. Find the
lenzth of the longest sida.

Two islands A and B are 5.0 kn
and 9.2 km respectvely from
a point O of a straight coast
line OX If MOA = 20° and
:ﬂﬁE:-l-ﬁ",ﬂﬂiﬂ:E dizstance
between the islands.

| )
Ly

4.

From a certam point 30 Hamisi
obszarves the angls of elevation of
the top of a tall nnldings to be 40°.
Aoving 50 m forther away o a
point Y on a level road. he noticss
the angle of elevaton to be 295
Find:

(a) the distamce of Y from the

bottom of the bailding.
(b} the height of the building.

Calculate the angls between the
diazonal: of a parallelosram
whoze zides are 5.1 om and 215
am enclosing an ansle of T0°.

16.

s
&
S
/ \
&
,./(.’" o

The angles of elevaton of a
balloon from two points A and B
wihich are 0.3 kmm apart are §.2° and
4587 respectively. If the balloon 1=
vertically above the line AB. find
itz distance above the line.

LLTEIER

17.

15.

4.1 ks

In trianzle ABC, AB=11cm,
AC=12Zan and BC=15mm
Find the vahue of the largest
anzle of trianzle ABC.

Ehadija travel: from villaze A
to villz=e B. 8.6 km awav In a
direction I 30° E and then 5.6 kon
to village C in a divection 5 28°E.
Find:

(3) the distance AC.

(k) the beanne of C from A
(c) the beannes of A from C.
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10, Find the valie of each of the 20, {a) Smaphfy the followine:
- i '3 T
following: i tan|-£|—i
- - i -F-". b 3 r 1
@ simj-=| (i) tam(A-B)if tnB=
i P
(k) tam| == | ) I.t'EinﬁL=]L“:mﬂ|:usE=%:
o evaluata:
e ) }
() ’:':'E-|T: {i) tam{A+E)
e -
. (i) sm{A-E)
- A&
= — | - -
) L4 (i) cos (A—-E).

Project 5

Alake a viznal display that shows the vertical drop and angle of elevation for

several different rollsr coasters. In vour presemtation. inchude the followine:

1. 5cale drawing of the rizht tiansies.

2. Thevertical drop, horizontal chanse lensth of track, and angle of elevation
for each roller coaster.

3.  An explanafion of bow vou uzed mizonometry to find meazures m vour

‘
T N e I @, o



Chapter Six

Vectors

Fariow owly acrivities require the wse of quaritinies which homee both
mamitude Giel owd drection IThese quapTities @ Seneraily called
vecrors. In this chaprer, vou will learn the memning of a veclor quaeing
concept of dizplacemenr and position vectors, resofve vectors imro | aad J
comporents, magnitude aud direction af a vector Fou wil miso learn the sum
ad difference of vectors, multiplicarion gf vecrors by a scalor ad salve
rec Ijfe prodiems onvelocities, displacements, accelerarion avad forces. The
competencies developed will help vou to sohe probiems related fo maeritude
& e e

Dnplacement and position vectors
Dnplacement vector

Activity §.1: Definmg the displacement vector

In a zroup or individually, perform thiz acivity uzing the following staps:

1. On the graph paper. locate & point A

2. Locate snother point B which i= 4om in the direction of TWorth East from
point A

Join the points A and B by 2 straizght line showing an arron to the end at point B.
What did vou obsenve in step 37 Give the name of the vector obtained in step 3.
In vour own words, define the term displacement vectar.

Bowio M efenrdoy Por i Pl
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Lh e

The distance moved by an object from point A to point B in the direction of B is
called the displacement The displacement from point A to point B i= denoted by
AR, Figure §.1 shows the displacement from the point A to point B.

i °
— o e



Figure 6.1: Tae sisplocemsnt from ponef 4 fo poig B

A vectar 15 defined 2= a phv=ical quantity which has both mapnitude and direction.

lnFigureﬁ.Lt‘tedi.—.‘pla-:emaltﬁisatﬂmh-a:auaeithasmag:dh:deasw&ll

3z direction. Some examples of vector quantities are dizplacement wvalocity,

accelerstion, force, momentun electric field, and masnetic field Quantities

which have masnitde only are called scalars. For sxample, distancs, speed.

pressure. time, and temperature are scalar quantires.

Vectors are named by either twvo capital letters with an armony above, lke O or
& b & sinzle capital or small letter in bold case, liks @, Sometimes a= 2 singls small

letter with a bar below like . In Figura 6.2, ﬂﬂmedh-pla-:matﬁnmme

origin O to the point A

-
B

Fiznre 6.2: Dispiacemsnt vecior O ffom poin O i poi 4 on the positive 3y — aer

VWhen the notshon G_Eisusedtnda-:ibeawctn;tkemnwiudicﬂesﬂle
dhecﬁmnfﬂ:ere:tm.ThaIu,im:rmhasiutﬁalpJMatﬂﬂdmdpjimm
inhﬂﬁstﬁmﬁhmiﬁﬂﬁﬂpnﬂu_iﬂdmﬂpnmaﬂ

L B4 T S e * _
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Equmvalent vectors
Two b'a:mﬁand::_:ﬁareequiiﬂm if they havve the zame mammitude and

direction. In Fisure §3, the vedors E: ﬁ: ard EF are equivalent becauzs
thev have the same masnitnde and direction.

A B

Fizure 6.3: Equivaisnt vectars

The notatian = mmnseqmwl-m‘.l‘hamﬁureﬁ = CD = EF as chownin
® Figure §.3.

Position vectors

Activity §.2: Explaining the concept of pesition vector

In a zroup ar individually, perfiorm thi= acivity using the following steps:
1. Draw an xy — plane and mark scales from —& to § on both axes.

2. Locate points A2 5}, B{-3, 7), and C{—4. -1 on the xy — plane.

. Draw vectors OB, 0., and O wheare O is the origin.

What did vou obserye in step 37

Share vour findmz: with vour neizhbours and disouss.

Bowio M efenrdoy Por i Pl
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In the xy — plane all veciors having the same ongin and differant end point: are
called position vectors. Positon vectors are named uzing the coordinate: of their
end points.

In Fisure 6.4, O = (2, 3), OB =(-1, 2}, OC = (-1, -2}, 0D =(3, -1}, and

e
_ e e
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ob = (¥, ¥) are position vectors of pomnts. A, B, C, D, and P respactively.

-
-3
L&
& -3
¥
Figure 6_4: Position vectors in e Xy — phaee
Components of position vectors

With refarence to Figure §.4. amy position vector Eﬁ=|:x. ¥) can be resobed
mto o components; namealy, 3 horizoatal component and a vertical component.
For example, the components of OF =(x. ¥) are 0O = (x, 0) and O =(0, ).
Thus, O = (x, ) is the borizonral compaonent and OF. = (0, ¥) is the vertical
Campanent.

LW 4 I T R T * -



TTite the postton vectors and their componants for each of the following pomis:

(2) A(L-1) (&) B(-55) () C(—4-3) (d) Dju, v} whers u and v are
&y real nurvbers.

Solution

(#) DA =(1,-1), (b) OB =(-5, 3),

Horizartal component i= (1, 00, Horizontal component is (-5, 0),

Vertical component 1= {0, —17. ertical component 1s (0, ).

() O€ =(-4,-3), (d) OD =(u ¥},

Horzontal component 1= (—4, 0], Horzontal component 1s (w0,

Vertical component 1= {0, —3). ertical component 13 (0, v).

S

&

For each of the vectors g and 5 in the following fisare, draw a pair of
equivalent vectors.

E .

2

-‘E

3 £ /

% f

[ -]
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Solution
In the following figure, the vectorz P and 9 are sguivalent to &, while the
vechors u and v are eguivalent to 5.

s The unit vectors, [ and

Inthe xy — plane, the position vector with unit lensth i the positive x— axs iz
named | and the position vector with unit length in the positive ¥ — s 13 named
J - That iz, both {and j are unit vectors. Figure 6.5 chow= the unit vectors in the
positive xy — plane.

L GTRRIT Ry TEET - g TN ]



E
In terms= of position vectors, these vectors are written a3 { - (L 0) and
J=001)
Now; consider the position vector OF - (x, ) in Figure 6.5. The vector OB
cam be resolved into OF = (x, 0) + (0. ¥)  and factorized into
OB -x(L 0) + ¥(0,1). Bat, i= (1, 0) and j —(0,1). Hence, OB =Xi + ¥J.
Gmem]l}',m}'p:-;llinnrermﬁﬁ_[;r__:.-]caul:enfrttmaz.:malgebmicmun

of the unit veciors {and j az OF =Xl + ¥J.

s

Wite each of the following in temms of the unit vectors { and j:

@ g=(3%-4 ®mi-(-%3) (@e-(-L6 @ d-{uv)
& where u and v are ary real numbers.
Solotion

b b= ||._5:5} -[_5: I:I.:I +“}:5}

-3, -4
(@ a-(-3—4) -—3({L 0) + 5{0,1)

a The honzomtal component of 2 1=
-E (=3, III}. =—5i+5]
3 The vert of g is Therefora, b=—31+3).
(0, -4} () g=(-L &)
Thus, =1L 0} +6{0,1)
E- g - (-3,0)+ (0, %) -—i=5]
ﬁ ——3(_],!]':|+—-1-[El,l} 'I'IJ.EIE&EE,E——;'+|S_£'-
-—3i-4j (d d=(uv)
Therefore, @=—3i —4j. =2 0)+ (@, )
a = u{L 0)+ w0, 1)
=1.'._:'+1.l£
Therefore, d = ui + vj.

i °
— o e
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TTite each of the following vectors a3 posibon vectors:
(g) £=—8 ty u=Tj () v:.i[-. ;15“1
(d) w=wi+w,jwhere w and w, are real numbers.
Solotion
(@) z=--8 B u=7J
- -8 +0j =0i+7j
- -8 0)+0{0,1) =0(1, &)+ W0, 1)
={0,0)+{0,7)
- [ =B, III} =
' TIJE&::E,E-{I},.-}_
Therefore, 5 - (-8, 0).
& (C) Ve % :—ji (d) M=wi+ W j
= (L0) + w; (0, 1)
,{1 ﬂ}+ {0, 1)
r" o {'“':lll:l} +{“= 1""-2]
2 r' 1] )
BEa o)<|
2.2 Therefore, 1 = (16, ).
3 LJ
o {2 E“|
m_ 1-.,3, 5-...

Addition and subtraction of position vectors

HU=fu,u | and V= (v, ) whereu, w, v, andv, are any real mmmbers,
then, U+V = [+, H.:—'l'::l and U=V - |:u__""|: J-'::_1"':_:'-
Similarly, if U=+ u.j and V=1+ 1 j, then

U+ Ve (1i+ ”:i:‘ + (Wi + "-':i.]' - = )i+ (uy +w }J and

U= Valuieu fl -0+ 0] (= )i+ (0 = 1) -

—_— [ LT B T R e * _



Given U=(3,2) and V= {13} ,find U+V and U - V in terms of

(2) Position vectors.
(&)} Unit vectors | and j.
Solotion
{a) Given U=(3,2)and V= (L3}, then
TV = (3,2} +{1.3)
=-[3+L1+3|
- (4.5

Thersfore, U+V = (4,5).
Similarly, U~V = (3,2 - (13
- (3-1,2-3)

- [2,-1]
Therefore, U-V =(2.-1)-

(B) Ua{3,2)=3i+1and
Vall3)=i+3j
U+ V=03 +2j)+({i +3J)
=3+~ 3]
=4§+ Si
Therefore, UHV =41=3].
Similarky,
U - V= (3 +25)—(1 +3j)
- (3 — 'z}+|[l_£' —3{}
-2i-j

Therefare, U—V = 2i— j .

X 20 |

Ifﬁﬁ:q#;:j,ahnwﬁldmmmﬁnﬂunfapniﬂPm (x.¥), where x
and ¥ are real mombers.

Solution

Bowio M efenrdoy Por i Pl

Gib'mﬁﬁ‘:x_f + ¥j , then we have,
OF =x(L 0)+¥(0, 1)

= (x, 0} + (0, 3)
- (% ¥

Therefors, the coordinates of a point P ars (x, 1).

o °
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(a) TWinte each of the forces aza

KL

@= (3, 4) such that one has itz
origin at (3, 0 and the other at
(0, 4).

. WWite each of the following in

terms of the unit vectors jand j:
() £=(-3.6)
w g-1%-3)
()

8 e=-3j

. Two forces of mapnitudes 5N

and 42, are acing in the posive
X —axis and negative V- axis,
respactively at the same point

0nnm.
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Answer the following questions: pozition vector.
1. Deaw two displacement {b) Wiite the two farces as a
vectors which are squivalent to single vector in terms of the

unit vectors { and j.

. \Write the position vector of 2ach

of the following podnts:

(@) A3 4)

b} Ef_i:_’r}

€} C[7.8)

(d) Diw.w)

where u, and u are real mmbers.

. Given u = —6f +13j .

Veu-12 =18 .find U+ ¥V and
U -V Interms of:

(2) position vectors.
(%) umit vectors § and J .

If the components of the vector

are{x,0) and (0, ¥),express

F 33 a sinzle vector in terms of
the unit veciors { and j.

. Draw a position vector which iz

aquivalent to AR joinins A{3, )
and B0, 3).

Draw the postion vectors P

and -P on the same diazram if

P=(-43).

'
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10. An aeroplane flies 200 kom due (b} Winte the pozition vector of the
Ezst from town Awtown B It saroplanse at toan O in terms
makes anosher fisht 300 km from of the umit vectors [ and Jj,
town B to tovn C due Soush. wakdng town A as the onigin
(a) Whita the final dastination of (c) Find the vector which will

the seroplana 3= a position represent the direct journey of
verbor with relivence: fiom. the asroplane from town C to

— town A In termms of § and j.

Magnifode and direction of a vector

Activify §.3: The concept of magnitode and direction of a vector

In 3 zroup ar individually perform thizs activin nzinsg the following steps:
i 1. Ona eraph paper, drawyx and ¥ — ames.

2. Locate a point P(x, ¥) in the first quadrant

Join the origin and point P(x ¥) by a straizht Ine with an armow in the
direction of B

VWhat 1= the nams of the resultims vector?

Fird the distance o of the vector OF in terms of ¥ and 1.

State the phivzical meamine of the distance obtained in stap 3.

Share vour findme=s with vour fnends thronzh dizouszion

[
'

Mo Lo
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Magmitude of a vector

The term masnitade of 2 vector i= used to define the mize of 3 vector. Mlasnituds
iz somnetime: called modulus. The mamiude or moduls of 2 vector i= a scalar
quantity: The mamrmde of a vector iz caloulated by uzing the distance fornmils
which iz bazed on the Pvthagors:’ theorem. Consider the right — angled triangls
ABRC az shown I Figure §.8.

.

A "

Fizure 6.6- Rizix anpied - miangis ARC

Using Figurs 6.6 and Priuzzoras’ theorem, (AC) = (AB) + (BC)". Taking the
square root an both sides we nttﬂnﬁ:gr@?+[ﬁ)i.

Mow;, consider the position vector ¢ ={x,v) as shown in Fizure 6.7,

Ht

Figare 6.7- The position vector r

L STERT Wy TEET ST s ] * -
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From the position vecior 515=;-|'x,;.-] draw P() perpendicular to the x — axis
and ﬁ-p-a'pa:dimlartnlh& ¥ — &ds. The coordinates of Q are (x0) and
that of B, are (0, ¥). The AQOPQ i= a nght — anzled tnangle at (), thus by the
Prihazoras” theorsm we gat

(oef =g ~ (@
But, OQ=x and QP = OR =y . Substinnte x and ¥ for OQ amd QP
respectively to get

(OB) = (x-0" = (y-0f

=x+v
OF=yfx =5 bw OF=r=xi+yj

Since OF is a position vector, the maswitde of OP is denoted by OF or |QB|.
Therefore, 7 =y x* + 3 , whete 7 is the maznitude of the vector 7.
Thiz formmla i= uzed to caloalate the masnide of amy position vector. In
Figure 6.7, the position vector of P{x, 1)1z defined by OB The position vector
of point P can also be denoted by » as shown in Fizure 6.7.
In Figure 6.8, the position vector 7 has its inifial point at P|x,,¥, ) and the end
point at Qx, ¥, ). Thus, the vector PQ) is given by:
PQ = (x -x)i+(x-5)J
Therefors, PQ = 7 = [ —% )i+{¥: -5 ).

. -
o Lx,, 00 (e, ) *

Figare 6.8: Ths posiiion wfwﬁ

o
—_— i o wr
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F‘mmFigmeﬁ.E:memgmrmdenfm&1mﬁmhaeﬂlemjﬁalp:imis

P(x, | andthe end point iz Qx;, ¥ | = given by the distance formmla:
|ﬁ|' JI:.‘{: _I'.:ll"'[}': -k :ll

Therefors, |; =BG -J[_r_‘—.t_;.:—i_y: —}',j:-

A vector whoze magnitde 1= one is called 2 umit vectar If 1 1= a vector, the unit
B
vector in the direction of K 1z ghven I:I:JE and denoted by & (notation for umit

vector), that is & =ﬁ-

et

() Calculate the magnimde of OV = (—3,4).
& () If 7= ki + 7,i, find the values of k when|r|=25.
Solution

(&) Let, (x 30 =13, %)

i(b) Given r=ki+ Tjand | r| =15
Given OV - (-3,4), then the

magmitude of OV is given by- wehavethat: |z]= ok +T
o = e
Square both sides to get
I T 625 =F+49
= [0+16 E =540
=578
= kE =%J578
=3 =+24
Thersfore. the magnimde of OV 2 (parefiore Fo 04 or Fo — 24,
5 umits.
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Find the magnimde of the vector PQ whose initial point is B1, 1) and it end
point is Q[5, 3).

Solution
Let, {x;, ) =(1, 1} and (x,, %)= (3, 3)
The masninds of the vactor PO iz ziven by
(B[ % —x ) (35
Substitute the values of the vector x| ¥, x._and v, inthe distance forrmla
That iz,
(PG| = yls-17 +{3-17
= fF:F
=20

E
Thereforz, the masmiude of the t‘a:tcrﬁiisakmt#.im:iﬂ.

Find the wmit vector in the direction of g-t_ll_ﬂ},hmcenuiﬁ'ﬂ:ﬂiiﬁ
maenitnde 1= one.

Solution

Let {x yp=(15,3)

Then we hava,

= J7TF
Y=y F

=144 + 25
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Let i be the umit vector in the direction of 1, then.
)
1
-—l12. 5
Lm,s)

2 357
1137 13)

12. 5 .

BEERREETA

- |’1E“- N
160 )

Therefors, the masnitude of 2 wmit vector & 1= one.

Direction of & vector
The direction of a vector i= the meazure of the anzle it makes with the borizontal

line. The direction of a vector can be obtained by using aither bearings or
direction cosines.

Bearing

The hearing of the point i= the ansle meamared in degrees In a clockwize direction
from due MNaorth. Fizors 6.9 shows the bearings of poimntz P and Q).

—_— L GTRRIT Ry TEET - g N ] * -
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Figure 6.9: The baaring of points P and O
The bearing of the point P is 080" and the bearine of point iz 2407
Note: The bearing iz represanted by three fall digits (plos any decimal placss).
Thevector ¥ and the ansls & makes with the horizontal line can alzo be obtamed
bv uzinz formuolae Fizare 6.10 zhows a wvecior v whose minal point is &t
Plx.¥%) =ndend pointis at Qfx,, ;| . The direction of the vector v iz the
meazure of anels £,

o
¥,
:
;Ei ik
. '
-3 Figmre 610 Direction of 2 vecior
ﬁ In Figure 6.10 the vectar ¥ is givenby: v = PQ

Therefore, v ={x, —x )i+ (¥, —¥J.

The mea=ure of the angle & i= aiven by

tan = S5 i where (x| isthe initial point and (x..¥, ) is the end point
£ -5 ' .

If the initial point of ¥ iz (0.0 and the end point iz (x, 17, then the meazurs of

the angle 81z m.g_lx'_

i © -HEH
- * T
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Find the bearinz of the position vector ¥ = (4, B).
Soluton

Let, (x ¥)=(6, 8)

The masnimde of ¥ i= ghven by

T
=~.Jiﬂ-lil
=10
i
I:r E—,—,, L.IEIH']
L °
.Iu. _!
~a T
L
Uting trisonametric ratios we have
-:naH_E
10

= £ =co 04

8'=33.1%

Since the bearing of the vector is measursd m a clockwise direction from due
Morth (), then the bearing of ¥ = 000° - 0551 =036.2°.

Therefors, the bearning of the position vecor 1 is 0534.9°.

= LW 4 T R e L * _
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Find the direction of the vector P} whose initial point P'is at (2, 3) and end point

Qisat (5 8).

Solution
Let, ¢r,, 3,) =(2,3) and {x, 3;) =(5,5)
Then the vectar Py} is given by:

P =, -1 )i+ ¥ d

P = (5-2)i+(B-3)j
=3j+5j

Hence, B =3j=3j.

Thue, tanf = where x=3 and y=35.
X

=:~th-§ F
i
al 5
= ftan” =
[3) -3 i T 3 4 5 8 %
- tan™'{1.667) '
F - 307
mnm&mwﬁj‘mﬁr
B
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Direction cosines

Fizure 6.11 shows the vector ﬁ’-[.t,y;- which makes angles o and § with
the positive x and ¥— axes, respectively, the cosmes of @ and § are called the
direction cozines of OF.

v

=Y

Fizure 6.11: The position vecior

Fizure 6.11 shows that the coordinates of Q) are (x,0) and that of R are (0, ¥). The

AQQP is rizht — anzled 2t Q and POR = OBQ becauzs they are sltamare interior
anslaz.

Thus, OBQ - 5, OP = OF |, O0=x,2nd QP =0R =5

Thersfors, coza= *  and -:-:lf;-;5r=L or cosz=— andu:-:-s,.ﬂ=‘—1': are
o [oF i B

direction cozines of O,

LW 4 T T R T * -
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Given a=6i+8; . find the direction cozines of a and the angle that o makes
with the positive x—axis.
Solotion
Let, (. ¥)=1(6,8)
Then, the masnitude of a vector g, is given by

=10

Hence || =10.
Suppoze g makes anzles o with the positve x— axis and f with the positive
¥ —axs, then direction cosines are ziven by

-:mn._ﬁ md-:m.]i_E

_6 _E

10 T 10

_3 3

B 3
Ihaﬁﬁtaﬂmﬁ:ecﬁmcmnfﬂm% %
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Since g makes angle o with the positive x — ais then
Alternatively, the ansls o can be obtained from
A0 G - re =
- |a
_E _ 6
~ 8 10
_4 =0.6
; 0= cos7(0.6)
¢ —z3 18
. 21
a
-tm"{]-ﬂij
=53 1=
Therefore, the vector g makes an angle of 53.1° with the positive x — ax=.

5 12
3 Wi
Solmiien

Furmg-‘ta:lm;:x._r’+3:j the directicn cosine ars
5 ¥ 12
HmﬂH mu—-—— md =

Oncomparmzwe gt X =—3 and ¥ =-12. Hence r =—-3i-127 .

Therefore, a position vector iz ¥ = —EQ—IZJ ;

Note: Given 3 et of direction cosine ans can find the comespondine vector.

—_— LG TRNIT R TERT — S g BTN | * -
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Answer the followmg gquesfions:
1. {3} Define the mazsninde of a

Vector.
(b} Caloulats the masnimds and
bearing of g=-12-57 .

Calculate the masninade of
g=—8i+8j-

Calculats the direction cosines
of £=3+4j  hence show that
ﬂ:tes:.mafﬂ?e.ﬂ.qlmanfﬂme

Sum and difference of vectors

Find the omnit vecor in the
dim:timc-fg_ﬂ_.r'—-ﬁi'.

Find:

@ i+  ® |-
© [ @ fi+24]
(&) |14

Find the direction cozines and

bearing of each of the following
VeCinrs:

(@) @a=i+J @) b=i-J

Activity 6.4: Finding the resultant of the vectors
In a group or individually, stady the following fizure and perform the tasks that
follow:

@ g+ ®) deg

. Uze the figure to identify the vectors represanted b

e B+e+g

. What do vou obsemve i tazk= 1 (k) and 1 {c)?

3. Uszetazk 1 to deduce the meaning of a resultant of a vector
. Ghare vour observations with other students mn the class.
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Addition of vectors

Fezultant vector 1= the sum of two or mors vectors. The resuitant vector hasz
iz own masnrmde and direction. There are three laws uzed n addms vectors
narealy; the triansular Lan: the parallelosram law:, and the polvaon law of vectars.

The triangle law of vector addition

The procas: of vectors addition imvoelves jomuneg two vectors such that the mirial
point of the :acond vector is jomad to the end pomt of the first vector. The resultant
iz obtaimad by completing the wiangls with the vector whose inrial point is the
mitial pommt of the first vector and itz end point comcides with the end point of
the second vector. For exampls if g and b in Fisure §.11(3) are vectars, the
resultant vector @< b iz obtained a= shown mn Figure §.12(k6).

____df":-
Fiznre 6.12(x): Tectors in space Fignre 6 12(b): Remstepsr o vecaors by
FEMMELRT i

The parallelogram law of vector addition
When two vectors are sharne a conmmon nitial point P, then the resultant vector is
obtained by completing the parallslogram. The two veciors foom the mde: of the
parallelogram and the resultant i= the dizzonal with it= nitial point at P and itz end
point at B, 22 illnstrated m the ghen sxcample.

L GTRNIT Ry TEET - g N * -
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Find the rezaltant of vectors u and v ziven in the following fizure.

Solotion
Complete the parallelosram by joining the end point of 1 at S by an equivalent

vecior of v to F. and the end point of v at O by an equinvalent vector of u to B
nzing dotted lines to obtain the parallslogram POE.S.

Bowio M efenrdoy Por i Pl

Therefore, from the fizure the resultant vector i= ﬁ=5+g=!+5.
Note: In thi= tvpe of vector addition the commutarive property hold.
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The polvgon law of vector addition

When adding mare than two vectors, the resultant of the vectors 1= obtamed bey
joinmz the end point to the mitkal poant of the vectors one after the other The
rezsuktant of the vectors is the vector joming the nitial point of the first vector to
the end poimnt of the last vector. The resultine fizare 15 uznally a polveon

el

Find the rezultant of the veciors g, &, . and d zrven m the following fizure.

i

Solntion

Start with a and let it initial point be P

and end point be .

Join b to g at Q to obtain PH =g=5. d A

Join ¢ to g+b =t B toobtsin P2 :
=a+b+c.

Join d to g+b=c at S o obtain DT

I
I
=%

-

i= BT

%

Therzfors. the

=£+

Ihemuh:gﬁgnm:pnh‘gmm
&z shovm in the fizara.

Th G TRERIT Ry TEET - g N * _
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Orpposite vectors
Consider the vectors OF and DO a: shown in Fizure 6.13.

!

¥

Fizure 6.13: Onposite vectars

In Fizure 6.13, OB and DO have equal masnitudes but opposite in direction.
Thuz, the vectars OF and PO are called :pp-:-zitev'ermwl:lmﬁ 1= added

B to PO the resultant is a zero vectar. That is, OF + PO = 0. Thus, OF =-PO).
The nesative zien indicates thar 0P is in opposits dirsction o PO).

Find and draw veciors which are opposite m direction to the vectars a. &, ¢,
and 4 shown inthe follovwine fisure.

E
£
;
:

*0



Solution

The oppesite vectors of @, 5, £ and & are —a, -5, —¢, and —d as shownin
the followine fimme.

Subtraction of vectors

The proces: of subiractms one vector from another sives the same result as addme
s on2 vector fo the opposite of the other vecior. Thus, the difference of two vectors

alzo Eives a resultant vector. Two laws can be uzed when subfracting vectors,

mamely; the tnansular law and the parallzlosram law of vector subiraction.

Trianzular law of vector subfraction

Given tweg vectors a and b, the vector  can be subiracted from a usine the
trianezular law as shown in Fizore 6.14.

Figure 614 {a): Jectors in space Fipare 614 {b): Onpasite vector

— ML H 4 (1P AT R M EY * _
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Fizmre 6.14 (c): Rerwiiont of veciors Iy rignguiar iaow

Eesunltant of two or more forces
The remaltamnt fiorcs of oo or Feore forcss iz 4 fioros that has the same offect 2z tao
or more forces acting togsther

When two or mars forces are acting on 2 body, the total of all the force: which
camzes the resalting affiect is the resultant force. The resultant force is obtained by
taking the sum of all the forces. The resultant force can be geomemically obtamed
b resolving the given forces. If the tao forces act at the right angle then the
Pyvihaporas” thearem can be applied to obtamn the resulant forcs.

If several forces act on a particle, the resultant force can be obtamead by indme
the components of each force in tawo perpendicolar directions. The alzebraic
oum of these components gives the masnitde and direction of a resultant of the
several forces.

Suppoze the force F acts on a particle at an sngle &'to the r—amiz then F oos & and
F zin & are the components along the r—axiz and v—ams respectvely.
Thatis F=F oz 91 + Fam 6.

e

The forces of masniodes 5 I and 7 2 act on a particle at an angle of 90°
between them. Find the masmitode and direction of their resultant.
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Solution

The forces are constructed 3= shown in the figare.

In thiz case the resultant force can be obtained nemg the Prthasora:’ theorem
That iz,

F=[TN) +[3N} .
- e 1 s
(49-28) M “ F

= Ja 5N s
F-TN .

Hence, F=8.6N. uf’x

Al=a, T

3N
130 G ™

tan = 0.7143
o= tan~ (0.7143)

® Hencs, orm35.5%

Therefore, the resultant is a furce of maswimds 8.5 1 at an angle of 35.5° o the

TH farce.

P —

e
Find the marnimads of the resultant force of a svstem of thres forces 93, 1014,
and 10 acting at point O 22 shoomn o the following fimare:
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Solution
The followme fizure shows the components of the forces along the x and y—axes.

M
}
|
|
|
|
I

1) sin 45° §

______ -
10 ens 45° § O 1) oo 45 |

9N

The resultant force B is given by
E=R +F
= (10cos45%-10c0s457) + (105 45° j=0=in 270°) ar
= (10cos45%—10cos45%7)+(105in 457 j— Dzin 00~

i - ™
AT ﬁ]nl 0¥ o i
2 - 2 f T

- 0+(32-8)j
= (3I-mj
=-1.93J

Thzs, |E|_|-1.934 =193
Therefors, the mamitude of the rasultant force 1= 1 0380
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Find the marnitiads and direction of the resultant force 2= shown in the
followine fizure:

The BN forcs will not contribate anvthing to the horizontal components and the
10 force wall not coniribate to the vertical component.
Feasohving harizontalhv gnees:
B, =(10+ 16 coz 58° - 12c0s427)
={10+ 18§ = 0.5200 — 12 =« 0.743 1)

=0 56120

Fezohving vertically gives:
R =(16 in 58° + 12 sin 42° + § zin 270°) J

= (16 = 0.8480 + 12 = 0.6601 + 8 = -1} J
=13.5972 J.
The resultant force F is given by
i=i‘=+ﬁ}
=0.5612 + 13.5972 J.
Thus, [R| =, [(9.3612¢ + (13.5072)°
= [2763

=166

KL
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03612

=1412
8 =tan{1.422)
=548°
Therefors, the masmitude of the resultant force i= 16,6 IN and makes an angle of
54.0° with the 10 I force.

tan B

Exercive 6.3

Answer the followmg quesfions:
1. Find the masmitnde of the resaltant force of a system of toro forces each of
masnimdes 7 making an ansls of 1207 to each other.

2. Find the resultant of two vectars of masnitudes 4 and 7 at angles of 30° and
& 0 respectively with the horizontal

3. Find the resultant of three vectors of masmides 5, 4, and 5 alons the ides
A8 BC. ad dizzonal CA of 3 rectanzle AECD.

'ér 4. Gnenvectars P, g, r. 5, and { 3¢ indicated in the following figure:
L
E r
'\'\\E\‘
‘%
= &
\_\{\. &
Find-
(@ p+g ) prg+z
() prg+r+s (dy prg+r+s+t
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5. Usetheveciors P, g, F, 5, 2nd I Inqueshon 4 to find:
@ p-g (b r—:z

{c} p—-g-r—3 @ (p-g)-le-z-1)-

6. Find the resultant of three vectors of masnitnde 6 umits each along the Ddss
A8, BC, and CX of an equilateral risnsle ABC.

7. MvM1ﬂﬁEMMMﬂWgﬂ}E?mE:ime
ACE and COB each measares wo 50°. Find the resultant of the three vectars.

8. Thres forces of masmitades 101, 20N, and 30 I make angles of 30°, 1207,
and 2107, respeciniely with the positive x — axiz. By acals drawing, find the
maznide and direction of the resultant forcs.

0. Bwscale drawing find a+ & g’wmﬂmlﬂ:]l} in the direction N43°E
and [5| =3 in the direction N45*W.

10. Find the resultant of the zvstem of forces F, and F_ acting at point O as
shown i the followine fzure.
F, E,

11. Find the vector opposite to the resultant of the veciors 4, &, and £.
where @=(L2), B=(2.3) and c=(3,4).

LT 4 T R e T * ”
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1Z. Two forces acting on a particle have masmitades M and 314, The ansle=
between their directions i= §0°. Find-
(a) the resultant force acting on the particle.
(b} the magnitnds of the resultant force acting on the panicle.
(c) the doection of the resultant force.

13. Civenthat 3=4{+4§) and d =-2i-3jthenfind 2- ¥ byvusinga
parallelosram law of veotor subirachon.

Mulaplhcation of vectors by a scalar

Activity §.5; Multiplication of a vector by a scalar

In a zroup or individually, perfom the following tasks:

1. Draw avector OB = (2, 2) in the first quadrant on the x — plane.
2. Increase the maswitude (modulus) of OB three times to obtain O .
3. Find the coordinates of P

Detarrnine the relationship betwesn the two position vectars.
Share vour findmz: with vour neizhbours throush dizouszion.

A e

Consider a vector u of masnrode 5 unirs making an angle of 457 with the
positive x — axis. If the masniude of ¥ 1= doubled. a vector v of masnitude 10
units in the direction of u is obtained as shovwm in Fizore 6.15. Hence, v=2u.
The vectar v 1= called a scalar romitiple of vector u.



v

Fizmre 6.15; Miimnication of a vector by 2 scalar

Generally; if the vector ¥ = (u, u, ) Wwhere & and u are real nombers and £ is

Iy poi-zero real mumber, then =1, u, )= (. ) The vecor i _ (,, o)

& iz 4 scalar multiple of the vector ¥ = (w, 1 | 23 shown in Figure 6.16.
Similarly, f u=wi-u, j, then tu=m i+ j
o h
fxe,

: -
0 My fry I

Figare 616 Scalar multinie g vecior

LT 4 T R e * -




Ifa=3i+3j and b=5i+4j, find —Sa+35.

Solution

—3g+3b =303 +3 )+ 35 +4])
=—15{-15j+15{+12j

=(-15+15)+(-15+12J
-=3]

Therefors, —5g+38 = —3j-

Civen p =8, ﬁ! and g = (7, 9),find Op - Bg.

Solution
o 9p - 5 - 9(8, 6) - §(7.9)
=(72, 34) —(36,72)
(16, -18)

Therefore, 8p — 8g = (16, —18).

Answer the followmg guesfions:

Bowio M efenrdoy Por i Pl

L Geng=(L2),8= (-2 -1),md¢=(37), fmnd2a+3B=4%.
2. Dwaw onthe same diasram the vectors w, 5w, 4y, —u,and —4u  given
that & = {-L I}.

3. Find3g-5p —6¢ giventhata={3,2), § =(—4,-2), and ¢ = (4, &).

o °
_| o wn
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4. If ¢ iz a2 non—zaro real mmber, find each of the following vectors:
(a) ta, where g = 2i — 3j, 1= -10
(W) ru,where w = 6 + 7j .2 =5
{c) Eﬂmy:v,j+v=£',-r, 1. and 1, are amv real mombers.

5. Draw both the vector and it= scalar multiple on the zame pair of axes
Eiven that
Wy =34 mdr=2 ®y-(34) wdr=-3

6. Given p=(12, 5) and §=(-24,-13) find:

(@) 5p-34 (b} Ip+3g
1p+3q 3p—3q
(@ E7= @ T
2p+54| 5p-3q

7. Wmite ¢ = 3f — 0j a3 a scalar multiple of g=- -f + 37 .

8 Smplify g — 25 ¢ grenthat g = §+ 2j, 5= 3f + 5j.and
€= 4+ 4f

9 Given p = (9, 7) and 9=(7, 5 find
@ 3(g - g (&) 37 + g

10.Gven = (1.2}, v =(3,4) and r=E find

(a) ru+ry (b) 3 =3y
{c) t{u—v) (d) Fu+Sty
Application of vectors

The kmowledee of vectors 1= useful m solving zome real practical problams,
mnCluding simations volving forces or velodtes. For example. the forces acting
on 2 boat aroszmne from a pomnt on one bank of a rmver to a point on the other bank
The hoats motor generates 3 fiorce In one direction and the corrent of the rver
generate: a force n another direction. Both forces are vectors. In this case, both
the masnimde and direction of 2ach force pmst be considerad in ordar to know
the direction of the boat.

‘
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A stodent walkes 400 metre: in the diraction 545°E from the donmitory to tha
parade sroumd and then ke walks 100 metrez due vwest to hiz clazmroom. Find
the smdent’s displacernent and direction from the dormitory to the claz:room.

Solution

Let I P, and C reprazant the dormitory, the parade sround. and the classroom
The following fisure describes the displacements which join the donmitory D,
parade groumd P, and claszroom C.

= [

Bowio M efenrdoy Por i Pl
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From the figure, the resultant DC is obtained by using the cosine rule that is
(DeF =(DBF +(PCF-2=DP = PC cos §
= {400 mF + (100 m)* — 2 = 400 m = 100 m = co= 45°
= 160 000 m* + 10 000 m* — 80 000 m® = 0.7071
=113 432 m*

i
e * v
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Thuz, DC= 113432 % =3368m.
Let, CDP= &
Then, by using the sine male, we have:
sina Snd4F
10m ™~ 3365m
07071 = 100
T 3348
= 0.2009

& = sin™ (0.2009)
& =12°

Sl (X

Baaning - 5{45° - 11“}E - S33°E.
Therefors, the stodent’s dizplacement from the dommitary to the clazsrocm =
334.5 metres at a beanngs of 533°E.

EEE

A boat crosses arver at a velocaiv of 20 km'b southrarards. The mver has a current
of 5 km'h due east. Caloulate the resultant velocity of the boat.

Solution
Let the velocity of the boat be 1, the velocity of the current be v_and the
rezsultant velocity of the boat be v. Conzider the followins fizure:

A
L]

=

Biver

=
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The figure shows the velocty diaeram which satizfies the mansie law of vector
addition. The equation ¥ = ¥, + ¥, is obtained where ¥, = —20J and
¥, = 5i.Theunitvectars [ and j represent velocities of 1 km'h in the East
and Marth directions respectvely:
Hee ¥ = ¥, T ¥,

- =20j + 5i
5i - 20
and [ = (5P+ 0P

-G
~ViE =T

=206

=015
8 = tan™(0.25)
8=142

Hence, § = 14°2".

Therefors, the resultant velocity of the boat 1= 20.0 kmm'h at a bearing of 514°2E.

come

Three forces E, =(3, 4), E,=(5,-2), and F, = (4, 3) measured in Newtons act
at a point 00, 0).

(2) Deterpunes the masmmds and direction of their rezultant.

Bowio M efenrdoy Por i Pl

(b} Find the mapnimdes and direction of the opposite of the resultant force.
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Solution
(z) Let B be the resultant forcs.

B =E+E-+E
- (3, 4) + (5 -2) + (4.3

- |;11, 5}

A
=160
=13

Hencs, B =13.
Leat @ be the anzle the resultant force makes with the borizontal aods.
tna-Z

X

5
" 12
= 0.4167

& = tam~ (0.4167)

& Hence, & = 22937
Moww, consider the following vector diasram:

Ll

:‘-lli'-"‘:L'_"l}f’"

Sz
O

x

]r..l-'-

"
From the figurs, we obsarve that the beammz of B =W 677 2153'E.
Therefors, the mamitude of the resultant force 1= 13 MNewton 2t 2 bearme of
N6T°23E.

L B T S e A * -
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(b} Let F be the opposite of B |, then we have
Fe-RE =1L 5}

=(-12,-3)

=168

=13
Therefors, the magnitude of the apposite of the resultant force is 13 Newton at 3
bearing of 67723

Answer the following questions:

1. Thres forces F, =(L 2), F; =(-2,0), and F; =(2-1) measoredin
& MNewtons act at the ongin. Caloolate the masnitode and dirsction of the force
opposite to the ramultant force.

2. An aeroplans flies from Dar 25 Salzam to Kilimanjaro Intemational Afrport
400 kon due north of Dar es Salaam at 800 kn'h. A wimd of corrent 20 lon'h

-% blowz westwvards.
: fa) Calculats the masrimds and direction of the resultant velocin of the
= asroplans.

(6} Which direction meust the pilot take in order to land at Kilimanjaro
g International Airport?
% (c) How long does it take to cover the trip?
-]

3. Two tracks are pulling on 3 track stwck in the muod. The first track is polling
with a force of 50 MNewton af an angle of 51° from the horizontal while the

zacond trock iz pulling with a force of 75 MNewton at an ansle of 397 from
the horizortal Find the masmiide and direction of the resultant farce.

i °
— o wn
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4. A boat moves at a velociiy of 10 kn'h upstream azainst a down — siream
cmrent of 10 km'h Calculate the velocity of the boat
(2) in =0ll water
it} when movins downstream.

3. Two force: of magnifudes 20 I and 50 ™ hanve direction as shown in the

figura. Detanmine the resultant of components in ¥ — axis and ¥ —axs
i

!
e
e 4

\

...Fx_, .-r"""-l-l.'

=T

]
6. Two forces acting ai a point ) maks angles of 30° and 135 wath ther rezultant

& of masniude 20 I a: shovn mn the fizare. Find the mazminde of the tao
forces.
.-r""f:l
.-"’lf
0 F__#”T.':ld;' R-:-suILEﬂ
] MM

et

—|
i

An seroplane leaves the airport on the bearing of 437 wavelling at 640 kan'h
The wind 1= blowing af a bearing of 1357 at a spead of &4 kom'h. Find the
actaal velocity of the asroplane.

8. Three forces of magmitades & 3, 2 N, and 3 M act at the zame pomt In

the Morth, South, and West directions respectively. Find the masmimde and
direction of the resultant forcs.

LT 4 T R e D * ”




Chapter summary

1. Dnzplacement is the change in
position of an object. It kas both

2. Eqgurvalent vectors have the sames
mazminde and i the zame direchon.

3. Posmtbonwectors ars vectors having
points.

4. The umit vectors are vectors
whose masnimde is unit.

3. Mhazmitade of a vector 1= glven as
|r_‘|=,.|||1"+3.-",f:r:=1:_f+3.i_i.

§. The umit vector & in the direction
ufﬂisgiveuas!_lﬁ.

7. Bearinz 1= the angle measured m
dezres: m dlockowise direction from
due morth.

8. The dwectom of a wvector 1= the
meazare of the ansle it make: with
the hornzoatal bne.

D. For any vector r = xi+ ¥j the
direction cosines are given s

(a) cCos -

¥

(®) cosf-
L

10, Opposite vectors ars veotors with
the zame masmitode but in the
opposite direction.

11. The resultant force of two or more
forces iz a force that kas the same
effect as two or more forces achine

togethar

Eevicion exercse §

Answer the following quesfions;

In question 1 to 5 use the vectors:
a=li - j, b=i-jade = 45
to find: B B B
. @+ fand h—c

2. 5(2a-3b+2)-2(—4a+3h-5).
3. 3g-2hedc.

b-g| and B~/

la+2] and |+14.

2 a
A. H and |‘a{ What can vou sav

ke

LAy

a
about E?

7. Two forces of magniiudes 5 W and
&N act on a parftacle. They act at
rzht anslesz. Find the masmitide
and direction of their resultant

3. Determine a force P zuch that B,
g=3—-4j and r=i—j have
rezultant zero.

Q. A person walks 600 m af a bearinz
of (45%, 300 m at a beanngz of
020°, 300 m at a beanngz of 1557,
and 400 m at a bearmz of 225°.

Find the resultant displacement
made by the parson.
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10. The forces OF, O, OF., and 12. A boat mwoves at a velocity of
OF act at the same point O in the 15 kmh upsteam against a
zame plane such that pﬁq =45°, dowmstream cumrent of 12 kon'h
QOR. = 135° and ROS =20°. Calcnlate the velocity of the boat:
Find the resultant if the maznimde (2) In =sull water
of each of the four forces is 50N (b) when moving down stream

:m:lﬂmtﬁﬁ acts northwards. 13. In order to get across a Tiver o

11. Given the vectors 2 dock on time 3 hioat would
a=6i—-2j, b= 2+ j_ and harve o roww 57 upstream at 3
c=3i-5] ook velocity of 30 kon'h if no currens
(a) |3“+'!'_3E| TWaS present. It'lhzmls

o 25 lmvh, what velocity and

(b Scalars fand &1f

g + Kb =4 - -J'i'- direction mm=t the boat tranelled?

1. Draw a regular octagon ABCDEFCGH, where AR =g and A =5

1. Uszethefimmein ] shove to express the following vectors intenm=of g and & .
(a) FE (b) ED () BG (d) HD

3. Draw the rizht — anzled miangle PQR. the point 5 divides FR. =g in the
ratio 1.3, T divides R} in the ratio 3:2, and PO =5 .
4. A soimwmer wizhes 10 cross a river to an exacthy opposite point on the far

bank. If she can swim 5 kon, what angle to the bank she muost maksT Uzea
zcale drawing and verifyv the resalt by caloolation,

e
1
— 1
—_— L B4 P T R e D @- L
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Chapter Seven

Matrices and transformations

A matrd represents e way of writing Dybrmarion v ecoamsulor @rgy of
mombers, nombols, oud expressiovs. The Dyvrmation & represered o ows
d columwene to Simpiff uwadersrudivg avd biterpreting of the quasrities thay
represert Tn this chaprer, vou will learm basic operarions om MPIces such
ar akdivion, subrraction, ond muinipiication, calowlaring determiiasr of
marrices, fouding the pnverse of matrices and applving muarices i solving
will help vou m different flelds such ar busivess, engTHESring demoSrapiTy
@ —

Crperations on matrices

Activity T.1: Determining the number of rows and colomns m a matrix

In a zroup ar individually perform the followine tazks:

At 3 certain  Secondary School, everv claz: has four streams: Form Omne class;
sirearn A has 35 stodents, stream B has 30 student=. stream C has 19 sodeni=, and
stream D has 34 shodent=. Form Two class; stream A has 28 students, stream B
haz 25 stodents, siresm C haz 18 smdents and siresm D has 10 stodents. Form
Three class; stream A haz 20 students, siream B has 19 stodents, stream C has 17
studentz, and stream [ has B students. Form Four clazs; siream A has 12 stadents.

strearn B has 15 students, stream C has 10 student:, and stream D ka: 22 snadents.
Amrange the streams in rows and claszes in cohamns.

How mamv rows and coburms are formed in task 17

What 1= vour observation in the rows and cohmn: formed?
Identify the number of alements in each row and in each cohomn
Share vour findings with vour neishbours through discossions.

Note: The rectansular array of rows (#) and cohumms () with the order
mynEenclozsed by Jor { L

i °
_| B * wR

bh g | 2 =
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Tvpes of matrices

There ars varion: tvpes of matrice:; this chapter concentrates on the following-

(2) Row matrix This 1= 2 mairis having only one row: For example, A= (8 §)
is & rowy matrix of the order 1 = 2.

(b} Column matrix: This = 3 marix having only one column. For example.
L I
E-llﬁ| iz a cobamn matrix of the order 2 = 1.
R

() LScalar matric Thiz 1= 2 sgoare maix whose element: in the mam
dizzomzl are the same and the rest of the elemant: are zero. For example.

16 07
M-'ﬂ 16 ! iz a scalar mairtt of the ooder 2 = 2.
L J
oo
(d}) Hﬂlmhﬁ:ﬁﬁtamﬂﬁnﬁaﬂwn&lm.m.ﬂ;-;u III; I=
a il matriz or 3 zero matrix of the ordar 2 = 2. B -

(2) Square meatric: Thiz i= a3 marmx having the same mumber of rows and
cohmmns,
4 &

For example P-l o8 | iz a square matrix having 2 rows and 2 coluens

(f) Diazonal matriv: This iz the metri: with zeros elements sxcept n the mam

' ™
diazomnal For example, P'l: E 1= the diazonal meinx of the ordar 2 = 2.

-

(2} TUnit matrix or identity mairix. Thiz iz 2 diasonal or square mairx m
which the mam diasonal has all alementz aqual to 1. An identity matro: is

."1 |:|".
usually dencted by the svmbol I. Thus, [ = | 1= the umit matrix of the

order I = 2. W0 L

KL

AT ES TR ET = R TN * -
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Addition and subtraction of matrices

Two matrices may be added or subtracted provaded they are of the zame order
It iz dons= by adding or subtractmz comesponding elements in each of the gnen
matrices. The rezults give another matrer which has the zame order 2= the onzimal
rnatrices.

Example 71
8 5 ERN
Civen the matrices A=/ | |
6 4) |8 2}
Find: (3} A+B ity BE-A
Solution
B 5) (3 T} _ re+3 547y _(1 1)
l:'::l A+E=- & 4|+|E 1l=| | =114 |5|'
" LA OG+8 4+2) 'w- B

‘g 5y (3-8 ?-5“| |f_5 29
6 4)=l8—6 2-4) =|2 2}

T
@ B-A-|y ;]-

S 0

6 I 4 3
Findthe matriz C. when C=A-B zmventhat A= : El ad B= ;]
LY "..'I
Solation y
6 2y (433
':=-'1_B=l l_ |
‘6—4 2-3
. 1-7 B3
f2 -1
6 3]
2 1
Therefore, C -
(% 53)
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Answer the followmg quesfions:
CREY £
1L EP-l. | amdQ-|, .| thenevalume:
,..1 ey b -
(#) P+Q ) Q-F
Q40 LN
2. Ifthermarix R—|_ _| andthe matrix §- ~ ", find the matrix T
T 3 "_3- 1_.,
machthat R +T=5.
R &) 10 4
i If A= | and B- ;
6 4 L6 4]
(@) A+B ity A-B
4. Find the vahies of L and M in the followine-
L € |’:'. 1“| |*'—1 1] 3 a‘ﬁL
| l+ + =
@ ".._3 1.!' -.._E 4..' 'a.M : -.._ﬁ ﬁ.l'
ERRN (4, =]
5. Ifthematrices A= | 1:II and B=|, . then calculate the matrix C
. - . &
mch that C=A+B.
6. Given the following matrices;
M = T‘H—H ?| Find M-N
{a} -'...I.'D E-ll.?— _Ilh? 5 . bl iy [
i '-. 3
) R ﬁ-,5-|J " thenfind B -5
(=T LT
4 6 5 2
7. Lf_aL-| and Ba| |u:mﬁnﬂ
i ’ 2y
() A+B k) A-B

[r— LGP e FEET = S R TR N * | | :
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i
— &

-

- a b
: Cioventhatp. © - leQ-[ J,ﬁnﬂﬂlewlmnfamdb
if P=Q = .

1 32 1 -1 ;
g. Lf:t-.{_[3 J-ﬂq-[l 3J,ﬁndeajmmemnmmg
(2 M+Q () M-Q

10 mmmpmmmmg i}_[_ﬂl :]

11. Find the vahies of w, x, 1, and & in the following:
W X 1 = -5 &
- -
¥ I i o4 T 4

Scalar multiplication of matrices

A mairix may be multiplisd by a real mmber, whers by sach enfry in 3 matrx
1= mattiplied by a scalar & If M 15 any matnx and £ 1= any scalar (real nomber),
then the produoct iz the matnx obtxined my moltphying each entry of the
meatriz M by a scalar & The metrice EA i= z2id to be a scalar pultple of DL

fa B (ka &
For=mmple, A - " and & be amy constant real mnber then £A -

i3 d'_.. R h::‘l
) 2 1) .
Civen A - find 3A

-..ﬁ 4.!'
Solution
34 {2 1"' (3x2 3=I0 _-"ﬁ 3N
- 6 4) 7| 3x6 3:-:4 T8 1z}

Therefore, 34 = |IE 12f
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7
If W |ﬂnd_ (8 IW () 4W (c) —5W
'w.j El.n'
Solution
= 9 14 16 . 4 7 ) 28 3N
(= ‘|5 o710 18, (8} 5 27|20 Iﬁl
o 5’? By (=35 —401
@ SW==3t5 )=l 25 —as,
Muldplication of matrices

Two matrices can only be multiplied if the mmber of cohmnns m the first matreg
iz aqual to the munber of rows in the second matrix The rnitplication 1= dome ey
multiphvine the elements in a row by the elements in 3 cohmn, and the order of
the resnltine matrot will have the mmber of rows of the first matnx and mumber
& of colonms of the second metrt: For example. if mamrix P is of order m o« w
and matrix O iz of order v = A, then PQ) is possible if and only if @ = v and the
resulting matrix will be of the order m = 1
‘@ e

‘.‘.."J:ual:L|1:L::|11i:~:JfL-;|!il d, iz multiphied by another matrix B =

-
WA
- ™ - LS

the product matmx 1z AB - ,: :L” ;B Y
amy raal mombers. o

In thiz caze, A 1= called the pre-multplier mamx becanse it i= multipliad to the
left of B amd B i= called the post—omiltipher matrix because it is multiplied to the
right of A Brieflv pre—means done before and post—means done after.

Lowhereg b, ¢, 4 e f = and A are

@ ¢ Te g
Consider the 2 = 2 mamice:s whers by A = | I
I'I.b I:i-.l'l I h.Il
fa ey e g1. .
The product AE = x iz obtzined as follows:
ILb 'ﬂ'l-.l IJ h-lll

= LW 4 T R e * -
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Step 1: The first row of matnx A 1= multphied by the first column of matrox B.

That is:
CEANEAT .
|| (e
LS P 'l.ur.l'

Element= of the first row of matrix A are pmitiplied by the comesponding slements
of the first cohmn of matrix B to get the element m first row and first cohomn of

Step 1: The first row of matrix A 1= maltiplisd b the second cohwmm of matrer

B. That is;
-"ﬂ I,_.". o

' -] » '

|  § |- { 2g+ch).
kS o 'l.'FE.-'

Element= of the first row of matrix A are pmitiplied by the comesponding slements
of the second column of mafrix B to get the element in the first row and secomd
cohmn of matrix AE.

Step 3: The second row of matris A i= moktipliad b the first cobomn of maom: B.
That iz;
& b .ﬂ'g'\-\.l ) ]
| = | Be+ g |-
B d) | g of
Element= of the s=cond row of matrix A are pmilbplied by the corespondme
elements of the first colurm of matrx B to gt the clement m the second row and
first coharnn of matrix AB.

Step 4: The second row of matrix A 1= pmltiplied by the second cobumn of matroo
E 1o zet the element in the second row and second colomm of maetrix AR, That is;

Bowio M efenrdoy Por i Pl

' "'\-I o
e 21%1 5
'-.'Er d.rl '\-\.h.l'
Element= of the second row of mainx A are pmltphed by the correspondme

elements of the second columrm of matr: B to get the element i the second row
and second cohamn of matrix AB.

o °
— o e

- (Bg+dh).
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Thuz, we have;
I N e et foge ok
B DA I DA o
S ) '\.l-'r g A —qf'-!?"g—lﬂf_l.
Fop—mulee i Posp-smolsellyr Feagug:

Note: Matrix multiplication is poszible when the momber of columns in the
pre—oultipher matnx 1= equal to the nomber of rows m the post—pmltpher
matrx. Alzo, the mmber of rows of the pre—rmultiplier matrot becomes the
number of rows in the prodoct matrnix. The mumber of columnsz in the
posit-muliipher mainx becames the mmber of cohmns m the product matx.

Crenerally, if the pre—pmitiplier mairix has order m = p znd the post — pmitiplier
meairix has ordar p = % then the prodoct matres will have ordar m o«

el

& (2 3 (s I
Given A= and B-| | thenfind AR
\ -,_3 ﬁ.-'

-

|.ﬁ4 5

"2 5% 5 Y MIx5+5%3 2w2+5wb

2 33 6] Lansrs 4rzsses)
h A N, A = g

1

(10+15 4+3n“|
=0 B+18,

(25 34

0 26)

f}j 3_4'“.
|15|. jﬁ_J'

—_— L G TRERIT Ry TEET - g N *
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R &

E 2020

2 13
If A !, then find A2
3 4
Solution
, [2 l“xl": 1 [2x2+1%3 Iwl+lxd)
o3 43 4
+3 247 [T &
|ﬁ+11 3+16) {18 19
7 6"
Therefors, A% !
118 19)
il
Ghven A=’ : F
8 ﬁ
Solotion
e ™ 6 -1 l’gxﬁ— P =2) Bae—1)+ TS5
@ AB-| | ] )
8 6! 12 5 kExﬁ—ﬁHi—l] Bf - 1|+ﬁ:-t5
|’54-14 -94-35’*1 40 Iﬁ|
48-12 —8+30) |36 22
40 283
Thersfore, AB—| |
|'|.:lﬁ ﬂ_.,

i 7’1 EuD+(-1) 8 6xT+(-1) x5
-.{_1::' mQ+53xE (L =T+5 |-:ﬁ_..
46 360

(6 -
() EA'L—E 5]“

f54-8  42-86 \l
1—18+40 —14+30)
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46 3
Therefore, - i
man( ] l:]

Note: AR = BA_ This means that matrix plophication 1= not comnmitative with
excephion when a matrix 1= multiphed by an identity matris that is, AI=TA or
when a matrx 1= muliiphed by 1= imverse.

.-'4 ."- -

3 llq |1 1|mp‘ |ﬁ a|
Find: (2) P{QF} ) (PR
Solution

Criven P

N W N
|1 1} Lﬁ E_J
C :‘* (27 37
|x| Qi 153|

| o 126

130 178
Therefors, B{QF) = ]_
LDE 124

4 v M3 s T
(&) (PQE. = | > | I
3 1l 116 8)
(14 lﬂ"| |f' T
'Lm 6 a
130 1.a‘~|
192 126
130 173
192 126)

Note: Since BQF) =(PQIE; hence, matrix rmifiplication = azzociatve.

LU S A T R D T * _

Therefors,
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Tdentity matrix for multiphication

The identity property fior matre: muoktiplication i= swch that for amy square matree
A AT=T1A where I iz the matrix prmlaplicative identity:

el

(2 &) “a 1 o
Given the matrices A = | B- |1- ﬁLmﬂI | |

1. Find:
13 1)

(g) AI and 1A (b} BI andIB.

241y 24
3 1) lo 1)

10y (2 4 2
o 1) 13 1)

Exercive T2

Answer the followine gquestions:

Bowio M efenrdoy Por i Pl

1 Given A=(3 4) andE-[iJ-Fhﬂ:(:} AB and () BA

) 2 1 - 37

2 G:wal.l’L-G 5],3-[_1 l}mﬂﬂ-[ﬁ _E].Fmd.
(a) AB &) BC (C} AC
(@ CA (&) A° H C

i °
— o e



— [T T B E‘Ii
JGhLGPMfl_ImdNrjﬂ'ﬁuﬂ
- 'lkl 5J|’ 'L—l 1) 6 —8) ™

(2) 3L-2M 6) AM+6aN () M-
(dy S(L+MD) (e) SL-AD
|.-"5|. -,-'-.l |r5 ™ 3 4
4 Usinz the matrices F = . 5= ,and T=|. _|:find
8 6% |4 2 0 5
(#) R{5T) {0y (B3)T
4 £ _ (30 —2
. GvemA- B _lamdC- " _| Fmd
2 1/ o 3 4 5
(8) A{E+C) (B} AB+AC
(c) Ismatrix rmbplication distributive over matrix addition” Give reasons.
6. GCivenE |xEI et e |€ﬂ Yomam |ir1 Ijlﬁ|
B . = --.] or --|uu _]..J: --._1 0F -un l..-.
Find: (a) EF ) GE  {c) EH
o 4 T o ooy (4 3
. Fadk@ |, =, ) ® 1o 1]“': 1]
(% P r L (%
|*'-5 -."-'*| 1.0 10 |’-5 -7
AL
@16 2[00 @lo 1J s s
g 17y f2 - 36 -18) (-1 -2
@ | x| | @ | =l
13 -14) 11 4 - -12) |3 -4
1 1)
107 -
8. Giventhst H-| gk | ? 2 | pa
0 -1) 1 -1 |
W2 )
(£ HE (b EH

—_— ; L B4 N T S e A
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. (%) Caloulatz AR in sach of the followings -

1 17 _ o -1 3
(i} A=) amd B-| _| (H) A= ] and E- |
'-.1 I:I_., o d '-._:I 0 -.]..I
1 0% r1 S I
() A= | mﬂE-l ] ) A= | and B=] |
'-.] _1.-' u.i u.':' 1.-' '-.1.-I

(b It it possible to caloulate BA in each case? Why?

i (0 -1 6 5
? flma Ba | Find: A if AR~
b d o)

10. (&) Civen A-
|h4 2

X -l
®) GivenPo| = %) and Q P T\ g Qif PQ |r'1 =)
'-,h4 ;J' 'L.g- ;J|= & —6)

f4 3 (5 3

1 ra-!’ ?! maE- _Find: (5 AB () BA (o) A°
3 z2) 32
=5 4 7 -3

12 X~ |m|ﬂ'f-| _Find: (&) 3X+2Y¥ (b) 4X-Y
3 6 8 2

ks

o 4 Ky

13. IfA| and B-| ~ |- Find:{z) BA {t) 3A-IB
3 6 5 2
- 77 0 5

14 IfR-| . _4J|:l1d5-—|k_l ﬁ;.l-_md: {5) 4R (b) 3+ 2R {c) 3R
o -y - -
12 - 2 15"

LK X-| | amd ¥-| | Fnd
W0 7 h =i

(a) XY ) X (6) X+3Y
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Determimant of 2 matrix

Determunant 1= a scalar nomber that 15 the function of the eniries of the square
matrix. Determinant of a matrix is obtained by subtracting the product of the
enines of the anti—diazonal {or off — dizzonal) from the product of the entries of
ttemindiaguﬂal-kmlemij.uzdjammljmdisdemtedhﬁ'm. or det{A) where A

"-\.

amv % = % mairin. Given A -|

- -ﬂ_ﬁc.
: 4

& Detenminants exist for square mairices ooy
For example, (2 = 2}, (3 = 3} ..., (7 » #); where neld.

I o

& .:1”
Then,

Ll ™y - Y
Given _-1-|1 I|:1i|:|.:|L-’L|. | | Find the determinart of A = |‘1 nm
2 4 | -1 12)
Selution Solution
1 3 21 1
= ] L
= [1x=4)—(2=3) = 21=12—{—1=10
-d-d =252 +10
-3 =262
Thersfore, |Al=-2. Therefore, |4] = 262.

LW 4 I T R M e * _



Examaple 712
2k 25"
¥ T-|2
|20 4k,
Solotion
BE —500 -
3 =
o=
E=

| find the values of & given that [T| = 300.

i-dli{:lﬂ =+10

Singular and non-smgular matrices
If the detenminant of 2 matrix 1= zerg, then the metrix iz called sinsular

-

For example, P'lq ,
LS .

Therefors, P iz a sinsular matrix

. then,

For example. Q _f

I'L.u

Bowio M efenrdoy Por i Pl
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IPlag-8=0.

becan=a its determinant is Tero.

If 3 matrix has non—zero determimant. then the matrix is called non-—sinsular

]"'.
. | then, | Q|- 24-6-18.
Then Q1= amnﬂ.ingula;mm'b;l:ecmse Itz determinant is non—zero.

Crenerally, if R “or | where g b, ¢, and 4 are any real mumbers, then B i= 2

Lﬁl d.-'

singular matrix if | B | = @d —bc =0 and non—zineular matrix when

| B | 2 —Be =0



— | T T T @ E‘Ii

Exercine T3

Answer the followmg gquesfions:
In questions 1 to 10 caloulate the detenminant of the matrix and state whether
the matroy 1= sinzular of non — smaukar,

1oy " 3

'q_l 4_., W =4

(52 587 0 -1
c T o 4. D= |

18 17 R

1 6 F-20 -1
5. Em|_ .| 6 Fa|

=3 13 15

o 0 D11
By 5 e H'ln 11|

'-.'4 5.-' 3 ¥,

125 -18
D, J=| . |

13 =5

fa B )
10 T=| - where ¢ and b are any real munbers and £is amy

B e zero real number

Fa 107 _
1. (5) I.t']{-| oo - ind @ given thar K= 10.
L5 o

II"'l
b} HL-[‘“ | & fnd x given that|L| =3,
-

x
_ “x+l x-1% . )

() Giventhar A w  x | iz a singular mamix, find the poszible
valmesof x. o

—_— KL
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Ioverse of a matrix
The imverse of a 2 = 2 matrix A is another 2 = 2 matrix denoted bv A~ such that

1 0

AAT w ATA T whers [ - ' is the pmltiplicative identity matrix

IR

Properties of inverse of matrices
Let Aand B be matrices with A" and B~ respaciively. The following properties hold:

1.

AAT o A7'A o1 where I is an identity matrix.

2.  The imverse of matrix A exiztz if and only if A i= 2 non — sinsular metrix Le.
|4 =0.
1
3 EﬁEﬂH:l};ﬂlﬂﬂAEMﬂﬂgﬂl&lMﬁ;kﬂﬂ:&,miﬂmm&E
A~ does mot exist
s (AT A
5. [AB)” = BAT
‘a ¢
Emslﬁaalhlmm_i-“ d;wha'e a b, ¢, and 4 are amy real mmbers.
W S

i

Let the imverze of Abe A -:‘: :| where p, g, 7, and 5 are amv real mmbers,

Since A 4~ =1 then |

L% |

‘a cYy (p .r"'| 1
i -| |

& ) g 5/ ‘0 1)

e
(ap+eg ar+csy) 1 00
.'-.'!"F_fi? .!i-r—d':J ) |u.':' ]J
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Egquating comesponding elements we obiain:
ap + cg=1 (I
bp + dg=0 (2
ar + 5= (3)
br + d5=1 {4)

Veneedtosolveforp g r andsimtermezofa b, ¢, and 4
MInderphy equatton (1) b b and equation (2) by o we gt
bap = beg=0 (3}
akp + ady=(0 )3

Solving equations {3) and (&) sipultaneously we get
bog—ady =5
—{ad— bc)g = b, factonzing —g
Hencz, g= -*
& ad -
Mulriply equation (1) by o and equation (I) by ¢ we get
ads + cdg=d M
bep + cag=0 (8}

-, diiding both sides by —{ad ~ bc|

Solvins equations {7) and (8) sirmltaneously we get
adn — bep=d
(od — be| p=d, factorizmz p

d .
- : iy both zides by &g — be
Hence, p -y Ading i

Multiply equation (3) by & and equation (4} by a we get
abr + bez=0 (%)
abr + ads=a (10}

AL B N T N e * -
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Solvinz equabons (0 and (10} simulianscuszhy we get
bes — ads——a

—{d — Be)s=-—a, IZnE — 5
(ad — bclz=a, mubiphing byv negatve sizn both ndes

Henes, f= . dividing both sides by ad— be
ad — be
M Indeply equaton (3) by o and equation (2) by ¢ we g2t
adr + cds =0 (11}
ber = cds=c¢ (12}

Solvinz squations {11) and (12) smmitaneonshy we 2et
adr — berm—i
(ad — B}y = —c , factonizing »

Hence r=—— _dividing both sides by ad— be
ad— b
" od - ; .
ad—be  ad—be 1 [d —fxl 1/d -
-1 = - —
¢ e P R T A A
| ad-be  ad-bc
fa
Generallv, in order to obtain A™ for a 2 = 2 matrix A-|_& d| ome needs 1o
uza the following step:: R

1. Imterchange the element: of the leading dizzonal

2. Change the signz of the clementz in the anfl — diagonal if the slement 1z
positive becoms negative and vice — versa

3. Dmide each element by the deterrminant of A.

Bowio M efenrdoy Por i Pl

Imverses do exist for matrices having non — zerg detenminant. Simsuolar matrices
have no inverse bacansze they have zZero determinant and divizion by zero &= not
defined

2 N
Conzider the tao matrices |

T
: and | :
13 5, -3 1r
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the product of the matnces 1s:
(2 3“|x|’5 -3‘“_5’1:]-9 —ﬁ+ﬁ“_|’1 u“l
35/ 13 2) 115-15 —o+10) 0 1,
The product of these two matrices zives the idsntity matrix.
¢ REN (5

IfA- |T.hEn| )

-
,__J

"

—3

2 | iz kmoravn as the mrerse of matrm A and §= wrdtten
-

Therefors, finding the imverse of a matrix can be done in o ways:
(1} By sinmltansous equations

(i) By fonmula
. -"] 3"'| - t.A:'i_\-
E-r'ﬂl!u:’ln-z4|=.ﬁmt (@ A~ @) &
L &
Solntion
& s) N 1 3“| A 1 3\1[’1 E] |*'".f 15*|
o2 4) {1 4! 12 4) 10 22)
=l 4—2x3
1A .1 (22 15
-1 then, (ATF —ml_:m -
L 3 - :
= 1|’ —3] 23 .1 [z -15]
212 1 vl 154-150 | -10 7
2 1( —1?|
(e 3 “4l-10 7
Therfors, 47= T | 1 15Y
1 -= R
L 9 = _5 i
w2 4
‘i 15
Ihueﬁn,mlj-i_:'-i -
L2 2

L B4 P T e

- O
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Which of the followins matnices have mverses?
1 3 (85 157
E- C-
@WE=|, 4 ®C-| 5 1)
Solution
; - —G—f=—12, Since |[B =0, then 5 exist

3 15
(B} Id-ré _17J—lﬂm—lﬂlﬂ=ﬂ,ﬂi1celﬂ1=ﬂ,ﬂmfldmmtﬂii

Fmdﬂuemnfmhm.-tgnmﬂnﬂ_ﬁ.-|
Solution Gy +3z=0 3)
By using simmltansous equations: ap+ =1 (1)
Latlfﬁ B |"1-|s I'_I.-']__"l u] Iﬁf_lﬂﬁ;ﬂ}jingm{"r}hﬂmd
2 3 x ) {01 slmunating 1oz

w + Bxr=1 m _i L=
Iw+3x=0 @ o=
Nliphving squation (2) by 3 and S
eliminating W gives: Hence, z=3.
_ | e +8x=1 Substitoting == 3 mto equation (4)
Iﬁuwx:u sives

=1 2y +0al
Hencs, ¥ =—1 Iy =—8
Substitmting x - —1inteeqution (1} g, w4
gives: r3
fw+8(-1) =1, 6w—8=1 Hg=0 -2 4

5 i Therefore, A~ = 2 l

Hm:r;_w=i. Y.




E s
If Z-|] J|ﬂ1m;hmsﬂ1135—ﬂz+l?l={l,mdhd£"i
'w.:l 4.|'
Solution
2 -3} (2 -3 (-5 -1
Eall s l=lie o |
'-..3 4; ,l__'l 4_., ,‘_].E i A

2 3% (12 %)
""_LJ 4! 118 :4J.|
(1 n‘t_’l? 0
o 1) 1o 17}

AL 04 (1P AT R Ml E M * -
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7§71 = |"'—i 18y 12 -18 _ 7 07
' 18 T ) i18 24 L0 17)

(=5-12-17 -18+18=07)
T118-18+0  T-24417 |

|-"|:]| {:I"'|
0 0,
Hence, 7 -6Z+171 =0 shomm
7 —
— - - 17
2-f o+
"4 3
- ™ m—
4 3 7 17
3._1_l_| ) |_ 17 1
]lllﬂ__:l _ii
L 17 17
(4 37
Thesefare, —~ _ |17 17|
302
v 17 17
Exercise T4
Answer the followmg questions:

In guestions 1 fo 10 deternmune whether the following matrices are smaunlar or
non — singular. Hence, determine thedr irmerses.

C-I:IS 11]

30 24

i

L oaf* 4 e
4 4 -1 1
0 7 ) 3 4
4— - - ﬁ- -

-5 ) o=l @)

o

,4
3
% 5
N
"
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10. _|b

LS

11. Usine the matrix in question 1, find: (g) (A%)™ (b (A™)™

ak"
- | where g & and & are anv real mmbers, & not eguoal to 0.
4

12. Using the matrices in question 5 and 6, find: (3) (E™)Y (&) (F°)
(4 4 -
13 HN-| |, then find the value of N° + 6N -18I where Iisan
identity matrix -

Activity 7.2: Solving simultaneous equations by using matrices

In a zroup or indinvidually, perform the followins tasks:

Given that each kilogram of food M contains 10 units of calchum and 4 umnits of

iran. Each kilogram of food I contains & units of caldwm and 4 units of iron,

and the mix of M and W contains 92 unit: of calchum and 44 unitz of iron.

& 1. Ifthe variables x and v represent the number of klosrams of food M and
N respectively, then uze the given mfonmation to forrmulate the syvtem of

Tran=form the svstem of inear equations into matrox fonm.

Find the determinant and imyerse of the matrix.

Uz the myverss n tazk 3 to find the normber of khloerams of each food

Share vour findinzs with your neishbours for more inputs.

o

Use of matnces in solving simulianeouns eguations

hIatrices can be usad for solving simmltanegus equations. Consider the product
."ﬂ I,_."'. I.-'-_L_'--_

';!a d.; andalw« ]lmamix | | wherea & ¢ and & sre amy

i A L

real numbers and x and ¥ ars real vanables.

of a I w I mairs

B o

¢ b o ' .
'I h-”! 1 a s ] X : &l + E‘-" ]
1 b d Ix | 1. | - 1 -!EE - I:il- I.
e - i W -
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The clemeni= of the product mairx are hnear expres=zions.
The general svtem of linear drultanecns equarions has the form-

@ZTy=p
where p and g are real numbers.
For amyv svstem of simmltaneons equations a matnx method can be used o sobve
for x and ¥ provaded that the detenminant of the coefficient matrix 1= not Daro;
thatiz ad —be =0

The coefficient matrix of equation {13) iz | T © |. The svstem can be wrirten in
matrix form as follows: b od)
‘@ e ’I"l |'er'

| x

'w.& I-:I'r.l'. 'a.l-ll':.-' kS q .-'|

1. fd =
ad-bc|—b a

The imverze of the mamrix of coefficients of x and ¥ is:

-

Pra — pmitiply the imverze matrix on each sids of the mamx equarion”
1 [d —c“| |ra ey (xy 1 [d —"-"'lxl'fP

=
o4l iyl ad-bki-b a .__.;rfJ

ks

™1

=
ad-bc| b a

Focall that A4~ =A~A =1 for amy matrix A Then:

Bowio M efenrdoy Por i Pl

1 I:h':-c a0 1 ;’@—cg"‘l
0 1) ¥/ ad-bclag—bp
(do—cg”
|’x“ ad —be
)| ag-bp
ad — B

Therefore, -lrdﬂ_cq*.l . _lrﬂ;,_apx

provided that ad — be = 0.
l‘_ﬂ_ﬁc._l 'H.M_Iﬁl:.l'
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Use maitx method to solve the followins smmultanecns equations:

Sx =6y =11
Tx+ By =13
Solation
5 6y (xy (11
I|1|:|raj:ri:r.ii'|a:|::|,ﬂ:lﬂE_Ir'l.l'tulzl:uuudE'E«qu.':ﬂ:innnlll:-EI:H:l:lJﬂ|,.r |’"| _|-,
5 & 78S ) DS
Let A=|’ 5| then [A|-0-22-2
W &
= 37
. 18 -4
Thm._ . p— _ _ - 7 5
E.H__ -_'l_.. - ——
2 2
Pre—mmultiply the mverss matrix to both sides of the mairix aquation 1o 22t
i b i T
(= 3 s e (3 an
O . R £ O L B B .
t= — 1 \7 8} ¥ 1= —=1 115
L2 2) S I

r-l {:I" rI'-. _,-"]'-.
'n.l:l l.ﬂlx 'n.-l-‘:..'-l"..]..J
(x} (1)
67 INEY,

Therefors, x =1 and y=1.

KL

T RN TEET = TN ] * _
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Solve the following sinmltanepns aquations by u=sing mairix method:
4x +1¥ =
x+3y=35

4 T

|'; j-{#xﬂ—ﬂxl}-li—l—lﬂ
(4 1*’3 —:] fo3 4o
3) mk—l 41101 04

EATNL
v in]

W

The imverse of |

4 2
The matrix equivralent o the eguation i= | 1 _,]

3

Fra —mliphimuaemmi:tntmﬂuidﬂﬂfﬂﬂaquiwmm

(03 02} | *’x]_fnu -0} _(40)
01 04 J 01 04 ) {35)
thus,

1 0Yx) (3

0 1fx)" {10 J

Ll'(m

Therefors, x =735 and = 10.
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A busines: person i MONRMS 3 SToCery near 3 certam school. She 1= sslline pieces

of caks and soda. Each piece of cake costs 1 300 shilling=s and each bottle of soda

casts 500 shilling=. In cne afiernoon. the person made atotal of 2335 500 shillings

b selling a total of 225 pieces of caks and soda Use the given mformation to:

(2) Fommlate the svstem of simultaneou: equatians.

(b} Transform the svstemn of inear Srultanecn: equations m 2 marm fonm.

(c) Find the imvarse matrioc m part ().

(d} Use the imverse obtzined in {c} to find the mamber of pieces of cake amd
bottles of zoda =old.

Solution
(@)  Letxdenotes the mmber of pieces of cake zold and ¥ denotes the mumber of
bottles of soda sold. The system of hnear sirmmltaneous squaton becomes:
1 500k + 300w = 235 500
x+y=2125

(b}  Inmairx form the svstem of linear smmiltaneous equations becomes
(1500 5I:H:I"‘x_f'x“"_ "Ei:zjl}lil"l
L1 )7L 25

"y
() LHJ-lquD 300% then |1] - ‘ DD|-15DEI—5EI{I-1EH}III

- 1.1 -5007%
mm[ 1 1500

(d) Pre—mull:ipl"r' T toboth sides of the a:[uiwleu:teqmﬂ-:-ni:n(h}

| -50071500 S00%/x} | —3007 255 5007,
10001 -1 15001 1 1 fx) 1000(-1 1500/ 225 )
|’1 u‘-“’x“' 1 1-43cm|
0 1)ly) 1000\ 22000 )
Y 140
,H_LF__,-l,‘_EE__.l

Therefors, 145 pieces of cake and B2 bortles of soda wers sold

‘
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Exercese T5

Answer the following questions:

Solve the following svstem of simultaneou: equations for guestion 1 to 8 by

uzing mairix method.

l. 7x-2¥=2D 2 x+2y=12
Tx+ v =38 Tx—4v =l

3. 10x -3y =36 4 4xr-l1=7
Gr+ 3y =18 dx + v =4l

5 Hxr+3y=18 6 x-Ty-l=0
T+ 8y =44 S5x+ 17y -37=0

7. X =3-0¥ 8 Bx =—2¥+13

& ¥ =0y 16+ y+14=D

a cow or a chacken. If the domestic animals have the total of 200 legs, use

mairix methad to find the momber of cows and the momber of chidkens which
the Twornan oo,

10, The sum of azes of the father and her danghter iz 52 vearz. Eisht vear: ago
the age of the farker was 5 times that of her danghter By uzing the mverze
mafrix method find the ase of the father and her dauzhter.

11. Jesca and Allv went to the market to buy tomsatoes and onions. Jesca had
160 000 shallines and Alh had 208 000 shillings. Jesca bought 400 tomatoss
imverse matre: method. find kow rmach did they spend for sach item.



i T EEEm & E‘Ii

Tramsformations

Activify 7.3: Rotating an object through 90°

Resources: white papsr, a raler, and a profractar.

In a zroup or indinvidually, perform the followins tasks:

1. Trace s paper and copy the shapes as showmn in Figure 7.1, Usze the tracms
paper to rotate each shape half a tom about the pomt marked with a dot.

(=) (&)

(<)

.
Figmre T1: Sextionary pomts

2. Potate each of the shapes in Fizure 7.1 a quarter of a tum anticlockwisze
about the pomt marked with 2 dot Draw the x — axis and ¥ — axi= in the
puddle of a page =o that x and ¥ take values from —& to + 8. What have
vou observed?

Draw the mmianzle ABC at A¢1, 3), Bil, 6), C{3, &); romt= ABC through
20° clockwise sbout (0, 0) and mark A" B C'.

4. Drawthe trianele DEF at I3, 3), E(6, 3), and F(6, 1); rotate DEF through
007 clockwizse sbaout (0, 0) markk I E' F.

3. Duraw the miangle POR. at B(—4, 7), Q(—4, 3}, Bi-1, 5); rotate PQE through
20° amticlockwize ghout (0, 0} mark P B

4. Describe what have vou observed in tasks 3 to 3.

7. Share vour findings wath the whole claz: through presentation snd

‘
L GTRERIT Ry TEET - g N ] * =
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A tran=formation i a plans 15 a mappms which shifts an object from one posrbon
to another within the same plane. Examples of ransformations in the xy — plane
arz; reflections. rotations. enlargement, and translations.

Consider 2 tran=formstion T and any point Px, 1) in the xv — plane such thet
T maps the point P(x, 1) mito the pomt P'(x’ ) 2z shown m Figure 7.2, Then
poimt P'(x’, 1) is called the image of P(x, }) under transformation T. In Basic
reathematics thiz mapping i= danoted bv Tlx, ¥] =T{x), ¥} whichread= T of (x, ¥)

iz equal to ordered pair (r, 1),

j__________ M. w

y

Fignre 7.2- Tramgfrmaiion of a poind i the Xy — piave

Eefiection

WWhen loplong at 3 mdrror the real face of the observer a: far as in fromt of the

mimmor the mmage 1= behingd the muoror. In

addition to thiz, the size of the imazs i

equal to the size of the object (S2e Fizure 7.3).

blircmr

ll

@

{Hjec -

q

] e

Fizure 7.3: Reflection on the mirror
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In Fizare 7.3, the object &= shown at a distance & from the mirror. Smalary, the
ImnaEse js at 3 distancs 4 froen the mimor and the line joining corespondines points
of the image to the object croszes the mirmor i at nght angles. Therefore, the
mirmor iz 3 parpendicular bizector of the lines joinine corespondms points from
the object to its image.

A transformation in which the size of the image i= equal to the size of the object is
called zn izometric mapping. Feflaction is an example of an isometric mappins.

-l

Find the imaze of the point A(2, 1) after 3 reflection in the x — amis.

Solution

Flot point A amd itz image A" such thet AA” crosses the x — axis at right angle:
at B where AE =A'B as shown in the following figure.

vk
@ 1 F-=-=-=--- ________________.ﬂ-:.jl ]-.I
= | G L
| 1 i S
I AiE, 1
Y

The fizure shows that the image of A(2, 1) under a reflection in the x — axis is
A'(2, -1). The notation used for a reflection i= the letter AL

Therefore, M (2, 1)=(2 —1) means that the reflection of A(Z 1) in the x — axis is
A2, -1). Similarky, M[x, ¥] =M{x. ¥} means that the reflection of point (x, 1) is
point X’ ¥).

LW 4 T R e * -




Find the mmaze of the point B(5. 4) under a reflechon m the ¥ — axi=.

Solution
Rafer to the followins figure. Draw BB’ at right ansles to the v — axis at C,
such that BC = B'C.

vk

-'_I

IF0- 540 [H3.4)

61l 0l A
ke

(]
T i R Y

3 % ¢ —J o] 1 ¢

£
=

The ziven fizure shows that the imags of {3, 4) under a reflection in the ¥ — axis
is (=3, 4).
Therefors, M, [3, 4] =(-3, 4).

MNow consider the image of the point P{x, ¥| when reflacted in the line inclined
at an angle « paszing throush the ongm. Then, ¥ = xtano where tA0Q 33 the
gradient of the lns (See Figure 74). Draw vector OF inclined at § with the

Bowio M efenrdoy Por i Pl

coordinates of P being B x, 1), OB ' iz the image of OD under reflection an OF.
By the phyzical laws of reflection 7 1= perpendicular to the line of reflaction.

o
—_— i o wr
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L}

Line of reflection
d

Rix: Q

x

Fizure 7.4: Rafleciion gf a iine

In Fizare 74, POS=P0S=a—5 and OP i egual to OF. Draw PQ

perpendicular to the x— &= at §. From coordinate geometry the coordinates of

Q are(x, 0. OQ = x and PQ = ¥. Trianele OPQ i rizht — anslad at .

Hence, r = OPcos S and y — OPsin § - Now, draw PR perpendicular to the

x —axis at B Then the coordinates of B are (x, 0). Length of the line sezment

OR =x' and lensth of BF' =¥. AOPR is right —ansledat B .

D'0%=D0% = - /. Since refection iz a0 isometmic mapping, angle

PORma-f+a—F+f=la-F

Hence,

¥ = OF cos {2a— 5)
-ﬁ:n;(la—,.ﬂj ince OF - 0P
-ﬁ[m?.ﬁcm,&ﬂmhgin,ﬂ]

= 0P cos Foos 2o + 0P zin F=in 2o

LW 4 T T R e T * -
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But, x= OPFcos § and v-OPzin f
X' = xC0s 2+ yEin 2o
Ak, V' = 0P| 2a— 5|
— OP[sin 2@ cos §—cos 2asin ]
= OF sin 2 cos §—OP cos Zeesin §
= OP co= f5in 2o — OPzin Foos 2a
But x=0Pcosf and y-0P:zinf§
Therefors, 1'=xzinldo—yoosla.
Thi= information can be summarnizead as follows:
If Mis areflection in the line inclined at o ten M[x:y] =1, | where
¥ =xoasla+yuanla and ¥ =xanla—yoosla
These two near equations are called the transformation equations for reflaction.

In a matrix form these equations are written as:
¥ (oesla =mle ) x

]

T .-I

JF ! lsnle —oosi:)
 [oos2lx  =mla _ o _
'Ihemm:m:| : ~ Iz called the matrix of reflection in the line
| Sinle —coslc)

nclined at angle o passing throusgh the onzin,

R

Thec:u]]m:llmalﬂ:r::: is ths imsg= of |rf| wmder the wransformation M1 Tha
R e

B

[

cuh:mumm:n:z| |anualtuﬂle;munn1=a:m:|_x,}'|mimumnls
1: - i
s

o
called cohann vector. Similarly, the cohmn matro: |i| 1= equal to the position
b

vector | x', ¥°).



Solotion

&
d

Find the image of the point A(L 1) after areflection in the line ¥ = x.

Gradient of ¥ = x is 1 {Ses the following fizure).

e g5

Since the gradient of the Im= ¥

Hence, 11 (cos2a  sinla
“{snle —cosla

N s:inmﬂl |’u- 1“|
S | =n00° -cos90°) |1 0
) EATN N
Given |1r_|-.1|
s
(X o1y 1Y (0+1)
e fl-LI 0/ 12/ 140}
C P St S 4
[x |’1]
W

Therefors, the image of the point A (1, 2) s 4'(2,1).

HY

=x 151, then tana = 1, whoch gives @ = 437,

|

N ER TR ET = BTN T

KL

°



E "

Bowio M efenrdoy Por i Pl

Find the imagze of the point B{3, 4) after a reflection in the line ¥=—x
followed by another reflaction in the line ¥ =0.

Solution

Let M __ be the reflection in the Ime ¥ =-x and M be the reflection in the
lme w=10.

Then M, __ ={r. ¥}and M ¥] =" ¥)

The gradient of the line 1 =—xis -1

vl

¥i=—aI

Then tana=—1 which gives & =135° as shown in the srven fizors,

" coada =zinla | (coe270F  =im270° ‘*l
»="lsnla —cosla) \=m1T0° —cos270°,

\ f{:l _1"-.. l"'I _|"'3"'|
}'-I_I.__.!'-l _ | -ﬂ' | - -l 4 |
1 0} ¥l o\

e b

fx7 o - ]l’T. |’—4‘.

.'-.J'-. .-'. |u._] o u.'q'.-'.

Hence, (¥, ¥ = (4, -3).

= |
—3
LT

L
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The zradient of the line ¥ =01z 0.
Then tena={ which gives & =0° a3 shown i the followng fimure.
-- ‘cos2a  sm2e  (cos0®  sm(® "'l

* |smla —cosla) | =m0f —cos0F)

1 oY ™y =AY [ ]
II‘HB,!'.'L—:“ 1| s I.l]-: 3 B ¥=0 -
WO ¥ L -

™ N ooy =4
Hm-f-l' ‘0 _1||_3|-|3|
LT L% L W R W
Therafore (x", ¥ }= (—4 3).
Altermatively: (x",5 )= MM __ {x)) canbe
inferpreted in terms of matrot maliphcaton by the
) _|"x"'t |"1 u’*_x |’u —l"H"'x]
pall V%) ol PR ol WYl
o
1 0 0 —1Y
Where M, = and - |
|.L_III —l] M-""" [_—] o}
In which case the zame resmlt iz obtained:
’1"'"'| |’] ﬂ]x:"ﬂ —1"'_:_c ’3"'|
FA S AL 0 ) Therefore, (x", 1) = (-4, 3.
1 ﬂ] -"“‘”| Mote that the matrix product
- H. -
0 -1 5, MM __ isimterpretedas M,
4™ followed by M, and not vice
'|E3J| versa Hence the reflaction AL
followed by Bl iz eguivalent to
the matrix product M_AL

h TR Ry TEET - g TN f * _
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Find the squation of the imaze of the line v = 2x + 5 after a reflection in the lns
¥=x
Solotion .
Chooze any two points onthe lme ¥=2x+5, P(0. 3) and Q|—%: III]
2

rezpectively. Reflaction in the ine ¥ =x iz govemed b the marrx

- =

M-

sinlz —cosla) Where @—4%°
_ |fm5-r:r=* 5in 80°
| =En80®  —cos®0”,
||I"“ -l'“ul
1 0 o - &l
LetP'(e.y) and Q" 57) betheimageof (0, 3) and Q -3, 0 respectivaly
™ - ; P r
¥y 0 1y [0y 5
Then, -~ | .- x| |-
W)L of i3] o

Hence, (x’, ¥}=1{3, 0}

=% |"'|:|"-

oy w2 [ i
ﬂﬂ'f _? :_"':h: 2= 5t
I.Ll.llr | —_—
e - g -..u.-' '-..:'.-'

' i".
Hence (¢ ¥) = | 0-3 |
The image of the line passes through the points (3, 0) and
The aquation of imase of the line is: -
EY)
¥=0 _DT._E.-'I
x-3 -0

&

5"'.
—_ E_.,' :

¥

|rr=
I

-
|
L
(S T Y ]

%]
i
[*]

Tt

|

=

i

| L

k| =

-d
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Therefors, the image of the line ¥=2x+5 afier a reflection in the line ¥y=x iz

Exerncine 76

Answer the followmg questions:

In questions 1 to 5 write the matrix of reflaction i the shqen line:
0 {the x — axis).

X

0 (the y — axis).

-

ot

X

Ll

Y=

{ such thet [ 1= mclined at 307 with respect to the positive x — axis.

Feflact the pomt (3, I) nthe line ¥=0.

Peflact the pomt (3, ) inthelme y=x.

Peflect the pomt (1, I) inthe ¥—ams.

Peflact the pomt (1, 2) mntheliney=—x

10. Fmdthe mage of the point (3, 4) after a reflection in the line mclined at 30°.

11. Fmd the imaze of the point (1, 2} after a reflection inthe line v =x
followed by another reflecton m the lne ¥ =—x.

1Z. Draw AABC and itz imags AAB'CT after a reflection in the Ine v =x £ A{D, 3},
B3, 00, and C(3, 2). What is the line of syvmmetrv of the two figures?

13. Fmd the imaze of:

(2) thelme v = —x after 3 reflaction in the v—ads

(b the line 3x+4y + 6=0 after a reflection in the Iine v = —x.

=

i

‘
dLERITEa TEET - A T T * =



Rotation

The tran=formestion which shift: a vector by tuming it thnoush an angls & about 2
fixed point O is called a rotation. This is another example of isometric mappins.
The rotation by an angle & about the arigin will be denotad by B WWhen messared
in the anticlockwdize direction £ 1= positive and when measured in the clockaize
direction & iz negative.

Consider the following example:

mer

Find the imase of the paint B(L 1} afier a rotation by 90° about the orizin n
the anticlockudse direct]

Solution

Use zraphical method to locate B[, ') by measuring BOB' =007
mamtminine OQE=0B' a: a radius as shown in the following figure.

& vk
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Therefore, the image of the point B(L 2) under By is B'(-2,1).

o
—_— i o wr
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A more generalized way of obtaming the image |y, ') ofapoint (x, ¥) under
R, 1= derrved as follows:

Suppose Plx, ¥ beany pointinthe xv —plane, find P'ix, ') 2= the image
of P(x, ¥| after a rotation by @ about 00, 0} as shown in Figure 7.5.

In Fimare 7.5, let OF be inclined at ansle 5.

Note: [0B|=|0B' because point Pand point I Lis on the arc of 2 circls
having centre O, with radins OF.

|Eﬁ|=|E151 explzins that rotation is an isometric mappms.

Draw PA perpendicular to the x— axis at A then the coordinates of A are [ x, 0],
therefors, OA =x and AP = .

]
]
"
]
E
|
r
E,
¥

-\..'.
LW
i ¥ L
! I Vi
i { |
i 1
H
: | |
: ]
- = * i ! -
P LB, Alr, 0 *
= E- =

Fiznre 7.5: Rosxrion gf a pobar

= LT R EY TERT = g BN Th * -
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Trnangle QAP 1= a neght — aneled tmanzle at A with POA = 7 2z zhown
Fizures 7.5 and 7.6.
Plx, o)

# []

ﬂ 3 -q

Fizure T6: Triamgie with point P o be roimed

. . ¥

Hﬂﬂﬂ.lﬁﬁl =cozsff and sm 5 = Eﬁl
x-ﬁi:nsﬁ mﬂ}=|aﬁ|ﬁnﬁ

Apain draw F'E perpendicular to the x — axis at B. Then the coordinates of B
are {x',0) , hence, OB =x" and BF' =¥

3 AQBP iz aright — angled 5t B with D'OB - 5+ #. (See Figures 7.5 and 7.7).
-I
:: i
x M, wh
4
& ¥
(]
jred [
i) IR EA

Fipnre 7.7- Trimegls with a ratated poby P

C—
-

E
— * Lo



According to Figure 7.5 and 7.7:
|OF| = 0P| = radins
OB =x, BE'=y
P'OE-f+8
Hence x =|Eﬁ1 cos { F+ &)
= |OB| cos (F+d)
= | OBl (cos Foos §—sin Fzin §)
=|Eﬁ| cos Fops -ﬂ—lﬁlﬂﬁma
But. |Eﬁ' cos f=x and |E|3' cos f=y
Hence, ¥ =xoozf—yzm &

Similary ¥ =|0D | = (= &)
= |OB| sin (5+8)
= |OB | (zin fcosz & + coz Fzin )

=|Eﬁ|5i:1ﬁcm-ﬂ+ E]El cos Fsin &

But, OB sin =y and |[OP|cos f=x
Hence, v' = yoosf+xziné

¥ =xzng+ yoosd

Generally, the rotation of a point (x, ¥ | through ansle & about the origin i= gien by:

R, [x¥]=(x, ¥ where x'=xcosf— yzsné, ¥ = xsind + yrosb.

The matrix equivralent egquation s
|"x“ |’|:u:-s|5' —zin&" H_f':c“"_
¥ ) l=mf cozf ) ¥

= [ LW 0 4 T T RS T R *
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Where |rf.\| iaﬂleimagenf|rrﬁ| —
'w.'-.ll. " '-.F-.L:.-'

throush smsie & about the orizin

-l

Find the image of the paint (1, 2) under a rotation through 180° anticlockwise.
Solution
Bio[x¥] = (. ¥) where
‘x™ [cos180° —siJ.lH]F] " |"1‘*_
3

- 3
__EIIlE EEI!E'_I_

¥ )" |sml80° cosl80°

bk
(2 O
L0 1) l2) -2

o

Therefore, (', ') (-1 —2}-

ey

Find the image of the point (3, 2) under 3 rotstion of O0° followsd by another
rotation of 180° antclockwize.

Solotion

BB (X,5)= (¥, ) first obtain (X', 1) = Roee[%. ]

Then obtain (x", " j=Bag [x 5]

- #1"""| (c0s90° —=in90™" _"':i"'l
o () -[2 -
¥ sm®® ocosBdC ) 12

||
i

(e [0 -Ty [
16 o))
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Ther |r 'x| (cozl80® —sin1807) ; |'r—1"'_
v ) | =mlB0" cosl80°
fI""l =1 07 x_""—f'

.'-.:"ﬂ' '-.|:I _1.-' (Y 5 J

-

.:l
o L

_r’f"-l |f 27

I'.:“ r '\._ 4
Therefore, B R..[(52)1-(2 -3).

Answer the followmg questions:
In questions 1 to 4, find the matrix of _ ’
rotation throush. 9. 27(F about the crigin.
1. 90F about the arigin 10. :ﬁ-[!“ahmrtﬂ:.enrgm.. .
3 o the oriei TWhat ransformation is this?
- _m. 11. Find the image of the point (1, 2)
3. 270F about the origin. after 3 rotation through 907
4. 360F gbout the onin fnﬂnweﬂhmﬂiﬂmmnm
5. 45" shout the arigin bv 270° abmuat the ongin
. 1. Find the imagze of the point
130F about the orizn. @, 4) after a ion at
—20° followred by another
In questions 7 to 10, find the imape of rotation by —1E0° about the
the point (3, 3) after arotation throngh: OrLEm-
7. ©0F about the orizin 13. Find the matrix of rotation in me

3. —130° shewt the crigin ¥=x about the orizm.

LT R [ EG TERT = g BN ] * ”
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Translation

Comsider a miansle 0P in Figure 7.5, The transformation T which maps: triangls
OPQ imio tiamzle OPQY by moving i 2 units in the posifive x direchon and 3
upits in the pozitive ¥ direction iz called 2 tranzlation by the vactor | 2,3 |. Under
this transformation the object size is equal to that of the image.

HY

Fignre 7.8: Traesiarion gf abfect by avector

The vectar Qo) =(2, 3) i= called the vector of translation.

In thiz particular example, TTi0,0)]=(2,3), T7({3,0)]=(5,3) and
THaL]=(54)-

Cenerally, if T i= a translation by a fixed vector {a &) then T maps everv point

E
£
g
:

(x,¥) imto (x,)) where {x°¥ ) ={x,¥) +{ab).

In a matriz: notation thiz equation I3 WITtien as:
."Il"'\- ."I". I".,ﬂ'l"
-1+, |
W

'-«.I-.I': 4 'w.l-.l':.-'




If T iz atranslation by the vector (4, 3), find the image of {1, Zjunder thiz
translaticon.
Solution
Fe et Yy T Cay 4
T[I.'I."I.-I:l I!.t‘w}u.iael ] |I|_,_;-ﬂ'| gn'E"al .]-;-,.| |b'- 21
r 1". -"'4". ¥ oy '-.E'..' ¥ L Sl R N
ul; 3
EY)
(&)
Therefore, (x',3") = (3, 5).

S 020 0

A translation T maps the point (-3, 2} imto (4, 3). Find where T maps:
(b) the point (7, 4).

(2) theornzm

Solution

|l" "'. FI'\ FE"'.
Tﬂ%fﬂ-hfblmm| |}|l§
ar (2. 1) <R, ¥J ¥ ALY
|"'I"'. g

[ (X
) +|.!|-|-|1..']
LT S

o))

-
Gi.'.- | X ( T | |IFI .-'4“'
=1l — -

A 2 . .__.'_l-"r -.3 7.
|.r PRy .-'_3'-._
.__-|1-"_,. u.s.-'l i 2 .-'l
fay T'll
(CIERRY

—_— [ AL B N T R e *

nha%| |]53."iFEI:IIE‘EIf'I1‘EI'.‘I_".1I:Im
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(7

The fixed vector of translation i | | |-

Therefora =
_ ff*-l rml o |"'f.""l|
T{(0,0)]=(x,¥) where | |, = [+ |=i .

@ LD }] Bt LRV RS
I Yy Yy Ty (R

Sl S s |~_f] ) LL' ) |k1;=1_5;| '

Answer the followmg gquesfions:

1. Atranslation takes the ongm to 5. Atramclation T takes the origin to
the point (-2, 5). Find where it the point (-2, 3). Find a second
takes the point: translation 5 such that the
(@ 66  ® 59 Compocition, 31 'eves the cxigin

2. A translation take: everv point a
distance | mittothe lefiand 2umi= 6. A translation moves the origin a

& dowrwards. Find whers it takes: distance 2 units alonz the line v =—
(2) the orizin upwards. Find where it takes:
bR () the point (0, 0)

(2) the poimt (3, T) T

3. Arwmr=mslanion T mape: the poat (3, 2) .

into the point (4, —5). Find where (c} the point {1, 1).

L 7. If s wanslasion T takes the

(2) (0, 0 &} (3,3) arigin to the point (8, 7). Given,
© ©.49 Ua-{-12,12), V= {6, -16),

4 A manslation T takes the orizin s
to the point (3, —2) and a second (@) T[U+V]

tranzlation 5 takes the orizin to

the pomt (-2, 1). Find where:

(d) T followed by S takes the
=TIEHL

by 5 followed by T takes the
=TEHL

(g} T followad by T takes the
origin.

® TU]+T[V]

Find T[1, 0], T[C, 1], and T[L, 1]
if T[IC, 0] =18, 8).
Find the image of the line

ax +4y+ 6=0under a ranzlation
by the vectar (-6, -1
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Enlarzement
The tran=formarion which mamifies an object such that it= imaps is proportionalby
mmcrezzed or decreased in size by some factor = called enlarzement The general

st of enlargement i= '#III ; where ¥ 1= 3 non — zero real nomber called the
limear soals factor. This transformmation it non—izometric,

Generally, the enlarzement of the point {x 1) by the matriz u ;Egmﬂh?
.rx-x: J-; U :"'.'l'.""|. . A

I'-_u'l"l..-I Il:l 'i'-l I-.J’..-I

N

Find the image of the square with vertices O{0, 0], A(L 0}, B{l,l},md
‘s 0 -

'-.l:l 4.|'|-

Hence, sketch both the object and the onaze on the same pair of axes.

Solotion

C{D, 1} umder the enlargement matrix

Fo '-, ,r'-.
Eg.-ue;igmeﬁm1a|{|=-i 01 . [ e = 4
¥ l'-.{:| ‘I'.l '-.-1"

" ors oY
¥ 4 0 ]
o' |

o
- - Q00| =0{0.0
oy - ,r AN
X 2 10 1% I'4
AT - = | hence, A'[4,00
oy '-.l:I 4 '-.D.-' '-.ﬂ
XY (40 [Ty [4

- \= | hence E'(4.4).
¥ 4 '-.1.-' '-.4
oy - ,r B e
. 4 0 oy (0
C'- I_.- | | hence, C'(0,4) .

Y u.l:' "1'_,. '-.1.-' 4

Hence, the imaszs is the squars with vertices 00, 0), AY4, 0) B'(4, 4), and
C'(0, 4).

L B4 0 T e * _
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Therefore, the followins iz a sketch of both the object and the mmagme:

ik
3
T B4, 1]
4
g
i SURANTEY
. ik ' w
- 1 AL Aldod
| l 1 A 3 5 &
¥

Find the imase of the point (5§, 9| under enlarzament by the matrix

Solution
P, b, Y
By uzing the formula Iﬁ —:I n;lr;where k=
1 i oy '-.{:| "-J\.IJ
o
'w.F.-Fr.l'l “ l 'w.g 'w.;
v 3

Thereforz, (v, 1) = (L 3).

L= Lia ] =
L ] et —

"‘-- II 5

+ amd (x, ) = (6, 9) gives
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Answer the followmg quesfions:
ERL)
0 5)
I 3
'3 ol
2. Find the imazs of the pomt (4, 4) under enlarsement by the et 1k
g =1
F 11 o4l
3. Fmdﬂ&eimageufﬂiepniml_i:_ﬁj umder enlarsement by the matmix
1200 -
Te ]
|k_III —lld,l

1. Find the imases of the point (1, 2) under enlarzement by the matrix © =

4. Suppose T i= a matrix of enlarsement by factor & Find the matricz 5 such
thar STfix, 3] = &, 7).
Find the enlarg ement matriz which maps the point (-3, 4) into the point (18, -24).

LAy

& 6. Sketch the image of the triangle having vertices A{1, 2), B(3, 4}, and C{3, §)
30
03

i

7. Dwaw the image of the unit circle of unit radin: and centre O00, () under the

S

eplarsement Fatr: M-l ;.“ 3 |
L) -

under the enlarssment matrin

8. Find the mamx which enlarses the vectar »=(3, 4) to the vector »'= ({15, 200

Q. Find the imaze of each of the following points under enlarsement e

[0
|:|1z|1:|:t:r.T—|'w-']I "-’_,!:
(@) (1,2}

By (3,4

‘
—_— L B4 N T S e * =
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Chapter summary
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1L

Tyvpes of maimices:
(a) Fow maimx This is a2 mainx having onby one row:
For example W =(2 3).
(b Colwmn matrix: This i= a matrix having only one cobamn

3N
For example, M=/ |
'q.q'.-'
(c) Huﬂm%sisljgmmaﬂmm.
Fftemph_l |
'a.“ I:l..'
() Emmmﬁ:l'hisisammhrmmﬂuﬂmnuﬂtenfmzmd
_ 14 &
cobimnz. For example & = |-,_1 e

(2} Ddizzomal matrix This is & square marre: in which all the elaments are
zero except the elements in the leading diasonal For example,
8 0
()
0 12
(f) Unit matrix or Identity matree: This iz 3 dizsonal or sqoars matric m
which the diasonal elernants in the leading diaponal squal to 1.
|I"1 |:|'“.
Fuml&_l-l |
'ﬂ.ﬂ ]..'
(g) Scalar marree: This 12 & square matnx whose element: m the mam
dizzonal ars the sams and the rest of the slements ars zaro.

- (21 0)
orexample Bl 0 auf

Addition of Mamices: Too mamices A and B mav be added provided they
are of the zame order. Generally,

6 K
A=, | ad e-{7 "l
g WwE L
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A+R |’u € |’_|f' F'| |"'u+_i|" ::—F'l
b d) \g i) \b+g d+i)
3. Subiracton of mairices:
Two mairices A and B may be mubiracted provided thev are of the zame

arder. Generally;
, -, ’ B ro _i
fa- °| md E-|'r | then A-B-|* il
Wb d, LE i Bb—g d-i]

4. MNultiplhicatnon of matrices:
Two matrices A and B may be pmifiplied of the number of cohmms of matre:
A 1= equal to the mmber of rows in matris B, Generallhy;

fa K
¥ A-lT " nﬂE-‘r_];ﬂJm
b d) g

e |"'a r:"'lx_r" k'"| af +cg m&+rf'|
b dllg ) \Bf-dg Bh+di)
5.  Identsty matx for nmaltplication:
@ A non zero matrix A remains unchansed when it 1s pltply by an idsntity
matriz.
1 07 ) i )
= o 1l,'ﬂ1mHI=L-’|.=_LHhEE_4.Bm_anEanIEMdIE
g

T

the identity matriz.
‘a ¢

6. Detamimnnfanmi:._jfﬂ-lb ﬂ,| then |A|-ad-be.
W 4

7. (a) Singular matrioc This is the matnix whose determinant 1= equal to zero.
(b Mon — smoular matrix: Thiz 1= the mamx whose determinent 1z not
equal to Zerg.
{c) The inverse of a matrix A i= denoted by A~
: 1 0
Generally, A"A=-AA™ -1 where [ - |
L o
8. Fomms of zirmultansou: equations in mstrix.
{ﬂr+t.:l.i—£ F— _ ) |"'a :.""_’1""| |"'£‘:
:M mﬂhﬂlﬂlmfﬂmﬁ i - -
b+ i f B dix) LS

‘
—_— KL B T e * =
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Q.  Transformation equation for reflection matrix is given as;
N

x| [cozs2a =inlo '
- - ” -
1, sim 2o —cos o | |

R

T

L oy

10. Transformation eguation for rotation matnix is Eiven as;
|"_':' = —s:inH'"|”fx":

) lsngd cos8 ) \¥)

11. Transformation equation for translaton mairix by a vector (@ §) is given as:

|I"I"'| i "'E"'l_

- I\
- l-
b)

+
| Cl | |
'a.'}l.l' -..'.'.-.l' -..

- o
(¥ &) I]vﬂnerei"nanmmrulm]:&

.‘|_l [ ] =
&S 2 i'-.-' \.-.-I"

ERevision exercise 7 (a)
Answer the following questions:

1. Find the smum of the matrices:
2 3 3.2
E- ﬂ -

Find the vahies of x and ¥ in each of the following:

@ [x 2v} [1 8
0 3710 -

B x+3 1
',.1—.‘;]-[_]

(D fx—y (1
(oos 13
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(5 -5 -6 f
3. Given mairices A - - ﬂ: - and C-'“ 1]-Fir:|d:
W : R

(@ A+BE+C) and (A+B)+C
t) A+B and B+A
i(c) WWhat iz the relationship hetoeen matrice: 4 and B 7

4. Usingz the matrices in guestion 5, find-

(4) ABand BA %) A(BC) and (AB)C
0 -1 F
5. G‘i"i.‘E:I.II:EIIi:Eﬂ—] DLE'| 1 D} {:_lfﬂ lwkmd
.-'] “".. W o .__“ _]- "_—] {:I_,l
-J:' 1_.5-
Complets the following multiphication table:
w |[A|B|C|D
A DA
E A
& (= E
D C
4. Find the determimant of each of the followine matrices:
2 1 s 3 6 1
@ A= ] ® B> I © e}
3 5 3 2 2
1 2 1
D- 1 E E-
) 3 4f (e) Lu. ljl

7. Indicate whether the mainx has an mverse or not for each of the followine

MmaiTices:
I 1 2 o3
(a) 13-[’1 | ) Q= @er-| 7}
1 1} |,__5I' EJJ |4 6]
-1 I 2 -
@ s- | (€} T=| 1
|.ﬂ_1 1 4 6

8. Find the imverse of the matrices m gquestion 6.

LW 4 T R e * ”




2.

10.

& 11.

—m B " 2 BEE

Which mairices ars smzular among the following?

fl =% .I"ﬂ D‘“. .I"l -y
@ F=]o 7| ® G-, | @ H- "
3 4 (4 3 2 6,
1 07 4 3 15
@ 1-[; 9] o1t o x m]
Al Nl L
=3 -1
® L |
'-._1 _3.-'

Use mainx method to solve each of the following pamrs of simultansous
equations:

(8) 3x—dyml b)) —2y+Ix=T €) 2x+5¥=0
X+ly=3 dr+itml x+3¥=5
(dy 3x+y=>06 (e) 3x—2y=12 (fy 2x+3y-1=0

Sx+2y=11 v+ tx=10 Sx-%1v-1=0

Uze matnx method to solve each of the following pairs of simultansons
equations:

(8} Zx+y=T7 &) x=Iy=0 €} pps3p=3
4x=3y=17 3x+53¥=1 r+3v=0

() 4r—y=—>35 (8} x+5y+3=0 (f 2x+3y-2=0
Tx—3)=—35 Sx+10p+8=0 Bx-0y-1a0

Uze matrix method where pozsibls to solve 2ach of the followme

(3) 3x+=4¥=§ by Ix+3y=18 {c) x—3¥=4
dx+3y=13 Ix+5y=20 Ix+3y=1
(d) 2Tx—24y=0
1Bx—-16¥=10

In = clazz, there are ten more bovs than girls If there were one more girl
there would be twice a3 many bovs as girls. Use matnx method to find the
manber of bovs and zirls in the class.

O
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14. A student finds that it iz poszible to boy 12 pencils and 10 mbers for TSk 210
Alternatively, it is poszible to buy 20 pencils and 4 rolers for TSh 180 at the
same price par each onit itern. What are the unit prices per pencil and roler?

(Use matrix method).
15, Use matrix method to solve sach of the following pairz of swmltansous
equations:
(2) 2x+6v=13 b)) x+3y =3
Sx+y=0 Tx —6)y =44
16, Use matmx method to solve each of the following pairs of simultarsous
equations:
2 1
(@) Zreg¥=l ) —Tx+1Zy=I1
i1 - Slx=2y=47
_I__JI;_ T
i 9
f©) 6x—3y=3 ) 3Ix-Sy=2l
Jx+lly=32 I—4rym3
2 0 M )
17. If matrices _-1_| i | 1;,_|F1 1-, and Ce _ find:
.ﬁ_ﬂ' =y ,H_l 1_: -._4
(3) 44 +21B-6C (k) —4A-IB+6C

) 5 1‘] ;
18, Ifﬂ_lﬁ —iJ andE-lé N

L VI N T B} (ABy™
19, If a-frg ?]ﬂnd_
(3 A ) A
30, Find the nmkronms in each of the followinz-
% 0 6 2 .
@ ‘D _44-_113 ® 4~ “]mdm——:n
3 3D o 10
i) E-L},—_] 1 _.J awd B iz smgular (d) c-l,q_;r—li l—I_..|
whers C 1z 3 zsingular matrix

ST EA_TEET = — R TN i . * ‘
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Eevizion exercise T (b)

Answer the followng questions:

1. Find the images of (g §) under reflaction in the Ine v =x.

2. Using the peneral matres of reflection. find the mafrices of reflection in:
(a) the x—axs (b) ¥=x
() they —axs (d) y=—x

3. Find the imaps of the point (3, 6) under 3 reflection in the line v =x.

4. Find the image of the point (5, 6) under a reflection in the line v = x.
followed b another reflecton in the line v=—x.

LAy

Find R_.[{] and B_.[j] where R, stands for a rotation of 20°
6. Using the peneral matres of rotation find the matrices of rotation throush:
(@) 920° (&) -180°
() 270° idy 360° about the orizin
7.  Find the image of the point (6, 5) under a rotation throush 180° sbout the
.

8. Find the image of the point (6, 5) undar a rotation throush:
(a) 907 followed by another rotation of 180°.

(by 1807 followed by amodher rotation of —90°.

Q. TWnte the general matrix of enlaresrment.
10. Find the imag= of the point D{—6, 1) under the enlarsement by a matrix
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11. What is the image of (1, 2) under the transformation matrix |; N
(4 0 o

- )

followed by | 4J'

12. Find the imape of the circle of radius 1 unit having its centre at (1, 1)} under
an enlarrement tran=formation by factor 5. Hence, draw the crcle and iis
imazzs on the zame xy — plans.

13. Find the tran=formaton mainx 5 which will mot change the size of the unit
‘6 0

drcle after 3 trarsformation by the Magit T = ;
- 1] -E_;

i

14. A translation T takes the point (3, 5) to the point (3, 3). Find where it takes:
(2) the point (3, 5)
(b) the point (3, 3)

| )
L

A translation by the vector (3, 4] is applied to the coordinate: of the vertices
N0, 4), A4, 0, and B{4, 5} of 2 right — angled wriansls OAE. Find the
coardinates of the images of thess vertices, hence sketch both AQ'AE" and
ADAR on the zame xy — plane.

16. A wanslation T shifts every point in the plane by 4 units upwards along the
Ime v=—x Find the imaze of:
(z) theeonzm
(b} the poinf (4, 4) under thiz tranzlation

17. Find the imaps of the bne Zx— Ty +0 =0 under:
{3} areflection mnthe x — axs
(b} arotaton by 1807 clockwise about the ongin
{C} atranslabton by the vector (1, 2).

‘
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1. Draw a tnansle with vertices A(1, 3}, B(l, -1}, and C(-Z, -1} on the
graph paper.
{a} Ndlove all points 4 umits n the positve direction parallzl to the x — axis
followed by 2 units in the positive direction parallel to the v — axis.
{b) Draw the imase of the triangle after tranzlation and nams it ABC .

2. Onmthe graph paper draw the coordinates an ¥y — ads:
{a} plot the points (-2, 1), Q(0, 1), R(1, 0}, 5(3, 4), and T{-2. 4).
Join them in order to form the closed shape PQRST.
(b) draw the imase of PQRST after a reflection in the x — axis.

3. Dezmmbe folly the tran=formation which maps shape A mto shape B.
4. Choosza any four coordmates ABCTD in the xy — plane such that | if vou jom

them the result is a thombus ABCD; What 1= the name of a shape formed
when the coordinates of the verticas ABDC are reflacted in the line v = —r.




Chapter Eight

Linear programming

Lipar procravoning i @ bemach of \darhemarics which refers to the anallcls
qf marhemical problems i which a linear function (objective fumction) of
several varigbies it ro be oprimized when the variabler ave subject ro a romber
qf comsframss 51 the [mear inequaiities. I this chapter, vou wil learm Row fo
Jormulare mad solve system qf simultmsour equarions sraphically, fhrmawlare
ad find solution ser of simuifamieowns [iear mequaiities srapfucally, formaware
m oljecrive flmerion from word problems, locage cornar poine gf the feasible
aopiving near programming i sohvine real [ probiews. The competancies
geveloped will be appiied in variouws felds such ar business, magfochering,
i trepupartarion, Driestment piomiing. and oprivuom allocarion of resowrces in
moaiynuring of soods, arud vy other appiications.

Simmltaneous equations

In 3 zroup ar individually, perform the followine tasks:

Consider two mmbers such that fve timesz the first nomber plus two tmes
the sacond marmber is toventy, and the first mumber mumus six times the sacond
munber iz twelve. Find araphically the mmbers by using the following steps:
Identify the varisbles (imimoams) from the word problem by letters.
TiTite svstem of linear equations with two unknowmns.

Find x and y—imfercepts.

Plot intercepts of the first line an the x) — plans and join them uzine a mler
and do the zame for the sacond line

—_— ; L R PER TR TR T S * ”
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5. Determine the coordinates of the point of mterzection if the lines intersect.
This offers the sohrtion of simultansous: aquations.

4. Share vour findings vath vour frends for more inputs.

Note: If the line: do not infersact, they are parallsl. In thiz case the
cnresponding simultansous aquation: kave no solution.

. 000

Solve the following svetem of sifmultaneon: equations using sraphical method
dxr—¥ =1

L |

X+Iv =l

Solution
Detenmine where the lines intarcept the coordinate axes.
1N
s dr—w=1 hﬂa‘cqﬂﬂle:mrdi:lemﬂié,l}i and {0,-1j.
L)
3x+3y =06 imtercepts the coordinate axes at (0,2} and (2,0}
The following fisure shows the sohmion of the sy=stam:

Bowio M efenrdoy Por i Pl




i "EEER @ Em

The lines miterzect at pont B(1, 1).
Therefora, (x, ¥)=(1, 1) iz the solufion to the siven svstem of sirmultanson:
equations, which is: x=1 and y=1.
Check thiz sohsion by substitating the values in each of the ziven equations.
Sobstinmting x =1 and ¥ =1 inio the equation 2x— v =1, zives:
2N-1=1
I-1=1
1=1 (frue)
Substinsting x =1 and ¥ =1 into the equation 3x + 3y = 6, Zives:
A +31)=6
I+3I=46
§=4 (true)
Another way of checking the solution obtained uzing the sraphical method i by
uzing eliminstion or substtution method Then for the svstem of simmltanecus
equation: m example 8.1, this can be done by usine elimination method as follows:
ix—y=1 (1}
Ix+3y="0 (2
Multiph equation (1) by 3 and eguation (2} by 1 to make the coefficients of ¥
in equation (1) and in equation {I) equal. e hanve the following equations:

fx—31 =3 (3}
3x+3y=46 4
To climinate v, add equation 3) and squation (4) becausze the sisns of the
coefficient ars differemt. which gives:
Dx=0
Hence x=1.

Similarly, maltiphy equation (1) by 3 and equation (2) by 2 to make coeficients
of x in equation (1} and equation () equal

fx -3y =3 (5)

Gx+ 8y =12 ()
To elimmate ¥, subtract equation (§) from squation {3) becaza the ziens of the
coefficientz are the zame the resulting squation will be:

-2 -0

Hence, ¥=1.

Therefore, (x, ¥)={1, 1) as it can be read from the zraph

-
L B T e * =
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Solve the following svstem of simultaneou: equations eraphically and check
vour answer usng the substihotion method.
x+r=1
X—3¥=3
Solotion
x+¥=1 imtercepts the coordinate axasz at (0, 1} and (1, 0).
X—3¥% =23 Intercepis the coordmate axes at (0, -1) and (3, 0).
Draw the lines on xy — plane as shown in the following fizurs:
oy

:j

2 4 |
\ . |
| . .
\ i :|""1:
=il - i
-3 -1 - q}% i n
. f

I. I I. .\‘L.
___d-f""__-f a1 _EI| x:ﬂ
- T i = pry
A
¥

1 1
The lines intersect at a point 5 IE,—E]-

Therefors, x=1% and _].i——% is the sobation of the given system of

Tinmiianeons equations. -
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7 %
Check the solution (x, 1) =| 1%,—% | by uzing the substingtion method.
L 4

x+yr=1 (1)

x-3y=3 2
From equation (1), maling 1 the subject of the equation vields

Ve l—x -

- (32

Substinrte equation {3) nto equation (1) 1o obtain x—_’r[_l—x_]—E which on
rearrangement vislds
4r =18

Hence, x = 1%-

Substnrtne I=1%i1ﬂ;mﬂmﬁ}|giva:

petoibool
2 2
R (1 1Y) .
Therefors, {.1',3']-'15:—_—“ as 1t can be read from the sraph
W =

s
The sverage of too numbers is 7, and three times: the difference betnzen them
iz 18. Find the nurmbers graphically.

Solotion

Let the two mumbers ba x and ¥, then the system of sinmltaneous equations are

%:? and 3(x—y) =18 which simplifissto X+ ¥ =14 and x—y=6.
x+ ¥ =14 miercepts the coprdinate axas at (14, ) and (0, 14).

X—)—6 intarcapts the coordinate axes at (6, 0) and (0, —6).

Then, draw the graph using the identified points as shovm in the figurs.
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In the figure, the two lines interzact at a point AJ10, ). Thatizx=10and y=4.
&
Therefors, the mumbers are 10 and 4.
g
y =1
L
g bv a non — eraphical method.
= 1. x=2y=4 2 Sy=2x+3 3. Ip+ag=7
& -2y =6 2 sp+6g=11
4 y-4x=9 5. ye=2x=+l b Tx+3p+12=0
2p+3x=3 Vm3i-x Sx—-2x+2=0
T 4x-3y=19 8 Jx=4y=3 9 a+l=1k+1
Bx+Ty=1T7 2x—S5y+5=0 fa+3=20+1

i °
e * v
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10. Zx+3y=4 1. Tx+4y=11 12. Ze=2demc—d
bx+Qv=10 l4x+3y=12 Id+2=c+1

13, Al paid 15 000 shillines for 10 oranges and 35 mamaoes. hoshi went to the
same fnot market and paid 8 800 shillines for 14 oranzes and 18 mamsoes.
Find graphicalhy the price for a manso and for zm orange.

14. For his farnily of 3 adultz and 2 children Ahdallah paid 5 800 shillings to
travel from towm A to town B. Xvakes paid 3 total som of § 800 shillines
for iz 5 children iz wife and homseelf for the zame joumey. Uzine the
graphical method. find
(2) hoor pmach did a ticket for an adult cost?

() hoor pmach did MNyvake pay for hiz five children?

| B
L

The sum of the aze: of 2 mother and ker daughter iz 52 vears. Eight vears
az0, the mother was =izhi times as old as her daughtsr. Uzing the eraphical
method, find their prezent age:.

Linear mequakifies

Activity 8.2: Solving linear mequalities graphically

In a zroup or individually, perform the followine tasks:

Beamice got 3 new job and her monthly income is 52§ 500 shillines. To gualify
to rent an apartment. her monthly moome must ba at least three times az pmch
&z the rent. Find graphically the highest rent she will qualify for by uzing the
following steps:

1. Identifv the variables from thiz word problem

2.  Wnte down the Inear inequalities.

3. Peplace the inequality svenboel with an equal sizn to form the eguabons of
4. Dwraw the zraph and shade the region satizfying the inegualitiss.

5. Givethe comclusion from graph drawm in task 4.

4.  Share vour finding= wath vour neizhbours for more inputs.

WWhen a3 linear equation of the form ax+ by +c =0 whers g b and ¢ are real
mummbers and (@ & = (0, 0} iz represented by a siraizht line on xy — coordmate
plan=, it separates the plans mto two dizjoint s=tz called half — plane:s.

‘
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The graph of 2 Imear inequality of one or two vartables iz the set of all poinfs n
the xy — plane which satizfies the mequality. The eraph of a linear ineguality has 3
rezion of the plane whose boundary 1= a straight hine
Steps for sraphing linsar inequalities ars;
1. Peplacine the meguality svimbol with equal sim to form the equation of the
2. Drzwing the praph of the straight lime that i= the boundary, use solid bine if
an squal zien (< or ¥} i= included or dotted line if an aqual =iem (< or =} 1=
not inchided.
and substitits it to the inequality:
4. Shading the region that does not satisfy the test points or region that satisfies
the test podnts.
In Figure 8.1 the straisht line represents the equation v =4 and all points on this
line have coordinates which safizfy the aquation ¥ = 4 . Pomnts on the half — plans
above thiz straizshr line satizfv the maqualitv ¥ = 4, while those in the lower
& half — plane zatisfy the inequality ¥ < 4.

e
L
:
o
g ;
e - -
& g =k - JEEET SREE |
=

—2

=

¥

Fizure 8.1: Ragions sepanaed by ime y = 4

T
_ ! & 11T
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In Fizure 8.2 the straicht line represents the squation x = -1 and a1l points on this
line have coordinaes which satisfy the squation x = 1. The halfplane on the
left hand side of the straizht line x = -1 iz defined by the nequality x < -1, while
the one on the rigkt hard side of the line x = -] = represented by the inequalin

xw-1
v
¥
==
|
i ]
-
0 i z
.._._.l T
* ]
=]
v
Figure 8.1: Regions separamed by [ x = -1
Shading of regions of linear inequalities

Activify 3.3: Shadimg of the region of linear inequalities
In a group ar individually, perform the followines tasks:

then perform the tazkes 2=z follows:

1. Wiate down all the set of inequalities from Figure 5.3,
2. Explain why the aquations ars drawn a: dotied lnes.
3. Share vour findines with vour neishbours for mpats.

@ |
|
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Fipare 8.%: Reciow separased &y fivee differers s de, x=0y=0 aodx+5y=100

Boundaries of half — planes

Equations are uzed to describe the boundaries of half - planes. "When inequalities
are wntien mthe form x> 0, v > 0 or axr + &y < ¢, where g b, and ¢ are re=al
mmmbers, the boundary lmes are dranm as solid lme: to mclude pomts on the
linez. When pomis on the boundary line ars not to be inchaded the lines are drawn
a: dotted linss.



Draw and show the half-planes represented by 8x + 2v < 16 and shade the
umwanted rezion.

Solotion
First, replace the inequality sign with an equal =ign to form Bx<+ 2y =16, then
8x+ 21y =10 imtercepts the coordinate axes at (0, &) and {2, 0).
oy, drawy the line on the xy — coordinate plane as shown in the followine figure:
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Feasible region

Consider the sinmltaneous inequalities 2x+3yv > 12 and x— y > 2, whose

half—planes are shown in Fisure 8.4

The following steps are uzeful when drawing the graphs shovwmns feazible region:

1. Peplace the imequality sign with an equal sign to form 2x+ 3y =12 and
X—V el

2. Determine whers the lines intercepts the coordinate axes. 12,
2x+ 3y =121 miercepts the coordinate axas at (0,4) and {4,0}.
X—V=2 mtercepts the coordmats axes at (0,—2) and (2.0).

3. Usze the coordinates to draw the sraph a2 shoom in Fizure 8.4

. Shads the wroanted resion a2 shown m Figurs 8.4,
5. Label the feazible region a= showm mm Figure 8.4

Fepzisle

< A Dlw—1L

Figure 8.4: The graphical represarsation of e fEasible region

i
i &

L
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Motz that the two lnes in Figure 8.4 dimwide the plane mio four regioms. All
poimts in the unshaded resion have coordinates which sati=fv both inequalities
Ix+3v»12 and x—v > 2.

Therefors, all the s=t= of points n the feazible region are the solutions to the two
sinmitansons megqualities. This resion 1= called the feazible rezion.

s 0

Draw the graph and show the feazible region which satizfies the following
_— i it

Solotion
1. PFeplace the megualitv sisnwith megual sisntofomny —x=3and x—-Jy=9.
2. Determine whers the line: intercepts the coprdinate awas. That 1=,
¥+ x =23 inbercepts the coordinate awes at (0,3) and (3.0).
' ]"l.
x—2y =0 intercapts the coordinate axes at | U:—'ii | and (B, 0).
L g

3. Use the coordinstes in step 2 to draw the graph 3z shown i the followine
frure

4. By checking point: shove and below the lines. shade the mmwanted rasion
for y=x=3 and x—2y =9 as chown in the following figure.

5. Label the feasible region as shown i the following fzurs,

AL B4 T R e * -
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Fatmma was given 250 000 shilling: to buy orangs: and manspes. An orange
costs 1080 shilkims= while a manzo costs 300 shillines. If the number of oranses
bousht = af l2ast twice the number of manzoes, show graphically the feazible

that po fractions of aranges and mansoes are sold at the mariet

Solotion

Select suitable vamables to represent differemt quanfites mentioned m the
question. Let x be the mumber of oranges bousht and ¥ be the number of mangoes
bought. Form mequalities from the mformation provided in the question. Since
x cranses and ¥ mansoes were bouzht, the amount of money paid for them was
100x + 500y shillinez Thiz amoont could not be more than 250 000 shillines
becauze Fahima had only thiz amount of money.
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Thus: 100x <3500y =250 000  that i, she could have usad all the momey or
less than that Then mamber of oranses bousht 1= at lesst taice the mmber of

manzges bought. Thus, x 22y or x—2y=20.

The mumber of oranses and mengoes bousght canmot be nezative, but it can be
TETO OF any positve mumber. Hence, x =0 and ¥ = 0.
Thu:, the imequalities obtained from the question are: 100x + 5000 < 250 000
which simplifies to x=35y <2500

x=2y=0

x=20 y=0
Determine where the line x + 5y = 2500 mtercepts the coordinated axes.
x + 5y = 2500 intercepts the coardinete swes at (2500, 0) and {0, 500).
Choosze the =cals to uze when plottins the sraph:
Horizontal zcals, 1 unit: 300 orange: and
Vertical scales 1 umst: 100 mangoes
s Fzprazent these mequaline: on v — plane (ze2 the Szure) and 1dennfy the
feazible regian.

i
i
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From the figure, all points in the feazible region, inchuding poimis on the boundary;
form the sohrton set for the problem But, oramses and mangoes cannot be
obtained from the market in fractions, the solution ==t can onlyv consist of points
whose coprdinates are whols numbers. All poants in the feasible region, mchidme
points on the boundaries sati=fv the set of insqualities.

Answer the following questions:

L

(2) Dz the graph of the equation 2x — v = 7. Show which half — plane iz
represented by Ix— v > 7 and apother one represented by 2x— v < 7.

(b Fepeat question 1 {3) uwzing the equation 2x + ¥ =7 . Which half -
plane represents Ix+ v > 7 and which one representz 2x+v <77

(c) From the sraphs drawn in 1 (2) and 1 (b) can it be predicted whether or
not the half — plane above the line alwayvs comresponds to the meguality
“="7 What determiines thiz cormrespondence?

Drzw in separate graphs and show the regions representing each of the
P Jitias:

(a) y<lx-1 (B) ¥>3—-x

@) Sx=ly+l i) Tx+3y+12<0

Shads the wrwvanted rezion: for the half — planes reprezentme each of the
e Tlovine sizml . Jitiss-

@ y<lx-1, y>3-x

b yr>lx-1 v<-1

) 3x<4y+2, 4x+3y+12>0

) y<2x-1, y>3_x, y>-1

ig) y>2x-1, y<-1, 4x+3y+120

ifi S<x—y<l
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4.  On the same coordinate axes draw the eraphs of the followins inequaliies:
x+2y%22, ¥y=—x%1 and y= 0. Which of the following point: lie in the
graph of the three simultaneou: mequalrties?

F1
(&) (1,1} &) (2,0 () L_:_Tﬁ 1_|
o 1Y ; o (21 1Y
() LL i) (e} 0 ® 7273

3. Ineachcaze draw a zraph and show the feasible remion which 1= zatizfied
bv all of the following et of mequalities:
(g x>0, 2x+y<4,6 Ix+3¥28
B ¥»0, x+3p20  x+pX10
Which if any, of the mequalifies can be coitted withowt affecting the ansoer?
6. Find the pomt= whoze coordinates satizfy each of the followinz
simmltzneons inequalities:
@) x<4 Jp-x=£4, Sr+2x>=6
ity 0=x<4, O0=23y—x=6

7. Draw a graph to show the s=t of points whose coordinates sat=fv each of
the following mequalities:
(a) 2x—yz0 by y=-2 ) x=3
8.  Draw a zraph of the zet of point: whose coordinates zan:zfy the followms
Inequalities:
Sx+6p=60, x<6, x=0, and y=0
Uze the graph to answer the followins questions:
(2) Which point in the 22t has the sreatest vahie of ¥7
() Which point= in the ==t are both x and v imfegers and x=357
() What is the larzest integer value of ¥ o that the point (3, 1) belone to
the 2247
(d) YWhat i= the largest integer & such that the poant (& £) belongs to the set?

(g} If k iz not an integer, find the largest value of & so that the point (£, &)
is In the et

‘
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9. Jumais thinkinz of teo mumbers. Two times the first numbser 1z at least thres
and iz alzo pot les: than thres times the second number. Funthermore, thres

times the first munber iz not more than the second number phas six. Find the
mimbers eraphicalty.

In gquestioms 10— 11, wrtte dowm the inequalities satisfving the siven infonmarion.

10. A pest office kas to transport 15 §60 parcels using a lomy, which taloes 2 700
parcels af a time, and a van which takes 1 080 parcals at a time. The cost of
each joumey iz 35 000 shillings by lomry and 258 000 shillings v van. The
van can make more tnps than the lomy. The total cost should not excesd
308 000 shillings.

11. PBulls are scarce in rezion ¥ At market A 2ach bull costs 420 000 shillings
It it 1= zold with a covw costimg 180 000 shillins=. At snother B markst a
bull costs 140 000 shallinz=s with two cows each sold at 180 000 shillinzs.

A busineszrnan is prepared to spend up to 3 040 000 zhillmes on bulls
and 4 140 000 shillines on cows.

The objective funciion

Activitv 8.4: Finding the corner points of the feasible region

In a zroup or individually, perform the followine tasks:

1. Draw a graph with equation x + ¥ = 12, Intersecoing the v — a0as at A and
the x — a2z at C and miersecting the Ime x =6 ai B and another bne
from IO, 3) pas=ins through point E which is the mid — point of AR
intersecting the line x=§ at point F.

2. Fimd
{2} thecoordinates of point B E. and F.

(b} the equation of the line DE.

3. I xandyare subjecttothe resmctions, v 2 0,x>30, x=6,and x+= v =121,

4.  Wnie the coordinates of the comer points of the f=azible reion.

5. Deduca the miniromm and maxmmmm valus of 2x =317 .

4. Compare the coordinates in task 2(a) and the coordinates of comer points
intazk 4.

7. Share vour finding= with vour neizhbours for inputs.

Frotn activity 8.4, the comer points are the vertice: of the feasible resion. They can

be obiamed by agther inspecting the coordinate: of the comers of a well — dranwn
feazihle repian or by zolving for point: of miterzaction of the boundary lines.
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Maximum and minmmum valoes

The meramum or minmnm values of a inear proeramming problem are obtamed
brv uzing the objective funcbon.

Conzider the following examples ilnstrating two stuations which can be sobved
b uzing the concept of mertnmm and mininmm vahes.

The ohjectve fimction i= 3 Inear fimorion which i=s used to find the sohiion of a lnear
programming problem by substitating the cormer pomts of the feazible rezion.

A petty businesswornan has 120 000 shilling=s to spend on exarcize books. At
the school shop an exercse book costz 800 shilling: and at a stationery store it
castz 1 200 shillings. The school shop kas only 60 exercize books lefi and a petty
buzinesswoman wants to obtam the greatest mumber of exercse books posaible
nzing the money he has.
(2) Formmmlate 3 linear programmins problem.
(&} Find the grestest number of exercize books that a petty buzinesswoman
Solotion
(2) Supposs a petfy busmesmwoman wants 1o obtain the mamnnm mmber of
emercize books uzing the moneyv she has. Then, the first step 1= to express the
mformation mn mathematical form by infroducine unknowns or vanables to
rapresent the different quantinies m the problem
S0, It x be the number of exearcize books bousht at the school shop and v be
the mmber of exercize books bought at the stafioneny store. Then x < 860,
smce not more than 60 exercize books can be bought at the school shop.
800 + 1 200k < 120 000, zince the price is 800 shillinz= at the school shop
and 1 200 shillings st the staticmary stors and a petty buzinesswoman czn
either spend all the money she has or les: than that.
(x + 1) gives the greatest mumber of exercize books bought also x>0, ¥v=0,
ance exercize book: can either be zero or amy positive whole mmber but
certamly not negative.
In thiz problem. a petiv bosmesswoman has a honted or constramed armount
of money. Her objective is to attain the greatest mmmber of exercize books
pozzible (x = ¥} for her himited amount of money.

-
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Thelinear equation {x, ¥)=x+ ¥, where f iz amv positive whole mimber
refarred as the objectve fimction for the problern. The linear inequalties are:
x< 60, 300k + 1 2000 < 120000, x>0, and 3> 0.

programming problems can be formmlated as follows:

Chjective function is to maximize f{x, ¥i=x+1,

Subject to the constramts:

800x =1 2001y =120 000 which simplifies to 2x+3¥ < 300

x =60

x=20, ¥=0.

Determine whers the line 2x+3y = 300 intercepts the coordinate axes.
2x-+3y =300 intercepts the coordinate axes at (150, 0) and (0, 100).
Choose the zcals to use when ploting the sraph:
Horizontal scals, 1 unit: 10 exercize boaks bousht at the school shop and
Vertical zcals, 1 umit: 10 exercze books bought at the stationery store
Plot the constramt= on a graph as shoon m followine figure keeping in
mind to chade the unwanted ragion.
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Determune the feazible region and from 1t find a point whach will zrve the zreatest
value of the objective fonction Even thoush thers are other wayvs of findinz
thiz point, it i sazier to detenmine the coordinates of the comer points on the
boundary of the feazible remion and substitute themn m the objective function,
J(x, ¥)=x+ v . The boundary region QABC iz called the faasible remion.
From the given figure, the comer poines are- (0,0, A(0.100), B{60,60), and
C{50,0) .

The following table shows the procedure for testing comer points:

Corner points Alaximize S5 ¥) =x+¥
{0, 0} 0
A{D, 100} 100
B{&0, o0) 120
C(60, 0} 60

The point B(60, §0) offers the optimal valoe to the linear proeramming problem
Therefors, the greatest mmmber of exarcize books that a petty businesswoman can
i nxy iz 120. That is 60 exercize books from the schop] shop and §0 exercize books

Note: A pomi in the feasible region which gives the opumal valoe of the
objeciive function i= called am optimal pomt. An optimal valoe 1= a2 maxmmim
ar minmmam vahie of an objective funciion. Constraints are inear mmequalities
defiminz hmutsbons of dedsions. Thev ansze from vanous sources =uch as
linited resources.

The following are outhined steps for soling linear programming problems by

E

Alake a3 sumwmary in a tabmlar form showing all the given mfonmation

1.

2. Idemsfy the decision variables.

3. Fommlate the objecine fimchion from the linear prosrammune problem.
4. Fommlate the set of constraimts according to the given conditions.

3. Draw the graph using the constraints to determine the feasible remon.
6. Idembtify the feazible region and it= Ccormer pomis.
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7. By testng the coordinates of the corpmer points in the objecinve function

determine the optimal vale and optimal point.
8.  MAlake the conclu=ion bazad on the requirements of the problem.

. 020

A muimifiomist prescnbes a special diet for patent: comtamme the followms
mmiber of units of vitamins A and B per kg of two food types F, and F.. Food
tvpe F, contans 20 units of vitamin A and 7 unsts of vitamin B while food type
F,, comtzins 13 unitz of vitamin A and 14 units of vitamin B. If the minimmmmn daiby
mntake required is 120 units of vitamun A and 70 units of vitapun B, what is the
least total mass of food 3 patient rmst kave enongh of these vitamine?

Solotion
Step 1: hisks 3 summary in 3 tabolar form as shonm in the following table

Nutrients
Food Wrtamin A Witamin B
& F, 20 7
F, 15 14
Ninirmaem daiby
) & 120 T0
requiremesnt

Step 2: Letx be mumber of unitz of food tvpe F, and ¥ be mamber of units of
food type F,.

Step 3: The objective function i= to pinirmize (X, 1) =x+ ¥ (l=ast total
mass of food).

Step 4:  Wite down the constraimts:
20x+15y 2120 which simplifies to 4x+3Y = 24 since the daily
minirmem intake of vitamin A 5 120 units.
Tx+14y=T0 which simplifies to x + 2y = 10, since the daily
minirem ntaks of vitamin B iz 70 umits.

Bowio M efenrdoy Por i Pl

x>0, ¥=0 which are non — negativity Constraints.
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Determine where the lines 4x+ 3y =24 and x+ 2y =10 mtercept: the
coordinate axes 3z shown in the following tables:

The x and v imtercepts for
4x+35v=24
0 4]
v & 0
The x and v mtercepts for
x+2yv=10
x 0 10
¥ 3 1]

Step &: Plot the the sraph using constraimt: 22 shown in the following fizure

Fessible region

B34, 3.2)

e i
i
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Step ;.  Identifh the feazible region and read the coordmates of the comer
points an the boundary. From the graph the cormer points arec A[0,8],
B(3.6,32), and C{10,0). -

Step T: The followinz table shows the procedure for testing the corper poimnts.

Corner poinfs | A faximize f(x.3) =X+
Afn, 8) g
B{3.6, 3.2) 5.8
10, 0) 10

The optirmal vale iz 5.8 and the optimal is B{3.6, 3.2)
Step 8: From the table point B(3.6, 3 1) offers the optimal value to the linear
proeranuming problem.

Therefors, the least total mas:= of food a patient pmst hanve iz 6.8 units.

Note: In sxample 8.7, the objectve functon of the problem was o find the
e greatsst mumber of exercize books that a pettv businesswoman could by,
Consequently, the objective function for the problem was o be matimized.
The constraimt= formed used the “<" zizms, except the hon — nezathie CoNSTan
x>0 and ¥ > 0. Thesa are examples of maxirmization problern Example B 8iza

Answer the following questions:
1.  Draw the graph of the equations Zx+3v =12 and Tx+4v=28.then
show the region sar=fied by the follovwing restrichions:
Zx=3p=12, Tx+4y=28, x=0,and y=0.
Find the maxinmam possible valoe of:
(@) SF{x¥)=x+y subjectto given restrictions.
) f{x¥)=x=5y subjecttothe given restrictions.

i
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2. Construct a polvzonal region which confaims the points whose coordinates
satizfy the following svstem of Inequalities:
¥E2x ¥x260 y22 and 2x+3p=30.
At which point does:
(a) ¥—xtakes a mimnmm valoe?
() ¥—xtakes 3 mardmum vahe?
(C) 5y G takes a minivmmm value?
(d) 4x—+ 6y take: 3 mainmim value?

3. Show on a graph the fea=ible rezion under the following constraimis;
x20 ¥20 2x+2y=1] 2x+y=28 and 2x+5y 218

{2) Under thess constraints, minimize the following objective fimctions:
(L ..rl:x-_}':l - 2x+ 3y
'::]i]' I[I'..]".:l - 3.1:—1‘}:

(iify J(x.¥)=x=3¥ and for each case state the coordinates of the
points and the minivmom valos.

(b) Fepeat {3} when both x and 1 ars mtegerz.

4. A fammer wants to plant coffes and potatoes. Coffes needs 3 men per bectare
and potatoes need 3 men perhactare. He has 48 hired labourers available. To
mamiain one hectare of coffee he needs 230 000 shillinss while one hactars
of potatoes costs him 100 000 shillinzs. Find the sreatest possible area of
land he can sow if he 1= prepared to use 2 300 000 shillmes.

5. A technical school is planning to buy two ©vpes of machines. A lather
machine needs 3 m* of floor space and a drill machine requires 2 m* of floor
space. The total space awailabls is 30 m*. The cost of one lather machine is
250 000 zhillings, a drill machine costs 300 000 shillinez and the school
can zpend not more than 3 000 000 shillings. Find the greatest mmber of
machines the school can by

‘
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6. A fammis to be planted with wheat and maize while obseringe the
following constramis:

Wheat | Maize | Matimuom total
Days labour per bectare 2 1 10
Labour cost per hectare (shs) | 60 000 | 60 000 | 420 000

Cost of fertilizer per hectare (shs) | 20 000 | 40 000 | 220 000

(g) Find the sreatest area that can be planted.

() If wheat vislds a profit of 80 000 shilline=s per hectare while maize
vields &0 000 shilling: per hectars, kow should the area be planted?

7. The mamrfachurme company has too plants, which produce three twpes
of prodocts namely SAIALT. MEDIUM and LAFGE products. The first
plant can mamifachore 3 units of ShIALL product, 12 units of MEDIUM
product, and 12 units of LARGE product at the cost of 24 00 shillines
per hour. The second plant can marmsfacnare O units of SAALL produoct, 15
units of MEDIUM product, and 3 units of LARGE product at the cost of 18
000 shillme: per hour. The company has received an order of 204 units of

5 SMALL prodoct, 90 units of MEDIUM product, sand 330 units of LARGE

product.

ia) Formulate a inesr progranmming problem to minimize cost.

(b} How many hours should be siven to each plant in order to sabisfi the
order at the least cozt?

8. A doctor prescribes that i order to obtain an adequate supphy of vitapuns A
and C, hiz patient shall have portions of food 1 and food 2. The nmmber of
umits of vitarin A and vitanin C are given in the following table:

Nutrients

Food Ttamin A Vitamin C
F 3 2

B 1 7

-

The doctor prescribes 3 minmyam of 14 units of vitarmin A and 21 unitz of
vitamin C. What are the least munber of portion of food 1 and 2 that will

fit the doctor’s prescripton?

O
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10.

Abread dealer proposes to by up to 110 loaves of bread. White bread costs
2 000 =hillings per loaf and brown bread costs T 500 shillines per loaf amnd
can spend up to 250 000 shilling:. The profit on a dngle loaf of white bread
iz 1 00 shillines and that of brown bread is 1 200 shillmes. How: many of
each tvpe should he boy so 22 10 ot madmom profit?

Esther wants to use her fanm to plant maize and millet. The fanmine of maize
costs 1200 000 shillings per acre and millet costs 200 000 shilling= per acre.
The funds available in farming the towo crops iz 2 400 000 shillines snd thers
are guly 13 acres avallable. Mlsize requires 10 man howrs per acre, while
millet raquires § man hours per acre and thers ars 120 man hoars snvailable.
The profit per acre of maize = 115 000 shilling: and the profit per acrs of
millet 1= 110 000 shillines.

(3} How should zhe allocate her fanm for mesdrnm profit?

(b)) What is the maxymorn proft?

Chapter summary 2. Indrawine linear inequality graph

1.

Steps to be considerad when (3) Draw a dotted line graph if
solving sinmltareons equations the inequalitviz > or < and
sraphically are- zhade the imwanted region
{a) Dwawxand v-—zxis onthe (b) Dwaw a solid lime graph if

Zrapll papar. the inequality is > or < and

zhade the imwanted region
{t) Prepars the table of values

3 = the lingar
o S the comdinses of B
intercepts an the coordinste fnﬂ;niugstq:rz-slmubibe
amas. Then drawy the eraphof follomed:
e S (3} Mlake s sumumaryinatabular
(c) Faoad the pomt of fersection form showing all the ghven
of the two line graphs. Thiz informations.
pout offers the zolunon of (b) Idemtify the decision
simultansons aquations. arishie

‘
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functiom.

(d) Formulate constraimis/

inequalities.

(&) Draw the sraph using the

b3

Ccomstraint: to defenmine the
fzazible region

and = comer points. Here,
if the shaded resion iz the
umwanted, then the feasihle
region i= the area which is
Clear affer shading however,

Revision Exercse §

o

if the zhading have besn
done on the wantzd resion
then the feazible region
will be the region with the
overlapping shadings.

Usze the comerpomts and
ohjective fimchion to detemiine
the optimal vahie and optimal
point.

hlake the concluzion bazed
on the reqursment= of the
problem

1. Solve the following zpmltansous equabons eraphically and check wvour

an=wer by a non — graphical method:

(a) §+§=2 and 2+ 3y =13

) 2x—y=35 andx=1-y

2.  Draw and zhow the half — planes represented v each of the followans-

(a) ¥y=x=0
(o) Zx=3y=—6

) x=¥=1
fd) By=Ix+16
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3. Witz down four inequalities representing a feasible region in each of the
following fizures:

I"nu.-iE:lIn rl.'r;'rl'l
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Plat a graph representing the
following magualities: X =0
¥v20,3x+2y %18, and
2x+4y £16 . List all the points
mzide the region whose x and ¥
ooordimates are both even mambers.
A school plans to buy zoats. A
make soat costz 60 000 shillings
and a femnale ome costs 73 000
shillines. The school wants to buay
not more than 4 male goatz If it is
prepared to spend up to 1 200 000
numbier of goats it can by

A choinmaster has 10 acres of land
an which ke can grow either
mangee: of orangss. He has 30
working dav: available dunns
5 davs per acre of labour while
aranges requirss 5 davs of labour
per acre. INet profit from mangpss
per acre is 30 000 shillinz=s amd

Project 8
A Juma has ¥ cows and ¥ goatz. He has fever than four cows and mare
than two goats. He kas encush roatn for maxannmn of t2n anonals intotal.
Expre:z the thres conditions in 1 a3 inegualities.

Draw an appropriate pair of axes and label the feazible resion which

State tao poszible combinations of cows and goats which he can have.

Cm graph paper using scales 1 om for wmit on each axis, mark clearly the
region for whichx =0, ¥=0, x+ v <4, 3<x <8, ¥y=E y<4 and
2x+3y =24, Usega;htuﬁn:lﬂlemmmmnﬂmmwhanf

the fmction Q=x+ 2.

=
i

that of oranzes 1= 45 000 shallmes.
How remy acrss of 2ach crop
should he plant to masdmizs his
profic?

A mamafacturer kas 24, 36, and 18
tons of wood, plastics, and steal
respeciively. To make product A
mrequirss 1, 3, and 2 tons of wiood,
plaztic and mee] rezpecinyely while
the product B requires 3, 5, and 1
ton= of wood, plastic, :md stza]
rezpectively. Product A =ells for
385 500 shillings and product B
zells for 473 300 shallmes.

(a) Formulate a hnear
prosranuming problem to
mMaxImize proft.

How mamy unit: of each
products should the
mamifachurer make o
obtam the mertymm sross

o |

inCorma’
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Answers to odd — numbered guestions

CHAPTER ONE
L (@ 1 (&) -1 © - @ 1
4 11 5
2 38
@ -3 ® -3
i, (@) yFe=3ix-3 ity y=2x-1 (c) }—EI—?
@ J. (@) 4y-3x-21=0 (N y+x-5=0
€} 3x=11y-35=0 (d) Sy—x+19=0
g} 2x+3¥-7=0 (B Bly+Thr—403=0
L plo
3
|
11. x— mtercept=— 5 ¥ —Imbsrcept =5
13 m—l :.'—E 15, 3v-3x+3=( 17. ¥=3
_41 - 4 - —
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Exercrse 1.2 L
' 3"1,
L (&) (5,3) OREES
L 2)
= b
@ (-3.3) CNERY
k.z 3.-'
057
- i N[ 1%
5. (=7.=2),0-L—=| !4 —4=
[ : . 5 ]7 E.JL 3__-'
7. {2,-11)
0 x+¥-3=l
1. (&) 13 ) 5
() 4 (8) J5zor 2413

(€ oJir—pfF=(z—gf
(f) 133

3. PO =FR=+137 units, the mianele PQR is an isosceles triansle

5. Temlor-=T

T.{0,-I

9. IN-3,0)

= I

1. {2} Mot parallel L))
() Mot parallel {d)

I x+3y-11a0 5.

7. (@) C=0 =)
icy C0, B=0, A=0 {d)
B 0

9 LT:UJ 11.

=

Mot parallal
Parallel

Ix+4y—T =l
C=0, A=0,B=0
A=E

F=-2



Exercise 1.5 BT C

. 4 1 1 E
1. (&) -3 ® < (c) -3 ey
3. (3} AC and BC determine the risht ansle at C

(bt) AE and BC determine the rizht angle at B
{c) AC and BC determine the rizht angle at C

i x=4

0. y=—8x=13

EFevisiom Exercse 1

1. (a) Fimst (&} Fourth (c) Third (d) Secomd

3 Haveequalﬁstam:ewhhiisdi]}mﬂsnflmgﬂ]_
5. (3 xk++4=0

® ) —Sx+Iy+19=0
- 3'\-\. “ 3'\-\.
7 - 5 —=
Q0.0 RIZF| 853

B, x+4+5=0

1. 5

13. (13,3)
_ 50
15. |'-£,|:||

e ]
]
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CHAPTER TWO
Exercise 2 1
1. h=6cm 5. A=60dm? 5. A=30m
7. mAr=oof 9. A=16Tem? 11. A=36.6cm
13. 1125 trees 15.{3) x=244m (&) B4 om?
1. r=342am p=308om 5. 461om
7. Bom 2 5=3T7lom p=3i7lom
11. 6:1
Erecie23
1. 7231 e 3.0 A=33dm’ 515217 dmt
7. 5305em 9. 3141 cm? 1. 111.25em®
& .

1. (g} 3l4cm b 20.1cm 3. 70ldm
5. 23wt 7. S5om 8. 52 752 shillinzs

;E; 11. 26.56cm

-

d EoaE—

é L 425 R 5. 15cm; 18cm

=

= 7. Teh 57375 9.  Zsquare units

;ﬁi 11. {3) 45 b 75 om (€} 64om?
- -
1.  2x zguare umitz 3. &00 om? 5. 12am
7. 2400 o 0. 50 cmi 450 em
11. 16628 om? 13. 2200202 om® 15. 32om

17. XB5on?

- °
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CHAPTER THEEE
Fxercie 3.1

Sfaces, O edses, § vartices
Tnangular prizm. rectansular prerarmid

11. {a) Tnangnlar peramid
(b) PRectangular prizm,

o

() Cubes
Exercie 3.2
P A
f..-'
.V
L 3
3.
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Exencne 3.3
1. (c) and (&)
i (a) VO &) UOT © VOs er UGV
5.(a) —
or
&
®)
;E
£
=
a
é o
5
&
=
)
— o




7. (3) Som )y Som {c} E%Em
o. (&) TUV and PQR (t) sEW and VOR
() TVU and PRQ (@ E5Q amd UWV
Exercime 3.4
1. {3 3Im it 43%m
{c) 33°14" or 33.23° {d) 36°51" ar 36.87°
3. (&) fll6m () 48°
5. 17
Exercime 3.5
1. 32cmd 3. 28R ot 5. 130 om?
7. @1.33 zquare umits 9. T0336cm” 11. 6cm
13. 301 44cm” 15. Scm” 17.615.44 cm*

10, 514 457 600 kow?

Exercise 3.6 g
1. {g) 40am’ (b} 36 o’ 3. 255om
5. 2Wam 7. 753 600 pumt g 10043 o’
11. 431 am® 13. 28.125 dm? 15. 60 dm®
1. {g) 150.72 am® (b} 37.68 am®

5. 360 cm®

7. T2am’

0. (8) 60cm (b 603 am

e ]
]
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1. | (a) L)
© {d)
&
3. (b 825mm (o) oe
% () Yes {8) S630°
L
L 5. (a) AC =102 om (k) 3526° or 35716
é E=1IJ-E-:|11
IE 7. (@) 4018 &) 60°1S
-]
9. l0aom
11. () 577m (b) 277 (C) 38%40°
13. (a) 10.58cm ) S1°51 (c) T70°3Y ) 56712



Lad

LA

13.

|
L

2lom
@ 08rzom? () &117 o
7510

||154
—an
T

1017.4 o

o &) 528em® (b} 480 o’

202 om?

2.1856 dm

7. 45cm’
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1. (@ {1, 2 3 4, 3, 6}
(b} {win, draw; loose }
(<) {Tamuary, February, March, April, Mav, Jone, July, August, Septamber,
October, MNovember, December }
(d) {MMondsy, Tuesday, Wednesday, Thurzday, Friday, Saturday, Sunday}
® {1, 4,06 §10}

3@ {3,045 06

(by {Febraary, hiarch Aprl May, Aumost September, October,
Movember, Diacembar}

© {5 7,9 11, 13}
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1 1 301
1 (a) T w3 © <00
7 15 17
N L @ =
® 1
3. (a) 5 ) 3 (cp 0
0. =
5
1. (@ 1 ®) 2
] c}
13. 3l - [}
= 105 © 105 © 7

e i
i
= L 4 T R e * !



3
£
g
§

CHAFPTER FIVE
Fxercine 5 1
1. (g) Negamwe
(d) Hegative
i (3a) sm30°
5. (@) —tan4l”
Exencae 5.7
3
1. 3 3.
1
11. E 13.
10, 04463
Fxercine 5.3
1. {3} 03090
02511
—1.3240
(dy 09511
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=147 07
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5. (&) IT (k)

lezative
(2} Positive

—a=m 3°

3
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-168°

15.
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1. 1358m i 138m 5. 3348
7. 61040 0. (@) 113m I
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11. (5) 41°48
& 1L18m

3. 10728 amd 252° 32

(a) b=218lom c=3.6]l on ansle A=T6
() d=538Bcom =393 o amgle F=T0
& (c) Ba 43° 28, Cmsse 06", ¢=12.08 cm

d)  Z=33"35, X=27"32, x=150lcm
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5. (@ S57km () 62km
7. (a) 24 (6} 38am 45m
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Exercise 5.7 T L
1. (3 a=388m BE=3§ C=54

) r=TScm  S=20°F, U=3752

ic) E=3msy, F=ormam, & =30°12

@y T=382%, E=401, L=01"34

(8) B=120°52, Q=30°57, R=25"16
3. A=38°4% 5. 130em 7. 1665m
0. E7cm
Exercise 5.3
R L g J2-48
3 ; g :
Exercise 5.9
3. SMZCosf—sIMECOS S 5. "E:'E
7. 2sinAcosA 0. 1
Exercese 510
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(€) —340°28, -160F2F, 18732, 196° 32
7. (a) —=in38° (b) —cos 83° {C} —tan 36°
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CHAPTER SIX

Exercse 6.1

i &5 B E-T) 0 L4 @ 0 (& 0-3)

i (2 OA=(.9 & OB =053
© o =(7.% d 0D =(u,u)
E=Hg+¥

1. (3) The masmmde of 3 vector [:{.r.}'}jzdeﬁredh:-'|g|='.|llr'+_ﬁ
(b 13 wmitz, &=202.6%

1 sl
5 s
5. (a) 2 umits ) 2 itz () 3 umits
(d) of5unit (8] 14 umits

3 AR+ BC+CA =0
11. The vector opposite to the resultant i= (-6, -

13. &i+0j



Exercie .4 L

L 2a+Ib+4c=(510)

L

3g—-3p-6c=(5-20)
g=-3a

0. (@) 3p-9=(66)

() 3(p=g)=(48,36)

1 23 direction = 345°W
Magpimde 154.2%, dirsction iz 45 2°E

Lad

5. F,=-83N, F,=15N

& 7. 643kmh

3. E :BJ:EIJE+\E

7. 7.8 at an angle of 30 87 1o the § 2 force
0. 250(v2+2|j 5042

11. =) 13 &) =1 k=-1
13. 93 4 km'h at an angle of 50.9° upstream
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CHAPTER SEVEN
Exercise 7.1
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d ™ g n
5. (@) AB+C)=| 3;:' :ﬁ‘ (6) AB+AC =| 3;3' :'E‘

- - S -

(c) YES; maimx multoplication under matnx addition 1= distribuaine.
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Exercine 7.3 BT .

1. [Al = -10, A iz non sinsular matrix.
) =-160, C iz non singular matris
E| =10, E is singular matrix

7. WG =0, is singular matrix.

5. |J] ==730, Tis non singular matrix

11. {a) a=3 (t x=1owx=-1
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Exercie T4

1. Al =32, Ai: pon singular matrix, A~ =,

Lad

C|=10, C iz smzmlar mafrix
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. [E|=48, E iz non singular matrix, E =

() x=0or x=3
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7. [M =384, Miz non—singular marix, M1 =,
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\ 32 ) | 256 256 )
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Exercrse T.5
1 I:f"_}:i 3 I:;,_'Iu':—:-
.] x_E 1|_'_E T = }_l
- 71T 71 - =% =3
0. ) chickens and 4 cows.
& 11. 100 shillings for a tomsto and 200 shilling: for an onion.
Exercise 7.6
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1. ML= 3 = |
ey = [n 1 |
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0. (x.v)=(5-3) 11

Exerncae T8

=

(@) (-811) ®  [-T.9)
(@ (-7.-7] ®  (-2-2)

(23]

T.G&@ (23] ) (10,10
B 4y+3x+28=0

-
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(x.¥)=(-53]

(x".57)=(L2)

i (2-3)



Exercie 79 T C
. 3
L (x.¥)=(510 3. (¥ )=(64) 5. |46 0]
() =(510) 0 xr)=(64 [n{,-
o. (& (714) @® (2L28)
Fevision exercise 7(a)
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[0 2 'f-:s zx
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V13 i1 3
w aczs © ”]mmﬂ} (¢ °)
oo 1o o)
) A=-E
® 3.
*® A B C D
A E C D A
E C D A E
[ D A E C
D A B C D
7. {3} [P|=0;P has: no inverse (&) Q) =-10; Q hasz an inverse

(¢} F|=0; F has no inverse (d} |5 =-21;5 has an mverse
(dy T =24; Tha: an invarsa

b "
. ) o 0 1 3 4 2
Q. 3 MAfTiC &= . H= I= and
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